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Preface

X-ray optics has undergone something of a renaissance in recent years, largely
spurred by the coming on-line of third-generation synchrotron radiation sources.
This has fostered a plethora of applications, spanning an impressive variety of
fields ranging from structural biology through to fundamental atomic physics
and femtosecond chemistry, which continues to proliferate with time. Indeed, it is
scarcely hyperbole to compare the advances resulting from the stunning increase
in X-ray source coherence, over the past quarter of a century, to those which
resulted from the earlier revolutions in visible-light optics that were enabled by
the advent of the optical laser.

It is timely that a self-contained text be written, dealing specifically with
those advances that have been made possible by the advent of X-ray sources
with a hitherto unprecedented degree of coherence. That is the goal of this book,
which strives to present a unified treatment of certain core features of the science
underlying coherent X-ray optics. The discussion is self-contained insofar as the
great majority of its results are derived using a chain of logic which ultimately
stems from the Maxwell equations of classical electrodynamics. It is intended to
be of utility to both professionals in the field and to beginning graduate students
and advanced undergraduates, together with scientists from other fields who wish
to learn more about the foundations of coherent X-ray optics. While the great
majority of results are developed from first principles, some prior acquaintance
with modern physical optics (e.g. at the level of the texts by Hecht or Lipson
and Lipson) will be advantageous.

The opening chapter deals with the free-space diffraction theory of X-ray
wave-fields. Taking the Maxwell equations as a starting point, the vacuum wave
equations for electromagnetic fields are derived. We then briefly discuss the tran-
sition from a vector theory of the electromagnetic field, which describes this dis-
turbance by the electric and magnetic field vectors at each point in space and
at each instant of time, to a scalar theory which describes the disturbance by a
single complex function of position and time. The associated spectral decomposi-
tion and analytic signal are then introduced. We are then ready for the so-called
angular spectrum representation of X-ray wave-fields, which decomposes such
fields into a superposition of plane waves travelling in different directions. Based
on this representation, the Fresnel and Fraunhofer approximations are explored.
We then give a description of the Kirchhoff and Rayleigh—Sommerfeld theories of
diffraction, emphasizing their connection with the angular spectrum. We move
onto the foundations of the theory of partially coherent fields, including the top-
ics of spatial coherence, temporal coherence, mutual coherence, mutual intensity,
and cross spectral density. We also examine the propagation of various two-point
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measures of coherence, including a derivation of the van Cittert—Zernike theorem.
Higher-order measures of coherence are briefly discussed.

The second chapter deals with the interactions of X-rays with matter. Again
taking the Maxwell equations as a starting point, both vectorial and scalar forms
of the wave equations in the presence of scatterers are obtained. The notion of
refractive index is seen to emerge in a natural manner. We then outline the pro-
jection approximation for the scattering of X-rays from inhomogeneous media.
A Green-function analysis is given, of X-ray interactions with matter, outlining
the distinction between the kinematical and dynamical theories of X-ray scat-
tering. Connections are established, between this Green function analysis, and
both the angular spectrum and the Ewald sphere. The Ewald sphere is used to
study the physics of kinematical X-ray scattering from both crystalline and non-
crystalline objects. The multislice and eikonal approximations are introduced,
outlining how the latter methodology allows one to make a smooth conceptual
transition from wave optics to geometric optics. The connection between scatter-
ing, refractive index, and electron density is then explored, including a treatment
of how Thomson scattering leads to an X-ray refractive index which is less than
unity. Inelastic scattering and absorption are then considered, before giving a
brief treatment of the information content of scattered X-ray fields.

The third chapter deals with three topics: X-ray sources, optical elements, and
detectors. (i) The notions of brightness and emittance are introduced, as criteria
for the coherence of the radiation produced by X-ray sources. Laboratory sources,
such as fixed-anode and rotating-anode devices, are introduced. We then pass
onto synchrotron sources, the mainstay of coherent X-ray optics. Free-electron
lasers, energy-recovering linear accelerators, and soft X-ray lasers are also dis-
cussed. (ii) Having covered coherent X-ray sources, we introduce the elements
of X-ray optics and detectors. Typically, such elements are qualitatively rather
different from their visible-light counterparts, notwithstanding the fact that both
X-rays and visible light are forms of electromagnetic radiation. We discuss the
major classes of diffractive, reflective, and refractive X-ray optics: diffraction
gratings, Fresnel zone plates, analyser crystals, crystal monochromators, crystal
beam-splitters, the Bonse-Hart interferometer, Bragg—Fresnel optics, free space,
capillary optics, square-channel arrays, X-ray mirrors, X-ray prisms, compound
refractive lenses, and virtual optical elements. (iii) We then outline the major
types of X-ray detector which are in current use. Broadly speaking, these may be
separated into the two classes of ‘counting detectors’ and ‘integrating detectors’.
We outline the critical parameters for both classes of detector, describing several
of the more important examples of each: film, image plates, CCD cameras, gas
detectors, scintillators, and pixel detectors. A comparison is then made between
counting and integrating detectors, before examining the relationship between
detectors and coherence.

Chapter 4 is devoted to coherent X-ray imaging. The operator theory of
imaging, discussed in detail, provides the formalism underlying the remainder of
the chapter. We then consider Montgomery self-imaging, the Talbot effect, inline



Preface vii

holography, off-axis holography, Fourier holography, Zernike phase contrast, dif-
ferential interference contrast, analyser-based phase contrast, propagation-based
phase contrast, and hybrid phase contrast. We then move onto the question of
X-ray phase retrieval, including the Gerchberg-Saxton algorithm and its later
variants, the transport-of-intensity equation and one-dimensional phase retrieval
using the logarithmic Hilbert transform. Interferometry in its various guises is
then considered, including Bonse-Hart interferometric imaging, coherence mea-
surement using the Young interferometer, and coherence measurement using the
intensity interferometer (Hanbury Brown—Twiss effect). The use of virtual opti-
cal elements for coherent X-ray imaging is also examined.

The fascinating albeit immature subject of singular X-ray optics is treated in
the final chapter. Here, we examine the singularities of the wave and ray theories
for coherent X-ray optics. Certain singularities of the wave theory, threads of zero
intensity known as nodal lines, are examined first. We see that such nodal lines
are associated with vortices in the X-ray wave-field. The dynamics of vortices
are examined, together with means for producing them in X-ray optical systems:
interference of three plane waves, synthetic holograms, spiral phase plates, and
spontaneous vortex formation via free-space propagation. Non-vortical singular-
ities of the wave theory are also briefly examined, together with the singularities
of the wave theory known as caustics. The relation, between the singularities
of the ray and wave theories, is then discussed in the context of the so-called
singularity hierarchy.

In addition to serving as a medium to communicate my joy in a beautiful
field of study, this text strives to emphasize the fundamental inter-connectness
of the many seemingly disparate threads which comprise the rich and evolving
tapestry of coherent X-ray optics. It is my earnest hope that the material given
here may serve to inspire workers to both study and add to this rich fabric of
knowledge.

David Paganin
Monash University
June 5, 2005
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X-ray wave-fields in free space

The free-space diffraction theory of classical electromagnetic waves is a rich and
beautiful subject, elements of which will be given in the present chapter. This
serves as a pre-requisite for our later discussions on coherent X-ray optics, by
first considering the behaviour of such fields in the absence of optical elements.

The derivation of wave equations, governing the evolution of electromagnetic
fields in free space, is the first task of the present chapter. Taking the Maxwell
equations as a starting point, we derive the vacuum wave equations governing
the spatial and temporal evolution of electromagnetic fields in free space. Having
done so, we make a transition from a vector theory to a scalar theory of optics:
in the former, the free-space electromagnetic disturbance is described by its
electric and magnetic field vectors at each point in space-time, whereas the latter
describes the disturbance by a single real number at each space-time point.

Having obtained the time-dependent vacuum wave equation governing the
evolution of a scalar electromagnetic field, we consider the question of how to
appropriately represent such a field as a superposition of monochromatic fields
of all possible frequencies. Such a representation is spoken of, rather naturally,
as a spectral decomposition. There is some freedom in how this may be done, on
account of the fact that electromagnetic fields are intrinsically real, with a com-
plex representation being introduced for the sake of mathematical convenience.
One can make use of this freedom, whose form will be more precisely outlined, to
demand that there be no negative temporal frequencies present in the spectral
decomposition of a given complex scalar representation of an electromagnetic
field. This results in the so-called analytic signal describing such a field, a notion
due to Gabor. Each monochromatic component, of the spectral decomposition of
the analytic signal for the scalar electromagnetic field, will be shown to obey the
Helmholtz equation, this being a time-independent form of the time-dependent
vacuum wave equation.

The subject of free-space diffraction, of a given monochromatic component in
the spectral decomposition of the analytic signal, forms the focus of several sub-
sequent sections. Since such monochromatic fields may be superposed to produce
a polychromatic field, or a particular instance of a partially coherent field, it is
profitable to study the free-space diffraction of strictly monochromatic fields. We
consider this problem from a multiplicity of viewpoints, emphasizing the funda-
mental unity of these treatments. Formalisms discussed include the operator and
convolution forms for free-space diffraction of waves obeying the Helmholtz equa-
tion, together with the three important special cases of Fresnel, Fraunhofer, and
Kirchhoff diffraction. Central to all of these discussions is the angular-spectrum
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formulation, which represents free-space monochromatic scalar electromagnetic
fields as a superposition of elementary plane waves, of a specified frequency and
a range of different propagation directions.

We then turn to the subject of partially coherent fields, a notion linked with
the question of the extent to which different parts of the field are able to inter-
fere with one another. Partially coherent fields are those which lie between the
limiting extremes of incoherence and coherence: regarding the former limit, no
interference fringes are observed when incoherent fields are superposed, whereas
in the latter limit of perfect coherence, superposition of fields results in maxi-
mally strong interference fringes. While it is artificial to do so, we introduce our
discussions on partial coherence with separate treatments of the notions of spa-
tial and temporal coherence. Loosely, the spatial coherence of a field is a measure
of the ability of the electromagnetic disturbances from two space—time points to
interfere with one another, with the time coordinate of each space—time point
being taken as equal. If, in the previous sentence, one takes the spatial rather
than the temporal coordinates of these two space-time points as equal, this
gives a measure of temporal coherence. Having separately treated the questions
of spatial and temporal coherence, we then launch into a treatment of partially
coherent fields from the point of view of correlation functions. This discussion
revolves around the two-point correlation functions of second-order coherence
theory, which obey a pair of coupled wave equations. Based on these equations,
one can formulate a diffraction theory for the two-point correlation functions,
with two such formalisms being outlined. As an important limiting case, we ob-
tain the van Cittert—Zernike theorem for the propagation of certain two-point
correlations from an extended incoherent planar source. Note, in this context,
that partially coherent radiation may be produced by an incoherent source, by
the act of free-space propagation. We close our discussions on partial coherence
with a brief introduction to higher-order degrees of coherence.

1.1 Vacuum wave equations for electromagnetic fields

Here we obtain the vacuum wave equations that govern the spatial and temporal
evolution of the electromagnetic field in free space. Our starting point is the
free-space Maxwell equations, which in Systéme-Internationale (SI) units' are
given by (see, for example, Jackson (1999)):

V- -E(z,y,z,t) =0, (1.1)

V- B(z,y,2,t) =0, (1.2)

VX By, 2, 0) + 5 By 50) =0, (1.9

V x B(l’,y,z,t) - 50#02E(xay7zﬁt) =0. (14)

ot

INote that SI units are used throughout the text.
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Here B is the magnetic induction, E is the electric field, ey and ug are respectively
equal to the electrical permittivity and magnetic permeability of free space, V
and VX respectively denote the three-dimensional gradient and curl operators,
(z,y, z) are Cartesian coordinates in three-dimensional space, t is time, and 0
is a zero-length vector. Note the convention, which will be used throughout the
book, of vector quantities being indicated using boldface type. Equation (1.1) is
the free-space form of Gauss’ Law, which asserts the zero electric flux through all
closed surfaces that do not contain any enclosed electric charge. Equation (1.2) is
the magnetic equivalent of Gauss’ Law, with the exception that the right side is
zero even in the presence of matter, amounting to an assertion of the nonexistence
of magnetic monopoles. Equation (1.3) is Faraday’s Law of induction, while eqn
(1.4) is the free-space form of Ampere’s Law as modified by Maxwell.?

With view to obtaining the free-space wave equation for the electric field,
take the curl of eqn (1.3). Next, make use of the following vector identity:

V x [v X g(xvyvz)] =V [V : g(x7yvz)] - V2g(x,y,z), (15)

for a well-behaved vector field g(z,y, 2), to arrive at:

0
VIV E(z,y,21t)] — VE(z,y,2,t) + V x aB(x,% z,t) = 0. (1.6)
The first term of this equation vanishes, due to the free-space form (1.1) of Gauss’
Law. In the third term, interchange the order of the operators Vx and 9/0t, and
then make use of the free-space Ampere Law (1.4). This results in the vacuum
field equation for the electric field, namely the d’Alembert wave equation:

2
(50u0§t2 — V2) E(z,y,2,t) = 0. (1.7)

One can obtain the vacuum field equation for the magnetic induction, using
a similar line of reasoning to that which gave eqn (1.7). Specifically, take the curl
of the free-space Ampere Law (1.4), make use of the vector identity (1.5), use
the non-existence of magnetic monopoles (1.2) to eliminate one of the resulting
terms, and then invoke Faraday’s Law of induction (1.3). This chain of logic
yields the vacuum field equation:

0? 9
(eouoatz - V* ) B(z,y,2,1) =0. (1.8)

Based on the d’Alembert wave equations (1.7) and (1.8) one can determine
the speed of propagation of electric and magnetic disturbances in free space.
To this end, consider any propagating monochromatic plane-wave solution to

2These elements of classical electrodynamics are treated in the introductory accounts of
Ohanian (1988) and Good (1999). More advanced treatments are given by Panofsky and
Phillips (1962) and Jackson (1999).



4 X-ray wave-fields in free space

eqns (1.7) or (1.8). Aligning the z-axis with the direction of propagation of this
plane wave, such a solution has the form C cos(kz — wt + ¢), where C is a real
non-zero constant vector, ¢ is a real number, k = 27/X is the radiation wave-
number corresponding to a wavelength of A\, w = 27v is the angular frequency of
the radiation corresponding to frequency v, and t is time. By substituting this
plane-wave solution into the d’Alembert equation, one finds that:

60[1,00)2 — /452 = O, (19)

which is equivalent to the statement that vA = 1/(,/Zgp0). Since ¢ = vA, where
c is the speed at which the electric and magnetic disturbances propagate in
vacuum, we have:

1
\/MOEO.

Using experimentally measured values for the permittivity and permeability of
free space, it was found that this speed corresponds with that of light in vacuum.
In turn, this led to the momentous discovery that light was an electromagnetic
disturbance.

Given formula (1.10), the vacuum field equations become:

(1.10)

CcC =

1 92 9
2
(égﬁ - v2> B(z,y, 2, t) = 0. (1.12)

These equations state that each of the three components of the free-space electric
field, and each of the three components of the free-space magnetic induction, are
uncoupled from one another. Each of these six components obey a scalar form of
the d’Alembert wave equation, corresponding to a disturbance which propagates
at the speed of light in vacuum.

We close this section with a very brief discussion of the transition from a
vector theory of the electromagnetic field in free space, to a scalar theory. In the
former theory the electromagnetic disturbance is specified by two vector fields,
namely the electric field and the magnetic induction, at each point in space—time.
In the latter theory one considers the disturbance to be characterized by a single
scalar field ¥(x,y, z,t), which is a function of both position and time. In free
space, this function is taken to be a solution of the d’Alembert equation, so that:

1 92 9

Given the preceding arguments, it is evident that the wave equation above is
obeyed by each component of the electromagnetic disturbance in free space.
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Notwithstanding this, it is not immediately apparent why one can use a single
scalar field to describe the electromagnetic disturbance in free space, the squared
modulus of which corresponds to the optical intensity. Indeed the question of how
one makes a transition, from a vector to a scalar theory of electromagnetic optics,
is rather involved and will not be treated in detail here. Entry points to the
literature on this subject include papers by Green and Wolf (1953), Wolf (1959),
and Marathay and Parrent (1970), together with the texts of Nieto-Vesperinas
(1991) and Born and Wolf (1999). The upshot of these investigations is that, in
free space, one can indeed work with a single complex scalar function ¥(z,y, 2, t),
which obeys the d’Alembert equation (1.13). When sources are present, one can
also work with the d’Alembert equation, provided that an appropriate source
term is included.

1.2 Spectral decomposition and the analytic signal

Consider a particular instance of a light field in a given volume of free space,
with the field being described by the complex scalar function ¥(z,y, z,t), as
introduced at the end of the previous section. We spectrally decompose this
wave-function,? as a superposition of monochromatic fields, using the Fourier
integral:

U(z,y,z,t) = \/%/0 Yo (x,y, 2) exp(—iwt)dw. (1.14)

In this decomposition, each monochromatic component ,,(x,y, z) exp(—iwt) of
the field has been written as a product of a spatial wave-function ¢, (z,y, 2)
with the usual harmonic time factor exp(—iwt). The use of an w subscript, on
the spatial wave-function, indicates functional dependence on this quantity. Note,
further, that it is only the real part of the above disturbance which is of physical
significance.

The reader will note that the range of integration, in eqn (1.14), includes no
negative angular frequencies w. This choice results in certain useful analyticity*
properties if one chooses to formally extend ¥(x,y, z,t) to be a function of a
complex variable, by considering time to be a complex number. Accordingly, the
spectral decomposition (1.14) is known as the ‘analytic signal’ corresponding to
the scalar electromagnetic disturbance, a notion due to Gabor (1946). For a fuller
account of the analytic signal, see, for example, Mandel and Wolf (1995).

Our next task is to determine the time-independent differential equation,
which governs the evolution of the spatial wave-function ¥, (z,y, z) associated
with a given monochromatic component of the spectral decomposition (1.14).

3We will often refer to ¥(zx,y, 2,t) as a wave-function, because it is a function describing a
wave-field, but this usage should not be confused with the appearance of the same term in the
context of quantum-mechanical fields.

4Here, the term ‘analytic’ is used in the sense of complex analysis, this being the calculus
of functions of a complex variable. Elementary accounts of this theory, which are sufficient for
the use of complex analysis made in this text, include Spiegel (1964) and Kreysig (1983).
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Accordingly, substitute eqn (1.14) into the d’Alembert wave equation (1.13),
interchanging the order of differentiation and integration, and then performing
the differentiation with respect to time. This results in:

/000 [(VQ + u;j) Yo (2, y, z)} exp(—iwt)dw = 0. (1.15)

The quantity in square brackets must vanish. We therefore arrive at the desired
time-independent equation for the spatial component v, (x,y, z) of a monochro-
matic field:

(V2 + &%) o (2,y,2) =0, k=w/e. (1.16)

This is known as the ‘Helmholtz equation’.’ It is a central equation of the scalar
diffraction theory, which concerns itself with constructing solutions to the Helm-
holtz equation in a given volume of space, subject to specified boundary values
and boundary conditions for the field ¢, (x, y, z). In the next four sections we will
outline various exact and approximate methods for solving diffraction problems
based on the Helmholtz equation.

We close this section by noting that, for scalar disturbances which are not
monochromatic, one can solve the diffraction problem for each monochromatic
component ¥, (z,y, z) of the field, substituting the resulting spatial wave-func-
tions into the spectral decomposition (1.14) in order to obtain the time-dependent
complex scalar disturbance ¥(z,y, z,t). Typically, both the modulus and phase
of this field will exhibit an extremely complex dependence on space and time, on
account of the time-dependent ‘beating’ between monochromatic components of
different frequencies.

1.3 Angular spectrum of plane waves

Consider the scenario shown in Fig. 1.1. Here, sources in the ‘half-space’ z < 0
radiate a scalar electromagnetic field, indicated by the series of wavy lines. This
field propagates into a half-space z > 0, which is assumed to be free of both
sources and matter. Suppose that one is given the value of a particular monochro-
matic component v, in the spectral decomposition (1.14) of this coherent scalar
electromagnetic disturbance, over the plane z = 0. Suppose, further, that one
knows the wave-field to be forward propagating, which amounts to the a priori
knowledge that there are no points on the plane z = 0 at which there is a flow
of optical energy from right to left. Given knowledge of the forward-propagating
wave-field over the plane z = 0, the angular spectrum formalism will allow us
to construct an operator, which may be applied to this disturbance, yielding

5This equation is mathematically identical in form to the time-independent free-space
Schrodinger equation for spinless non-relativistic particles. Hence, if the effects of electron
spin can be ignored, the diffraction operator we are about to develop may be used to describe
the free-space diffraction of monoenergetic forward-propagating electron beams from plane to
parallel plane.
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z=0 z>0

Fig. 1.1. Formulation of a diffraction problem for scalar electromagnetic
wave-fields. All sources, denoted by A, are assumed to lie in the half-space
z < 0. Here, z denotes a nominal optic axis, with the half-space z > 0 as-
sumed to be vacuum. The wave-field generated by these sources is indicated
by the wavy lines. For a given monochromatic component of this field, charac-
terized by the spatial wave-function ¥, (z, y, ), a diffraction problem consists
in determining the value of v, over some plane z = constant > 0, given the
value of v, over the plane z = 0.

the propagated disturbance over any parallel plane that lies downstream of it.
This procedure dates back at least as far as Lord Rayleigh, with more recent
treatments—together with appropriate references—in Goodman (1968), Mont-
gomery (1968, 1969), Saleh and Teich (1991), Nieto-Vesperinas (1991), and Man-
del and Wolf (1995). The particular development, given here, is due to Gureyev
(1994).

Erect a Cartesian coordinate system (z,y, z), with the positive z-axis furnish-
ing a nominal optic axis. Consider two parallel planes, z = 0 and z = A, where
A > 0. Between these two planes there is only vacuum, implying that within
this volume the Helmholtz equation (1.16) will be obeyed. Our present task is
to make use of this equation to find an explicit form for the operator which may
be applied to the forward-propagating field v, (x,y,z = 0) in order to yield the
propagated wave-field ¢, (z,y, z = A), where A > 0.

As can be readily seen by direct substitution, the elementary plane waves:

VEW) (2, y, z) = expli(kyz + kyy + k. 2)] (1.17)
are solutions to the Helmholtz equation (1.16), provided that:
k24 kp + k2 =K. (1.18)

Here, the triple of numbers (k;, ky, k.) respectively give the z, y, and z com-
ponents of the wave-vector k of the plane wave. This wave-vector, which has a
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magnitude equal to 27 divided by the wavelength A of the radiation, points in
the direction of propagation of the plane wave.
Isolate k2 in the previous expression, and take the positive square root, to

give:
k,=/k?>—k2 — kg (1.19)

Taking the positive square root, in the above equation, amounts to the assump-
tion that we are only considering plane waves which are forward propagating
with respect to the optic axis z. Equivalently, we demand that the real part of
k. be non-negative.b

Our elementary plane-wave solutions to the Helmholtz equation can now be
written in the form:

Y EW) (2, 2) = exp [i(kex + kyy)] exp [sz : (1.20)

If we set z = 0 in the above equation, we obtain:

U@, = 0) = exp ko + k). (1.21)

While it may seem trite to articulate such a simple point, we have now solved
the trivial diffraction problem for a single monochromatic plane-wave solution
to the Helmholtz equation. Given the value 1/}£)PW)(.T, y,z = 0) which this plane
wave takes over the plane z = 0, we can evaluate its propagated value over the
plane z > 0 by multiplying the unpropagated disturbance with the propagation
factor exp[iz(k* — k2 — k2)'/?]. This factor will henceforth be termed the ‘free
space propagator’.

Now that we have considered the propagation of elementary plane waves,
from plane to parallel plane, we are ready to consider the problem of how to
propagate 1, from the plane z = 0 to the plane z = A, where A > 0, and there
is assumed to be vacuum in the slab of free space between the planes z = 0
and z = A. To this end, let us write the unpropagated field ¢, (x,y,z = 0) as a
two-dimensional Fourier integral (see Appendix A):

SThis statement implies that k, may be complex, which is indeed the case. When k?c + ki <
k2, k. will be real and our plane wave expli(kqx + kyy + k-.z)] will be a propagating plane
wave. When k2 + k?; > k2, k. will be a purely imaginary complex number, and our plane wave
expli(kex + kyy + k- z)] will be exponentially damped in the z direction. Such plane waves are
known as ‘evanescent waves’, and their exponential damping in the z direction corresponds
with the fact that sub-wavelength information, imprinted in the field, is rapidly lost upon
free-space propagation. Note also that the angular-spectrum formalism, as described here,
provides a rigorous solution to the Helmholtz equation which accounts for both propagating
and evanescent plane waves.

"The reader is assumed to be familiar with the elements of Fourier analysis outlined in
Appendix A. Those unfamiliar with this material may wish to consult one of the many excellent
texts which discuss Fourier analysis, in the context of optics. These include Goodman (1968),
Lipson and Lipson (1981), Hecht (1987), and Reynolds et al. (1989).
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1 o
Yo (z,y,2 =0) = %/ Vo (ks ky, 2 = 0) exp [i(kgx + kyy)| dkydk,. (1.22)

Here, iw(kr, ky,z = zp) denotes the Fourier transform of ¢, (z,y,z = 0) with
respect to x and y, and k;, k, are the usual Fourier-space variables which are
conjugate to the position coordinates x,y.

From a physical point of view, eqn (1.22) decomposes the unpropagated wave-
field into a linear combination of plane waves. Each such plane wave, namely
expli(kgx + kyy)], may be thought of as the boundary value (over the plane
z = 0) of a three-dimensional plane wave exp[i(kyz + kyy + k.z)] which solves
the Helmholtz equation. As we learned earlier, in order to propagate this section
of a plane wave through the distance A > 0, one need only multiply by the free-
space propagator expliA(k? — k2 — kg)l/ 2]. Therefore, to obtain the propagated
disturbance v, (z,y, z = A) from the unpropagated disturbance v, (x,y, z = 0),
we multiply each two-dimensional plane wave expli(kzx + kyy)] in its Fourier
decomposition (1.22) by the free-space propagator, leading to:

1 . ‘
Yo(z,y,2 = A) =5 //1/)w(kxa ky,z =0)exp [qu [k% — k2 — kg]

x exp [i(kyx + kyy)] dkydk,, A >0. (1.23)

This expression is known as the angular-spectrum representation for the propa-
gated wave-field. It solves the boundary value problem of determining the prop-
agated field ¥, (z,y,z = A), which results when the forward-propagating field
Y, (z,y,z = 0) is free-space propagated by a distance z = A > 0.

Next, we seek to use the angular-spectrum representation to obtain an opera-
tor that describes the process of free-space diffraction. This diffraction operator,
denoted Da, acts upon the unpropagated wave-field in order to produce the
propagated wave-field, with the propagation being through a distance z = A of
free space. Formally, we write free-space propagation as:

Yo(x,y,2=A) =Dath,(z,y,2=0), A>0. (1.24)

An explicit form, for the diffraction operator, is directly obtained from eqn
(1.23). In verbal terms, this equation implies the following series of steps in
order to obtain the propagated field ¥, (z,y,z = A) given the unpropagated
field ), (z,y,z = 0): (i) Take the Fourier transform of the unpropagated field
Yy (z,y,z = 0), with respect to = and y, to give iw(km, ky,z = 0). (ii) Multiply
the result by the free-space propagator exp[iA(k? — k2 — k;)l/ 2]. (iii) Take the
inverse Fourier transform, with respect to k, and k,, of the resulting expression.
Given the above verbal description, we can immediately write down the following
expression for the desired diffraction operator:
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Da = F lexp {m, k2 — k2 — k2| F. (1.25)

Note that cascaded operators are taken to act from right to left.

Some remarks: (i) When the propagation distance is set to zero, the diffrac-
tion operator is equal to unity, thereby meeting a consistency requirement that
propagated and unpropagated fields should be equal when the propagation dis-
tance is set to zero. (ii) If there are no evanescent plane-wave components present
in the unpropagated field, the diffraction operator is unitary (see, for example,
Montgomery (1981)). (iii) If there are no evanescent waves present in the prop-
agated field, then the diffraction operator in eqn (1.25) may also be used to
propagate the field through a negative distance (Wolf and Shewell 1967; Shewell
and Wolf 1968; Lalor 1968; Sherman 1968).8 (iv) The operator form (1.25) of
the angular spectrum can be readily implemented numerically, by making use
of the efficient numerical means of calculating Fourier transforms known as the
fast Fourier transform (see, for example, Press et al. (1992)).

1.4 Fresnel diffraction

The angular spectrum formalism, outlined in the previous section, provides a
rigorous solution to a certain boundary-value problem of the Helmholtz equation
(1.16), for the free-space propagation of a coherent scalar X-ray wave-field from
plane to plane. As a much-used special case of this formalism, we here give an
outline of the Fresnel diffraction theory. This approximate theory, which will be
obtained by using the angular spectrum as a starting point, is valid when a given
free-space coherent scalar wave-field is ‘paraxial’—that is, when all of the non-
negligible plane-wave components of the field make a small angle with respect
to a given optic axis.

Our presentation, of the Fresnel diffraction theory, is broken into two parts.
The first part gives an operator formulation for Fresnel diffraction, with the sec-
ond section giving an equivalent treatment based on the convolution integral.
Note that this latter treatment is related to the Huygens—Fresnel notion that
an unpropagated optical disturbance, over a given two-dimensional surface, may
be regarded as a sum of infinitely many point sources of secondary waves, each
of which propagate through free space to a given surface downstream of the
unpropagated disturbance. According to the Huygens—Fresnel principle, the co-
herent superposition of all such secondary waves yields the resulting propagated
field.

8Propagation through a negative distance has been termed ‘inverse diffraction’, in the just-
cited papers. As pointed out there, if evanescent waves are not excluded from the forward-
propagating field to be inverse diffracted, evanescent waves give lie to their name by being
exponentially amplified upon propagation through a negative distance (rather than exponen-
tially damped, which would be the case for diffraction through a positive distance), and the
inverse wave propagator becomes singular. This singularity is removed if evanescent waves are
strictly excluded from the field to be inverse diffracted.
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1.4.1  Operator formulation

The angular spectrum formalism, outlined in the previous section, furnishes an
exact solution to the boundary-value problem of free-space propagation of a
monochromatic scalar wave-field from plane to parallel plane. In this section, we
obtain a useful approximate form for the associated diffraction operator, which is
equivalent to the famous Fresnel diffraction integral. Note that this equivalence
will be demonstrated in Section 1.4.2.

Return, once more, to the scenario sketched in Fig. 1.1. We again focus atten-
tion on the spatial part v, (x,y, z), of a particular monochromatic component of
the wave-field radiated by the sources, which propagates into a half-space z > 0
that is free of both sources and matter. We assume ,,(x,y, 2 = 0) to be parax-
ial, implying that all directions of propagation, for each of the non-negligible
plane-wave components in the angular-spectrum decomposition of the field over
the plane z = 0, make a small angle with respect to the positive z-axis. Note
that, if one were to adopt a ray picture, the requirement of paraxiality would
simply be the statement that all rays should make a small angle with respect to
the optic axis.

Since the field is paraxial, we see that, for all non-negligible plane-wave com-
ponents in the half-space z > 0, |k;| and |k, | will both be much less than k. (see
eqn (1.20).7 Accordingly, one can make the following binomial approximation:

k2 + k2
2 k2 2k &Y .
VR - k2 K2~k T (1.26)

so that the diffraction operator in (1.25) becomes:

—iA(K2 + k2)

D =~ ’D(AF) = exp(ikA)Fexp ok

F. (1.27)

Here, the ‘F’ superscript indicates that this is the diffraction operator corre-
sponding to Fresnel diffraction. Substituting into eqn (1.24), we arrive at an
operator form for the Fresnel diffraction integral (see, for example, Nazarathy
and Shamir (1980) and Saleh and Teich (1991)):

9As a sufficient condition for this to be so, we may demand that k2 + k% < k2, for the

largest value of k2 + kZ for which &w(kx, ky,z = 0) is non-negligible in modulus. Denote this
maximum value of k2 + ki by k2 .. = (27/a)?, where a represents the smallest non-negligible
length scale present in the unpropagated disturbance. Taking the reciprocal of the square root
of the previously mentioned sufficient condition, and making use of the definition introduced
in the previous sentence, one arrives at the condition a > A. This is a sufficient condition for
the validity of the Fresnel approximation, which is about to be introduced in the main text.
This sufficient condition amounts to the statement that the smallest characteristic length scale,
over which the unpropagated disturbance varies appreciably, is much larger in size than the
wavelength of the radiation.
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bol@,y, 2 = A) = D (2, y, 2 = 0) (1.28)
—iA(kZ + k2)

= exp(ikA)F L exp ok

fww($7y32:0)7 AZO

In words, this equation indicates the following sequence of steps in order to
obtain the Fresnel approximation to the propagated field v, (z,y, z = A), from
the unpropagated field ), (z,y,z = 0): (i) Take the Fourier transform of the
unpropagated field ¥, (z,y, z = 0), with respect to x and y, to yield a function
of the corresponding Fourier-space variables k, and k,,. (ii) Multiply the resulting
function by the free-space propagator exp[—iA (k3 +k2)/(2k)], which is known as
the Fresnel propagator. (iii) Take the inverse Fourier transform, with respect to
k, and k,, of the resulting expression. (iv) Multiply by the constant phase factor
exp(ikA). Again, if required, this sequence of steps may be readily implemented
numerically, by making use of the fast Fourier transform.

1.4.2  Convolution formulation

Here we recast eqn (1.28) in the form of a convolution integral (see Appendix A).
The resulting expression is interpreted in terms of the Huygens—Fresnel principle.

Recall that the two-dimensional convolution f(z,y)x g(x,y), of two suitably
well-behaved functions f(z,y) and g(z,y) of Cartesian coordinates x and y, is
given by:

fl@,y)xg(x,y) = //jo f@' y)gle — 2’y —y')da'dy'. (1.29)

The two-dimensional form of the convolution theorem is:

Flf(@y) xg(z,y)] =2 {F [f(z,9)]} x {F [9(z,y)]}, (1.30)

where F denotes Fourier transformation with respect to x and y, under the
following convention (see Appendix A):

f(z,y) = % //_ [ (s, ky) expli(kpa + kyy)|dk,pdk,,

v

flharky) = Flfe), (131)
Fllnsk) = o [ Flav)explilhos + byy)ldod,
fly) = F k)l (152)

Here, fu(kx, k,) denotes the Fourier transform of f(z,y) with respect to « and
y, as a function of the coordinates k;, and k, dual to = and y. As stated earlier,
the corresponding two-dimensional Fourier transform operator is denoted by F.
The associated inverse transformation is denoted by F~1.
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It will prove convenient to write down an alternative form of eqn (1.30),
obtained by taking the inverse Fourier transform of both sides of this expression:

fa,y) xgle,y) = 20F 7 ({F [f @, 9)]} < {F [g(,9)]})- (1.33)

This may be compared to eqn (1.28) for Fresnel diffraction, which we rewrite in
the following suggestive form:

Yo(z,y,2 = A) (1.34)
j —iA(k2 + K2

= o F 1 (expézkA) ex Ak + y)
m

2%
—opFl ({ffleXpémA) ex

XAF [Yo(2,y,2 = 0)]}>

—iA(K2 + k)
2k

™

} XAF [Ypo(z,y,2 = 0)]}> :

Comparing eqns (1.33) and (1.34), we conclude that the Fresnel diffraction in-
tegral (1.28), for free-space propagation from plane to plane, can be written as
the following convolution integral:

ww(%ywz:AZO)wa(%%zzo)*P(%y’A)- (135>

The function P(z,y,A), which is known as the real-space form of the ‘Fresnel
propagator’, is given by:
} . (1.36)

Prior to giving a physical interpretation of the above pair of equations, we
seek an explicit form for the Fresnel propagator. Accordingly, use formula (1.31)
for inverse two-dimensional Fourier transformation, to rewrite eqn (1.36) as:

eXp zk:A // [—ZA (k2 +K7)
P(z,y,A exp

<>{ [ (ke 22 )
A (- 202)] ). )

Next, we need to evaluate each of the integrals which appear in the braces of
the two lowest lines of this equation. Since they are mathematically identical in
form, let us concentrate on the first of these integrals. Completing the square of

—iA(kZ + k2)

1
P(z,y,A) = EGXP(ikA)f*1 {eXp o

expli(kzx + kyy)|dkydk,
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the exponent in the corresponding integrand, and then changing the variable of
integration from k, to k = [k, — (kz/A)]\/A/(7k), we see that:

oo . A )
/_oo exp {z (k@x — 21{@)} dk,
ika? & 1A ka2
_exp<2A>/_mexp —2k<kz—A>1dkm
[Tk ikx? o T
=2 X OxXP < 5A > /0 exp (fzin )dﬂ. (1.38)

The integral, in the bottom line of the above series of equations, is equal to
1(1—14) = exp(—im/4)/V2 (note that this result can be obtained by considering
the limiting form of the so-called Fresnel integrals'?). Thus:

o ) A, |2k (kx? 7w
/_OO exp {z <I€xx - 2]4:]%)} dky = A eXP {z (2A - 4)} . (1.39)

Equipped with this formula, together with the corresponding expression that is
obtained when k, is replaced by k, and z is replaced by y, expression (1.37)
can be evaluated to give the following explicit form for the Fresnel propagator
P(z,y,A):

) ik A
Py A) = ik exp(ikA) exp [

(1.40)

2w A 2A

ik(z® + y2)}
Inserting this into eqn (1.35), we obtain the required convolution formulation of
the Fresnel diffraction integral:

VYo(z,y,2=A2>0) =9Y,(z,y,2=0) % P(z,y,A)

- bRz = 0w [’“@2;“} b aw

With a view to interpreting this expression, consider the simple case of a thin
black two-dimensional screen, which is located in the plane z = 0 in Fig. 1.1. Sup-
pose this screen to be pierced at a single point located at (z,y,2) = (xo,¥o,0),
where (z,y) denotes the usual Cartesian coordinates in the plane perpendicu-
lar to the optic axis z. We consider the punctured screen to be illuminated by

10The Fresnel integrals are respectively given by €(s) = [ cos(wk?/2)dx and .#(s) =
Jy sin(mk?/2)dk. Both €(s) and .#(s) tend to 1 as s tends to infinity, leading to the re-
sult given in the main text. For a thorough discussion of the Fresnel integrals, which includes

the limiting forms quoted here, see, for example, Born and Wolf (1999).
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a z-directed monochromatic scalar wave-field, and approximate the unpropa-
gated disturbance, at the exit surface of the screen, as being proportional to the
two-dimensional Dirac delta d(z — g,y — yo). Thus, we take the unpropagated
disturbance, ¥, (z,y, z = 0), to be:

ww(xvyv z = 0) = iﬁw(xo,yo, = 0)(5(5E —Zo,Y — y0)7 (142)
where ¥, (20, yo, 2 = 0) is the incident disturbance at the entrance to the pinhole.
Inserting the above approximate expression into eqn (1.41), and making use of
the sifting property of the Dirac delta,'! we obtain the following formula for the
propagated disturbance over the plane z = A:

7/&;(%2/72 = A) = ¢w(x0ay07z = O)P(IJ’J —20,Y — yOaA)
ik (20, Yo, 2 = 0) exp(ikA)
21 A

< exp { ik[(x — x0)* + (y — v0)?] } _ (1.43)

2A

This immediately leads us to a simple interpretation for the Fresnel propaga-
tor: P(x — xo,y — Yo, A) gives the amplitude of the propagated wave-field at the
point (x,y, z = A), which is due to a unit disturbance at the point (zg, yo, z = 0),
with ¥, (20, Yo, 2 = 0)P(x — 0,y — Yo, A) giving the propagated wave-field at the
point (z,y,z = A) which is due to a disturbance v, (xg,yo, 2 = 0) at the point
(z0,Y0,2 = 0). As the reader may readily show, this propagator—as given by
the lower two lines of eqn (1.43)—is proportional to a spherical wave emanating
from the point (zg, yo, z = 0), for the case where 2 and y have magnitudes that
are much smaller than the propagation distance A.

Suppose that, rather than being pierced with a small pinhole at one point,
the previously mentioned thin black screen is pierced with small pinholes at two
distinct points. One will then have a Young interferometer, which will be of some
importance in this chapter’s later discussions on the notion of partial coherence.
In the present context, however, we note that the propagated disturbance will
be given by a superposition of two disturbances, each of which propagate from a
given pinhole. If the two pinholes are taken to be respectively located at (z{', yg')
and (z¥,yP), then the propagated disturbance over the plane z = A will evi-
dently be given by:

¢w(xvyvz = A) :quw(Ig‘,y(l)qu = O)P(I 7I647y - yéaA)
—&—ww(gc(?,y(?,z:0)P(x—x63,y—y63,A). (1.44)

Thus, for the case where our thin black screen is punctured by two small pinholes,
the propagated disturbance at a given point (x,y,z = A) is equal to the sum

1 This sifting property may be expressed as JI22 8(x — 20,y — o) f(z,y)dzdy = f(zo,y0),
for any well-behaved function f(z,y) and any real numbers zo and yo. See Appendix A.
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of the disturbances which are propagated from each of the two holes at the
exit surface of the screen. Each term in this sum is obtained by multiplying
the disturbance incident on a given pinhole, by the appropriate value of the
corresponding Fresnel propagator.

One can imagine continuing this process, of puncturing the thin black screen
with an increasing number of small pinholes, until one reaches the limiting case
of there being no screen at all. Over the plane z = 0, one will then have the
unpropagated disturbance 1, (x,y, z = 0) which exists due to the incident field.
The resulting propagated field, over the plane z = A, is then given by eqn (1.41).
This convolution formulation of Fresnel diffraction expresses the propagated field
as the sum of the propagated disturbances, which are due to each of the points
on the incident wavefront over the plane z = 0. This represents a mathematical
embodiment of the Huygens—Fresnel principle, which views the propagated dis-
turbance as a sum of the propagated disturbances that emanate from each point
on the initial wavefront.

We close this sub-section by writing down a certain explicit form of the Fresnel
diffraction integral, which often provides a convenient means for numerically
computing coherent diffraction patterns. Of more immediate relevance is the
fact that the resulting expression will allow us to make a smooth transition to
the so-called ‘far-field’ regime, in Section 1.5, by taking the propagation distance
to be very large. With these ends in mind, take eqn (1.41) and then explicitly
write its convolution integral using eqn (1.29), to give:

Yo(z,y,2=A20)

_ ikexp(ikA) e ;o
- R [ wwwiz=0)

X exp {;Z[(x —2)? 4+ (y— y’)z}} dx'dy’. (1.45)

Expanding the exponent in the integrand, subsequently factoring out a term that
does not depend on the variables of integration, one obtains:

bola,y e = A > 0) = — TODURD) () [ ih

UK 9 9
oA N )}

o0 'k
x /[m V(2 Y, 2 = 0)exp [;A(x'z + yIQ)]

k
X exp {Az(asx' + yy')] dr'dy’. (1.46)

1.5 Fraunhofer diffraction

Here, we consider a limiting form of the Fresnel diffraction integral, for the case of
propagation distances that are very large compared to the characteristic length
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scale of the unpropagated wave-field. Such propagated wave-fields are said to
be in the ‘far field’, or in the ‘far zone’. As we shall see, subject to certain
approximations which will be made explicit in due course, the diffracted field
in the far zone takes the form of a modulated expanding spherical wave, with
the modulation being a transversely scaled form of the two-dimensional Fourier
transform of the unpropagated disturbance. Such diffraction patterns are known
as ‘Fraunhofer diffraction patterns’, with the corresponding diffraction integral
being known as the ‘Fraunhofer diffraction integral’.

Let us return to eqn (1.46), with all symbols as previously defined. Assume
the unpropagated disturbance, in the plane z = 0, to be non-negligible only over
a region of diameter b. Introduce the dimensionless Fresnel number, Ny, via:

b? kb?

Np= —— = —_,
F=NA T 27A

(1.47)

Assume the propagation distance A to be sufficiently large that the Fresnel
number is much less than unity:

Np < 1. (1.48)

This is a sufficient condition for us to ignore the first exponent which appears
in the Fresnel diffraction integral (1.46). We therefore obtain the following lim-
iting form for the propagated disturbance, which is known as the ‘Fraunhofer
diffraction integral’!?:

Yol@,yz = A > 0) - — KPEERL) [ i

oA IR >+ y2)] (1.49)
—ik

x // Yu(2',y' 2 =0)exp {A(m’ + yy’)] dz'dy’, Np < 1.

To write this result in a more compact form, make use of eqn (A.5)!3 for the
two-dimensional Fourier transform, leading to:

12Note that it is the largest length scale, in the unpropagated disturbance, which appears
in the sufficiency condition (1.48) for the validity of the Fraunhofer diffraction formula. This
is natural, since it this largest length scale—given by the diameter b of the unpropagated
disturbance—which will be the most slowly diffracting, and therefore require the largest prop-
agation distance in order to be placed in the far zone. This may be compared to the sufficiency
condition for the validity of the Fresnel approximation, which is governed by the smallest length
scale in the unpropagated disturbance. Note, also, that both of these sufficient conditions were
assumed in obtaining eqn (1.48).

I3Note that the lettered prefix, in this equation, indicates that it is to be found in Appendix
A. This notation will be adopted throughout the remainder of the text.
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ik exp(ikA) ik o
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1/%(33’9’2 A—O) A eXp ZA(:E +y )

kx ky

Clearly, this has the form of a paraxial modulated spherical wave expl[ik(z2 +
y?)/(2A)], emanating from the origin of coordinates in the plane of the unprop-
agated disturbance, with the modulation being proportional to a transversely
scaled form of the two-dimensional Fourier transform of the unpropagated dis-
turbance. This important and rather simple result will be used on a number of
occasions, in later chapters, to calculate far-field coherent diffraction patterns
for paraxial scalar X-ray fields.

1.6 Kirchhoff and Rayleigh—Sommerfeld diffraction theory

The present section opens with a treatment of the Helmholtz—Kirchhoff integral
theorem for treating the diffraction of coherent scalar electromagnetic waves. The
resulting diffraction integral yields an expression for the diffracted disturbance at
a given point @, given the value of both the field and its normal derivative over
a smooth closed surface which encloses @Q (see Fig. 1.2). Note that this surface,
together with its interior, is assumed to be in vacuum. The Helmholtz—Kirchhoff
integral may be modified, using certain assumptions due to Kirchhoff that we
shall outline, to arrive at the Kirchhoff diffraction formula, which allows one to
propagate a given coherent scalar field into a vacuum-filled half-space z > 0,
given knowledge of both the field and its normal derivative over the plane z = 0.

The requirement, of needing to know both the field and its normal derivative
over a plane in order to propagate it into a vacuum-filled half-space, is removed in
passing from the Kirchhoff to the Rayleigh—Sommerfeld diffraction integrals. We
show how, by appropriate choice of Green functions, one can obtain the Rayleigh—
Sommerfeld integrals from the Kirchhoff integral. We shall also demonstrate the
equivalence of one of the Rayleigh—Sommerfeld integrals, to the angular-spectrum
formalism outlined in Section 1.3.

1.6.1  Kirchhoff diffraction integral

Consider, once again the diffraction scenario sketched in Fig. 1.1. The vac-
uum-filled half-space z > 0 supports a coherent scalar electromagnetic field
Yo (x,y,z > 0), at every point of which the field satisfies the Helmholtz equation
(1.16). With reference to Fig. 1.2, consider a smooth closed surface 9§2 which
bounds a given volume 2, entirely contained within the vacuum-filled half-space
z > 0, and inside which lies a given point (). The outward-pointing normal vector
of unit length, at any point A on the surface 0f2, is denoted by n. We now give a
derivation of the integral theorem of Helmholtz and Kirchhoff, which expresses
the value of the disturbance at @), given the value of both the disturbance and
its normal derivative at every point on 0.
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Fig. 1.2. A fictitious smooth closed surface 02 encloses the volume €2, together
with the interior point Q). Every point within and on this surface is occupied
by free space. At any given point A on 02, n denotes the outward pointing
normal unit vector. The Helmholtz—Kirchhoff integral theorem allows one to
determine the value of a coherent complex scalar electromagnetic disturbance
at @, given knowledge of both the field and its normal derivative over the
surface 0f).

Consider a pair of continuous scalar functions f(x,y, z) and g(x,y, z) which
are sufficiently well-behaved to have continuous first and second partial deriva-
tives with respect to x,y, and z. Making use of the following readily proved
identity:

V- [f(z.y,2)Vy(a,y, 2)] = fV39(x,y,2) + V[f(z,y.2) - Vg(a,y,2), (1.51)

and dropping explicit functional dependence on (x,y, z) for clarity, we see that:

V- (fVg—gVf) = fVig—gV°f. (1.52)
Integrating over the volume €2, and then applying the Gauss divergence theo-
rem to the integral on the left side of the resulting expression, leads to Green’s

theorem:
il <f§fl . ggi) do= [[[ (9% - gv* yav. (1.53)
o0 Q

Here do denotes a differential surface area element on 982, dV denotes a differ-
ential volume element within €2, and 9/0n = (i - V) denotes differentiation in
the direction of the outward unit normal n (see Fig. 1.2).

In Green’s theorem, let f be an expanding spherical wave!? of angular fre-

quency w which emanates from the point @, and let g be the complex scalar

14The reader may object that the expanding spherical wave does not satisfy the assumption,
of being twice differentiable, which forms a sufficient condition for the validity of Green’s
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disturbance ,,. Since it coincides with the free-space outgoing Green function

for the Helmholtz equation (cf. Section 2.3), the expanding spherical wave will be
denoted by G9. With these identifications we see that Green’s theorem becomes:

ﬂ <GQ88%— aG@) // (GOV),, — Y, V2G9)dV. (1.54)

o0

By adding and then subtracting k?G%4),, from the integrand on the right side
of eqn (1.54), we see that:

[ (o) [ff i
o0

f// Vo (V2 + 5G4V (1.55)
Q

The first integral, on the right side of this equation, vanishes on account of
the fact that 1, obeys the Helmholtz equation (1.16). To simplify the second
integral on the right side, we make use of the fact that G% obeys the equation:

(V2 + EHGY = —476€, (1.56)

where 09 is a three-dimensional Dirac delta located at the point Q.'° Bearing
the above two points in mind, we see that eqn (1.55) becomes:

Q
ﬂ <G§a”;j ff) —47r// V,09dV = 4w (Q),  (1.57)
on

where 1,,(Q) denotes the value of v, at the point (). Rearranging, we arrive at
the Helmholtz—Kirchhoff integral theorem:

theorem. More precisely, this requirement is not met at the point @ from which the spherical
waves emanates. Accordingly, in a more rigorous argument than that presented here, one would
exclude the point @ from the volume of integration when deriving the Helmholtz—Kirchhoff
integral theorem (see, for example, Baker and Copson (1950) or Born and Wolf (1999)).

15The above equation may be obtained in a number of ways, including that which is outlined
in Section 2.3 of the next chapter. As a simpler alternative which suffices for the purposes of
the present chapter, one may apply the Helmholtz operator (V2 4 k2) to the explicit form
exp(ikrg)/rq for GS, where rg denotes radial distance from the point Q, and then consider
the integral of the resulting function over a vanishingly small volume that encloses @. The
resulting integral is readily seen to be equal to —4m, no matter how small one makes the
non-zero volume enclosing the point Q. This indicates that (V2 + k2)G8 is indeed equal to
—47 multiplied by a three-dimensional Dirac delta centred at @, as stated in eqn (1.56).



Kirchhoff and Rayleigh—-Sommerfeld diffraction theory 21

1 M, oG9
Vo (Q) = Eﬂ <G81/; ~Yup >d0. (1.58)

[219)

As outlined at the beginning of this section, the Helmholtz—Kirchhoff integral
theorem allows one to determine the value of a coherent scalar electromagnetic
disturbance at a specified point @, given the values of both the field and its
normal derivative at every point on a smooth closed surface that completely
encloses (@, provided that the surface and its interior are in vacuum.

In many instances, it is more convenient to have a diffraction integral that
allows one to determine the value of a coherent scalar disturbance at a specified
point @, given knowledge of the disturbance and its normal derivative over a
plane bounding a vacuum-filled half-space which contains @. In this context,
consider the construction sketched in Fig. 1.3. Here all sources of the coherent
field'6 lie in the half-space z < 0, together with any optical elements which may
be present, with the volume z > 0 being vacuum. The spatial coordinate of @
with respect to a given origin O is denoted by xg. The closed surface 9 is
taken to be the hemisphere of radius R, which is indicated in the diagram; the
flat part of the hemisphere makes contact with the plane z = 0, with the curved
part lying in the space z > 0. Denote the flat part of the hemisphere by 921, and
the curved part of the hemisphere by 0€25. The point @ lies within the surface
N = 0921 + 0. For this surface, the Helmholtz—Kirchhoff integral theorem
becomes:

// ( 6% 8G8>
w w ) do
47'(' I 571
(9¢ oG9
— QZTw w
+ //392 (Gw o o )da. (1.59)

We now assume that, in this limit as R tends to infinity, the field over the
surface 025 behaves as a modulated outgoing spherical wave emanating from the
origin O. Under this assumption, one can readily show that the second integral
vanishes, on the right side of the above equation. Regarding the first integral on
the right side of this equation, we note that 9/9n can be replaced by —9/9z, since
the outward normal vector to d€2; points in the negative z direction. Further, in
the same integral, the areal element do can be re-written as dxdy, where x and
y are the usual Cartesian coordinates in the plane z = 0. Since we have taken R
as tending to infinity, the range of integration extends over all x and y. Bearing
all of the above in mind, we see that:

16More generally, one could consider the sources to produce a polychromatic field, in which
case we restrict consideration to a single monochromatic component of the polychromatic field.
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Fig. 1.3. A fictitious ball of radius R is located at the origin O. The intersection
of this ball with the half-space z > 0 gives the volume 2, the surface of which
is denoted by 02. Every point in and on this surface is taken to be vacuum.
The outward pointing normal unit vector, at any point on the surface, is
denoted by n; two such vectors are indicated, at the points A and B. The
point @, with coordinate vector x¢, is enclosed by the surface 9€2. All sources
and optical elements are taken to lie in the half space z < 0. The Kirchhoff
integral allows one to determine the value of the propagated coherent scalar
electromagnetic field, at any point ) within 0f2, given the value of both the
unpropagated field and its normal derivative over the plane z = 0. Note
that this formula requires R to be infinitely large, with the propagated field
obeying the Sommerfeld radiation condition.

— 1 - aGg Qaww
Yo (Q) = E//_oo (z/zw 5, ~ 055, )d:cdy. (1.60)

Notwithstanding the fact that it is a slight abuse of the conventional terminol-
ogy, we will refer to the above expression as the ‘Kirchhoff diffraction formula’.*”
It allows the propagated disturbance ,,(Q) to be determined at a specified point
Q@ in the half-space downstream of the plane z = 0, over which both the field
and its z derivative are known.

17"More properly, this term refers to a certain special case of eqn (1.60). In this special case,
a thin black screen is considered to be located in the plane z = 0, with the two-dimensional
integral then being restricted to the aperture over this screen. The so-called Kirchhoff ap-
proximation considers the disturbance to be identically zero over the opaque portion of the
exit-surface of the screen, with the disturbance and its normal derivative over the remainder
of the screen being equal to that which would be present in the absence of the screen. The re-
sulting special case, of eqn (1.60), is what should be more properly referred to as the Kirchhoff
diffraction formula.
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1.6.2  Rayleigh—-Sommerfeld diffraction integrals

Evidently, the Kirchhoff diffraction formula over-specifies the boundary condi-
tions required to solve the problem of propagating a given forward-travelling com-
plex disturbance, from a plane into a vacuum-filled region. One may conclude
that this is so, based on the fact that our earlier discussions on the angular-
spectrum formalism allowed us to solve the same boundary value problem given
only the value of the unpropagated disturbance over the plane z = 0, without
the need to specify its derivative normal to this plane.

With this in mind, consider eqn (1.60) once more. The Green function, ap-
pearing in this equation, obeys the defining relation (1.56). While the Green
function was taken to be an outgoing spherical wave emanating from the point
@, this is not the only choice of Green function that can be made. Indeed, by
choosing appropriate alternative Green functions that solve eqn (1.56), one can
eliminate either the first or the second term, which appears in the integrand
of the Kirchhoff diffraction formula. The resulting pair of diffraction formulae,
respectively known as the Rayleigh—Sommerfeld diffraction integrals of the first
and second kind, allow one to solve the diffraction problem given knowledge of
either the field, or its normal derivative, over the plane z = 0. In this sub-section,
we will show how the Kirchhoff diffraction integral can be transformed into the
Rayleigh—Sommerfeld diffraction integral of the first kind, and the corresponding
Rayleigh—Sommerfeld diffraction integral of the second kind.

Consider Fig. 1.4. Here we see the usual observation point @, in the vac-
uum-filled space downstream of the plane z = 0 from which we wish to propagate
a given coherent scalar field. Denote the mirror image of Q by Q*, this being
obtained by reflecting @@ through the plane z = 0. The coordinate vectors of @
and Q" are respectively denoted by x¢ and xg,, with the point A in the plane
z = 0 specified by the vector x.

Previously, we took the Green function G€ to be an outgoing spherical wave
emanating from the point Q. In the present more explicit notation, this may be
written as G2 (x) = exp(ik|x — xg|)/|x — Xg|, where x is any point in the space
z > 0 (note that we will later restrict this point to lie in the plane z = 0, as
indicated in Fig. 1.4.). Suppose, instead, that one considers a Green function
G9P formed by subtracting an outgoing spherical wave emanating from the
point Q*, from the outgoing spherical wave emanating from Q'8:

_exp(iklx —xq|)  exp(ik|x —x5)|)
x = xq] x = x5

GP(x)

w

(1.61)

18Note that the ‘D’ superscript indicates that this is a so-called Dirichlet Green function, a
terminology which will be justified once we see that its use serves to eliminate the dependence
of the Kirchhoff diffraction integral upon the normal derivative of the unpropagated field.
One will then have a solution to the so-called Dirichlet boundary-value problem, in which one
solves a partial differential equation given knowledge of the value of the function of interest
over a specified boundary. This may be contrasted to the Neumann boundary-value problem,
in which one solves a partial differential equation given knowledge of the normal derivative of
the function over a specified boundary.
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Fig. 1.4. The point A, which lies in the plane z = 0, has coordinate vector
x with respect to the origin of coordinates O. The point @, with coordinate
vector xq, lies in the half-space z > 0. Its mirror image, reflected through the
plane z = 0, is denoted by Q*, with corresponding coordinate vector x¢)- This
construction will be used in the derivation, based on the method of images,
of the Dirichlet Green function which allows one to transform the Kirchhoff
diffraction integral into the Rayleigh—Sommerfeld diffraction integral of the
first kind.

In the half-space z > 0, the above Green function obeys the requisite equation:

(V2 + E*)GOP(x) = —47d(x — xgq). (1.62)

Moreover, given the symmetry inherent in the method of images by which it
was constructed, it is clear that G2'P(x) vanishes at any point A in the plane
z = 0. Therefore, if one makes use of the Green function G%'P(x) in the Kirchhoff
diffraction formula (1.60), its dependence on the normal derivative of the field
evidently vanishes, leaving:

wx) = 3= [[ vtz =0)

" 0 |exp(iklx —xq|) exp(ik|x — x5|)
0z |x — xg] Ix —x5)|

dxdy. (1.63)

To simplify this formula, we again appeal to the symmetry of the situation
sketched in Fig. 1.4. At any point A on the mirror plane z = 0, it is evident
that the z derivative, of a spherical wave emanating from the point Q*, will be
equal to the negative of the z derivative of a spherical wave emanating from the
point Q. Therefore, in the square brackets which appear in eqn (1.63), we may
delete the second term and then double the resulting expression, to arrive at the
Rayleigh—Sommerfeld diffraction integral of the first kind:

_ L _ .0 expliklx —xql)
ww(XQ)—27T//_001/Jw(1’7y,2—0)82 xomg oty (164
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This diffraction integral expresses the value of the propagated complex distur-
bance in the space z > 0, given its boundary value over the plane z = 0.

One can obtain the Rayleigh—Sommerfeld diffraction integral of the second
kind, which allows one to determine the propagated field from knowledge of its
normal derivative over the plane z = 0, using a variation on the chain of argument
presented above. One uses the method of images, based on the construction in
Fig. 1.4, to construct the Neumann Green function G&N. This is formed by
adding an outgoing spherical wave emanating from the point Q* to the outgoing
spherical wave emanating from Q:

_exp(ik]x — xql) N exp(ik|x — x5)|)
x —xq| x — x5

(1.65)

Again, the symmetry of this scenario makes it evident that, over the plane z = 0,
the normal derivative of the Neumann Green function vanishes. Making use of
this Neumann Green function in the Kirchhoff diffraction formula (1.60), one
obtains:

1 exp(ik|x —xq|) = exp(ik|x —x5|)
V(xq) CAm |x — x0| * |x — x5
Q@ Q
8 ) )
x [W} dady. (1.66)
0z -0

Invoking mirror symmetry once more, we deduce the equality of each of the two
terms that appear in the first pair of square brackets in the above expression.
Thus, we can delete the spherical wave emanating from the point Q*, and then

double the resulting expression, to arrive at the Rayleigh—Sommerfeld diffraction
integral of the second kind:

exp(tk|x — xq|) [ (2,y, 2)
o (x0) —o // o] P . dedy. (1.67)

This diffraction integral expresses the value of the propagated complex distur-
bance in the space z > 0, given the z-derivative of its boundary value over the
plane z = 0.

We close this discussion with two remarks: (i) The Kirchhoff diffraction
formula may be regained once more, by taking the average of the Rayleigh—
Sommerfeld diffraction integrals of the first and second kinds. (ii) By making use
of the Weyl expansion for a spherical wave, which is discussed in the next chapter
(see eqn (2.83)), one can readily demonstrate the equivalence of the Rayleigh—
Sommerfeld diffraction integral of the first kind, and the angular-spectrum for-
malism outlined earlier in this chapter (Section 1.3).
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1.7 Partially coherent fields

For most of this chapter, we have concentrated on the free-space propagation of
strictly monochromatic scalar electromagnetic fields. While this idealization is
sufficient for an analysis of many scenarios in coherent X-ray optics, as shall be
evident from the numerous applications of these ideas in later chapters, there
are a number of circumstances in which we shall need to invoke the more general
theory of partially coherent fields. This theory explicitly takes into account the
random character of the fields produced by realistic sources. Elements of this
theory, for partially coherent fields, will occupy us for the remainder of this
chapter.

The present section offers an introduction to some fundamental notions of
partial coherence, laying the requisite conceptual groundwork prior to launching
into a treatment of the more formal theory of partial coherence in subsequent
sections. These introductory discussions are broken into four parts. First, we
give a brief outline of some key notions regarding random processes. Second, we
apply these notions to the end of providing a general overview of what a par-
tially coherent field is, and how such fields can be considered as a more general
case of both the monochromatic and polychromatic fields which have been en-
countered earlier in this chapter. We then give separate introductory discussions
on the concepts of spatial and temporal coherence, in the respective contexts
of the Young and Michelson interferometers, with the understanding that these
concepts cannot, in general, be considered in isolation from one another.

1.7.1  Random wvariables and random processes

Consider a fair die, the six faces of which are labelled with the integers one
through six. Suppose that one were to consider a hypothetical experiment in
which the die was thrown an infinite number of times, leading to an infinite
ordered sequences of integers, each one of which was randomly chosen from
the set {1,2,3,4,5,6} with equal probability. The probability, of achieving a
particular outcome when the die is thrown, is termed the probability distribution
governing the random variable. Any particular infinite sequence of the resulting
integers, obtained under the conditions listed above, would be spoken of as a
realization of this random variable. For later convenience, we assume that the
die is thrown once per second, so that the random sequence of obtained numbers
may be considered as a sequence in time.

Evidently, there are infinitely many realizations of this random variable. Some
of these realizations may be exceptional, such as an infinite sequence of ones
or an infinite sequence of twos, which serves to make the point that a given
random variable will not, in general, be completely characterized by any one
of its realizations. The set of all possible realizations, some of which will be
exceptional in the sense specified above, is termed the ensemble of realizations
for the random variable.

Suppose, now, that one wanted to determine the average number which ap-
peared on the die. One would not, in general, be justified in simply taking the
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average value of the sequence of numbers obtained in a particular realization of
the random variable, as there are exceptional sequences—such as the two excep-
tional sequences mentioned in the previous paragraph—which will not yield the
‘obvious’ mean value of £(1+ 2+ 3+4+5+6) = 31. Rather than averaging
over a particular realization of our random variable in order to determine the
mean value taken by the die, one must instead average over the ensemble of all
possible realizations of the random variable. To make this notion of ensemble
average more precise, let the mth realization of the random variable be denoted
by the infinite sequence of numbers {: - - ,a(jg), a(f?), a(()m), agm), a(;n), -+ }. The
ensemble average, of the value appearing on the die, would then be given by
limpy oo [M-EM_ agm)], where b is any fixed integer which specifies a partic-
ular location in the random sequence.'® Further, since the die is fair, the outcome
of any one throw will be statistically independent of any other throw. Thus, there
will be no correlation between a given outcome at a particular location in the
random sequence, and the outcome at some other point in the same sequence.
Lastly, note that the probability distribution, governing the outcome at a partic-
ular location in a particular realization of the random sequence, is independent of
the location of that outcome within the sequence. Stated differently, the statistics
of the outcome are independent of the time at which the die is thrown.

We now consider a simple variation on the above random variable. Rather
than considering an infinite sequence of throws of a fair die, let us instead consider
an infinite sequence of throws of a pair of unfair dice. These unfair dice, one of
which is green in colour and the other of which is gold in colour, will each be
considered to have a small permanent magnet embedded within. Our modified
random variable is as follows: (i) Throw the gold die onto a table, discarding the
value which is obtained. (ii) With the gold die sitting on the table, throw the
green die and record the number that appears on its uppermost face. (iii) Pick up
the gold die, leaving the green die on the table, subsequently throwing the gold
die and recording the number which appears on its uppermost face. (iv) Pick up
the green die, leaving the gold die on the table, subsequently throwing the green
die and recording the number which appears on its uppermost face. (v) Go to
step iii, and repeat ad infinitum.

As was the case previously, the mth realization of this random variable is de-
noted by the infinite sequence of numbers {- - - ,a(f;), a(ﬂ), a(()m) agm)7 aém), ce
Once again, there exists a time-independent probability distribution for the vari-
able, which gives the probability of obtaining a particular number at a particular
point in the random sequence. However, unlike the case of consecutive throws of
a fair die, there will now exist a correlation between the outcomes of consecutive

)

19Here, b can correspond to any point on the sequence, because we have assumed that the
statistics governing the random variable do not depend on when the die is thrown. If this were
not the case, then the stated ensemble average would, in general, depend on the choice for
b. Note also that we have implicitly assumed all members of the ensemble to carry an equal
statistical weight. This assumption is readily dropped, if necessary, although there is no need
to introduce this complication in the present context.
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throws. This is due to the fact that the dice interact with one another, through
the presence of the magnets embedded within them—the outcomes of consecu-
tive throws are no longer statistically independent. As a corollary to this, we see
that the probability distribution alone (for a single throw) is no longer sufficient
to completely characterize the random variable, as it contains no information
regarding the non-zero correlations which now exist between any pair of loca-
tions within a particular realization of the random sequence. Such correlation
functions, between the outcomes at any two pairs of points in the sequence, are
termed two-point correlation functions. Further, since the statistics of the ran-
dom variable are assumed to be independent of the origin of time, the two-point
correlation functions will only depend on the difference in the times correspond-
ing to the two points in the sequence, between which the correlations are to be
determined. Also, on account of the fact that exceptional sequences exist, both
the probability distribution and the two-point correlation functions may be ob-
tained via a suitable ensemble average, but not by averaging over a particular
realization of the random sequence.

The modified random variable, involving magnetically coupled dice, is not
completely characterized by specifying both the probability distribution and all
two-point correlation functions. Indeed, this pair of quantities gives no informa-
tion regarding any three-point correlations which may exist. Pushing this ar-
gument further, we state that one needs to provide the probability distribution,
together with an infinite hierarchy of n-point correlation functions (n = 2,3,---),
in order to completely specify the random variable generated by our pair of mag-
netically coupled dice. This infinite hierarchy of correlation functions, together
with the probability distribution (which may be regarded as a one-point corre-
lation function), may in principle be obtained via suitably averaging over the
ensemble of all possible realizations of the random variable.

We stated, earlier, that the statistics of the random variable are assumed to
be independent of the origin of time. Thus, the probability distribution is inde-
pendent of location in the sequence. Similarly, the two-point correlation functions
will depend only on the relative position of two points in the sequence. Analo-
gous statements hold for the higher-order correlation functions. When one says
that the statistics of the random variable are independent of the origin of time,
this amounts to the rather strong requirement that all correlation functions are
invariant under a shift in the origin of time, this origin of time taken as cor-
responding to the zeroth member of the random sequence. A random variable,
that meets these strong requirements, is said to be statistically stationary. As
a weaker form of statistical stationarity, one refers to a variable as being sta-
tistically stationary in the wide sense, if its first- and second-order correlation
functions are invariant with respect to a shift in the origin of time.

Rather than having a discrete random process that generates random se-
quences of numbers, which are labelled by a discrete integer index, one can have
a continuous random process that generates random sequences of numbers, which
are labelled by a real continuous index. Such continuous random processes, also
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known as stochastic processes, will occupy our attention for the remainder of
this sub-section.

Many of the notions, introduced in the context of discrete random processes,
may be directly carried over to the case of continuous random processes: the
ensemble of all possible realizations, the existence of exceptional realizations of
the process together with the associated need for ensemble averaging, statistical
stationarity in the strict and wide senses, the existence of correlations within
each realization of the process, and the need to specify correlation functions of
all orders in order to completely characterize the random process.

To this list let us add the concept of ergodicity. A random process is said
to be ergodic if all ensemble averages can be replaced by their corresponding
time averages. For an ergodic field, exceptional realizations do exist, but with
vanishingly small probability. All information regarding the ergodic random pro-
cess can then be considered to be contained within any single realization of the
process. Evidently, the set of all ergodic stochastic processes is a subset of the
set of all statistically stationary processes, with the set of all statistically sta-
tionary processes being a subset of the set of all stochastic processes which are
statistically stationary in the wide sense.

1.7.2  Intermediate states of coherence

Our motivation, for the above introduction of certain core ideas regarding the
theory of stochastic processes, lies in the fact that a realistic X-ray field is an
example of such a process. One speaks of such stochastic fields as being par-
tially coherent, with the case of monochromatic or polychromatic fields forming
a special case in which the ensemble of all realizations contains but a single
member.

Here we restrict ourselves to a scalar theory for such realistic disturbances.
Consider, then, the complex X-ray scalar disturbance ¥(x,t), which is generated
within a specified volume of points in free space that have coordinate vectors x,
the field being due to a given realistic X-ray source together with its interaction
with any optical elements and/or samples, which lie between the source and the
points of observation. A given realization of the experiment will yield a specified
complex function ¥(x,t), which will, in general, exhibit random fluctuations in
both space and time. This randomness is due to the inherently probabilistic
nature of the quantum and thermal processes that govern the emission of X-ray
radiation by the sources of the field, together with the probabilistic nature of
the interactions of this field with any optical elements or samples which may be
present. A different instance, of the same experiment, will, in general, yield a
different realization of the underlying stochastic process.

Let us assume this process to be statistically stationary, in the wide sense. It
will then be partially characterized by the totality of all one-point and two-point
correlation functions, with the one-point correlation functions being evaluated
via appropriate ensemble averaging at all given space—time points (x,t), and
the two-point correlation functions being evaluated between any two space—time
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points (x1,t1) and (Xa,t2). Since the process is assumed to be stationary in the
wide sense, the one-point correlation functions are independent of ¢, with the
two-point correlation functions depending only on the time difference to —t1 = 7.
Note that the one-point correlation functions, that is, the field averages, are
often of no interest on account of the fact that the average value of the complex
disturbance will be zero in most cases of practical interest. One can also form
higher-order correlation functions between more than two space—time points; if
the process is statistically stationary in the strict sense, then these functions
will be unchanged under any shift in the origin of time. Further, if the partially
coherent field is not stationary in any sense, as will be the case for pulsed X-ray
sources such as free-electron lasers, then all correlation functions will, in general,
depend upon the origin of time.

An important special class, of partially coherent disturbance, is given by the
so-called ‘quasi-monochromatic’ field. The temporal Fourier transform, of any
particular realization of such a field which is truncated to a sufficiently long but
not infinite time, will be non-negligible only over a range of angular frequencies
that is very small compared to the mean angular frequency of the disturbance.
From a more intuitive point of view, a given realization of a quasi-monochromatic
field is one that has a very narrow spectral range. Notwithstanding this narrow
spectral range, the behaviour of quasi-monochromatic radiation is, in general,
very different from that of strictly monochromatic radiation. As an important ex-
ample of this, the ability of quasi-monochromatic radiation, to form interference
fringes, may be very different from that of a corresponding strictly monochro-
matic field. This notion will be of some importance in the discussions of the
following two sub-sections, where we separately treat the concepts of spatial and
temporal coherence for quasi-monochromatic fields from extended sources.

1.7.3  Spatial coherence

The Young interferometer, sketched in Fig. 1.5, provides a powerful archetype
by which much of the theory of partial coherence is ultimately inspired. In the
present section, we use this interferometer to introduce the notion of the spatial
coherence properties of a partially coherent field. As a fringe benefit of these
discussions, we shall see some hints of a theory for the enhancement of coher-
ence by the act of free-space propagation. A more complete formulation of this
appealing idea is reserved for later in the chapter. Note also that the account
of this sub-section follows a rather orthodox line of development, which is given
in many texts on modern optics, such as Lipson and Lipson (1981) and Hecht
(1987).

We work in two spatial dimensions for simplicity, considering an extended
incoherent uniform quasi-monochromatic line source S, which is perpendicularly
bisected by an optic axis z (see Fig. 1.5). The length of the line source is taken to
be a, with the coordinate transverse to the optic axis labelled by x. The incoher-
ent nature of the source amounts to the assumption that the field, at any point on
the source, is completely uncorrelated with the field at any other distinct point
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Fig. 1.5. A thin one-dimensional black screen X is pierced by two small pin-
holes P; and P,, which are equidistant from the optic axis z and separated
by a distance D. This pierced screen is illuminated by an extended incoher-
ent quasi-monochromatic line source S of diameter a, with the source being
perpendicularly bisected by the optic axis. The distance from the source S to
the pierced screen X is denoted by dgx;, with ds denoting the distance from
the pierced screen to the plane of observation II. A point s on this source is
indicated, located at coordinates (z,z) = (2/, —dgyx), with the distances from
this point to P; and P, being respectively denoted by rsp, and rsp,. The
distances, from P; and Ps to the observation point P(x) at (z, z) = (z,dsn),
are respectively denoted by 7p, p and rp, p. We shall determine the visibility
of the Young interference fringes which are formed over the observation plane
II, as a function of the size of the incoherent source.

on the source.?? This source illuminates a thin black one-dimensional screen X,
which is punctured with two small pinholes P; and P, that are a distance D
apart, and symmetrically placed with respect to the optic axis. The resulting in-
terference pattern is observed over the screen II, at an observation point P which
is a function of the transverse position x across the screen. The distances, from
a point s on the source to the first and second pinholes, are respectively denoted
by rsp, and 7sp,; similarly, rp, p and rp, p respectively denote the distances from
the first and second pinholes, to the observation point P. Lastly, dss denotes
the distance from the source to the punctured screen, with dsp denoting the
distance from the punctured screen to the screen of observation.

2ONote that this assumption, of the absence of correlations between disturbances at two
distinct space—time points—both of whose spatial coordinates correspond to distinct points on
the source—does not imply the absence of correlations between disturbances at distinct space—
time points, both of whose spatial coordinates do not coincide with the location of the source.
Indeed, as we shall see, the presence of the latter correlations is necessary for the presence of
interference fringes over the observation screen of the Young interferometer.
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Consider a point s(z’) on the source, where z’ is the x coordinate of s. Let
n(a’,x) be the difference of two path lengths, with the first path length being
that from s(z’) to the observation point P(x), which is obtained by passing
through the first pinhole, and the second path length being that from s(z’) to
the observation point P(x), which is obtained by passing through the second
pinhole. Thus:

!
n(a',x) =rsp, +TP,p —Tsp, — TP P

D 2 D ?
:\/d32+(2+x'> —\/d§2+<2—x')

D 2 D 2
+\/d2“+(2+x> ‘Vd%“(z”)' o9

Assume that D,z’, and z are all much smaller, in magnitude, than both the
distance from the source to the pinholes, and the distance from the pinholes to the
observation screen. One may therefore make a first-order binomial approximation
to the square roots in the above expression, yielding:

"D D
n(z',x) ~ Rl (1.69)
des  dsm

To proceed further, we convert this expression for path difference n(a’, x)
into one for the phase difference A¢(z’, 2) between radiation which traverses the
path from s to P; to P, and the radiation which traverses the path from s to
P, to P. This phase difference will be equal to 27 multiplied by the number of
wavelengths which are contained in the path difference n(2’,x). Denoting the
mean wavelength of the quasi-monochromatic radiation by A, we see that:

2rn(a’,x) 27D [ o x
Ap(z',x) = = = — . 1.7
¢ 2) A A \dsy * dsn (1.70)

The intensity of the interference fringes, due to the point radiator located at
s(2') on the source, as a function of position x on the screen, is then given by?!:

21Here, we give a brief justification for this expression. Suppose the respective complex
amplitudes at a given point x on the observation screen, which are due to the disturbances
emanating from each of the pinholes as a result of them being illuminated by a single point s(z’)
on the source, to be given by ¥(x) and ¢ (x) exp[iA¢p(z’, z)]. Here, we have implicitly assumed
that the amplitudes of the two contributions are equal, as will be the case if the pinholes are
sufficiently close to the optic axis, and are of the same size and shape. The intensity of the
resulting disturbance is then equal to |1 (x) + ¥ (x) exp[iAd(x’, z)]|? = 2Io[1 + cos Ag(z’, x)],
where Iy = [¢|2.
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27D [ 2/ T
I(2',2) = 21y 4 1 + cos | 222 +>H 1.71
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Here, Iy is the intensity which would have been measured at x if either of the
pinholes had been blocked off. Note that the quality of the fringes is maximal,
in the sense that the minima of intensity correspond to complete darkness. Note
also that, to within the binomial approximation upon which this expression is
predicated (see eqn (1.69)), a transverse displacement of the radiator (i.e. a
change in z’ from one point on the source to a different point on the source) will
lead to a proportional transverse displacement in the fringes over the observation
screen that are produced by that radiator.

Having obtained an expression for the interference fringes produced by one of
the radiators in the extended source, we are ready to calculate an approximate
expression for the interference pattern which is produced by the entire extended
incoherent uniform quasi-monochromatic line source S. The assumption, that
the source is incoherent, amounts to the assumption that one can simply add
the intensities due to each radiator in the source, in order to obtain the intensity
of the interference pattern produced by the whole source. Since the source is
taken to be uniform over its length, the number of radiators per unit length
is independent of position on the source; each of these radiators is taken to
radiate with the same power. Further, bearing in mind the last sentence of the
previous paragraph, the fringes produced by different points on the source will
not, in general, have coinciding peaks and troughs. One might therefore expect
the quality of the fringes to be degraded as the size of the incoherent line source
is increased. As we shall see, this expectation is not quite true, for reasons that
will become clearer shortly. For the moment, let us integrate over each of the
radiators in the source, to obtain the following expression for the interference
pattern I(z) due to the entire extended source:

z'=a/2
I(z) = / I(z',x)dx’

z'=—a/2

@'=a/2 2rD ([ ' x
= 2], 1+ cos | — 4+ — da’. 1.72
O/m’—a/Q{ [ A <dsz dzn)]} (1.72)

Evaluating the above expression, by first making use of the expansion formula
for the cosine of the sum of two quantities, and then computing the resulting
integral, we arrive at:

2Io\d D 2nD
I(x) = 2Ipa + =225% 6in <a7r > cos <7r x> . (1.73)
D Adss Adsm

Unlike the case of the interference pattern produced by a single radiator in the
source, the quality of the interference pattern is now no longer necessarily maxi-
mal, as the minima of the interference pattern are now no longer completely dark.
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Qualitatively, this is to be expected, owing to the non-coincidence, in general,
of the maxima and minima of the interference fringes produced by independent
radiators in the source.

To render more precise the notion of the ‘quality’ of the interference fringes,
we invoke Michelson’s definition of fringe visibility 7

= Imax = huiv (1.74)
Ivax + v

Here, Iniax and Iyn respectively denote the maximum and minimum intensities
of the fringes in a given area of the interference pattern.?? Evidently, when
the intensity minima are equal to zero and the intensity maxima are non-zero,
the visibility is maximal and equal to unity. At the opposite extreme, if the
intensity maxima and minima have the same value, then there are no fringes,
with a corresponding visibility of zero. The former limit corresponds to complete
coherence of the radiation at the location of the two pinholes, with the latter
limit corresponding to complete incoherence between the radiation at the two
pinholes. Intermediate states of fringe visibility may then be taken as indicating
partial coherence between the disturbances at the location of each of the two
pinholes. We shall return to this important point a little later in the present
sub-section.

Returning to the main thread of the argument, let us calculate the fringe
visibility for the Young interferometer sketched in Fig. 1.5. From eqn (1.73), we
see that Injax and Iyin are respectively given by:

2[0Xd52 arD
I = 21 —
MAX oa + D Sm<)\dsz) )
2IgM\dss, | . (awD
I = 2Iya — 3 — . 1.75
MNP (Adsz) ‘ (175)

Substituting into expression (1.74) for the fringe visibility ¥, we see that:

7/:|sing|7 QEEWTD.

4 Adss,

A plot of this expression, for the fringe visibility ¥ versus the dimensionless
parameter p, is given in Fig. 1.6.

There is an immense amount of physics to be learned from the above result,
some of which we now detail. The visibility ¥ is seen to be maximal only when
o = 0. This will be the case, for example, if the size a of the source is taken to zero.
Keeping fixed all variables in the expression for g, with the exception of a, we see
that an increase in a from zero leads to a progressive decrease in the visibility of
the interference fringes, up until the point where o = w. More precisely, in the

(1.76)

22Implicit, in this definition, is the assumption that the fringes vary over a length scale that
is sufficiently smaller than the envelope which multiplies these fringes.
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Fig. 1.6. Visibility ¥ of fringes for the Young interferometer sketched in Fig.
1.5, as a function of the dimensionless parameter o given in eqn (1.76).

regime of source sizes 0 < a < Mdgx /D, the visibility monotonically decreases
from its maximal value of unity, to its minimal value of zero. As the source size
increases from a = 0 across this interval, the progressive degradation in visibility
may be pictured as due to the blurring of the resulting interference fringes, which
result from the superposition of the laterally displaced fringes that are formed by
each of the independent radiators in the source. At the critical source size where
o = 7, this cancellation is complete and all fringes are ‘washed out’. However,
as the source size is increased beyond this critical value, the fringes are seen to
re-appear, with the previous maxima being interchanged with minima and vice-
versa.23 For m < ¢ < 27, the visibility of these inverted fringes rises from zero up
to a maximum value which is less than unity, and then diminishes to zero once
more. This process continues, in an analogous manner, as g is increased further.

This scenario, of progressively increasing the source size while observing the
effects of this increase on the visibility of the fringes produced by a Young in-
terferometer, gives a convenient entry point to the notion of spatial coherence.
When the source size is taken to be vanishingly small, the resulting disturbance
at the location of the two pinholes is said to be ‘spatially coherent’, on account of
the fact that the interference of the fields from these spatially separated points is
able to yield fringes with maximal visibility. As the source size is increased from
zero, such that ¢ < 7, there is a corresponding decrease in the spatial coherence
of the radiation at the location of the two pinholes. When the fringe visibility

23This reversal is evident from the sine term in eqn (1.73). Note, also, that the disappearance
of the fringes at ¢ = 7 allows one to determine the angular size A0 = a/dgs of the source
given both the mean wavelength X of the radiation and the separation D between the pinholes:
o = w implies that A0 = a/dgs = X/D, This observation forms the basis of Michelson’s stellar
interferometer, used to determine the angular diameter of stars.
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is zero, the disturbances at the two spatially separated pinholes are said to be
spatially incoherent with one another. Intermediate states of visibility then cor-
respond to intermediate (‘partial’) states of spatial coherence. Historically, the
use of such a real quantity (visibility), as a measure of the degree of coherence
of two points in a field, was introduced by Zernike (1938).

Within the regime ¢ < 7, we have seen that an increase in the size of the
source a leads to a corresponding decrease in the spatial coherence of the radi-
ation over the two pinholes of the Young interferometer (see Fig. 1.5). Instead,
one can consider a to be fixed, along with the mean radiation wavelength \ and
the slit separation D, so as to investigate the effect of changing the distance dgx;
from the source to the screen containing the pinholes. In this case, and once again
restricting ourselves to the regime where ¢ < 7, we see that an increase in dgx
leads to an increase in the spatial coherence of the radiation at the location of the
two pinholes. Further, we see that the spatial coherence, of the radiation at the
two pinholes, can be made maximally large in the limit as the source becomes
infinitely distant. While this observation may initially appear mundane, there
is really something rather profound going on here—the coherence properties of
the radiation, at the location of the two pinholes, is altered by the process of
propagation from the source to the pinholes. Stated differently, the spatial co-
herence properties of the radiation are altered upon free-space propagation. This
point will be expanded upon in Section 1.9. For the moment, let us now shift our
attention from the notion of spatial coherence, to that of temporal coherence.

1.7.4  Temporal coherence

In the preceding section we examined the visibility of interference fringes pro-
duced by the superposition of radiation from two spatially separated points in a
given quasi-monochromatic field. This fringe visibility was taken as a measure of
the degree of spatial coherence of the field at the two given points. The Young
interferometer, which divides an incident wavefront into two components before
recombining them to yield an interference pattern, was seen to yield data that
could be used to determine the spatial coherence properties of the field at a given
pair of points in the plane of the interferometer.

A parallel presentation exists, which considers temporal rather than spatial
coherence. Instead of considering the ability of the field at spatially separated
points to interfere, one may consider interference between the field at tempo-
rally separated points. Rather than using a division-of-wavefront interferometer
such as the Young pinholes, a division-of-amplitude interferometer, such as the
Michelson interferometer, can be considered. One can then examine the visibility
of the interference fringes formed when combining the quasi-monochromatic ra-
diation from a given point in space at a given time ¢, with the radiation from the
same point in space at a later time t+ 7. In turn, this leads directly to a measure
for the degree of temporal coherence exhibited by a given wide-sense-stationary
quasi-monochromatic field, with the so-called coherence time being the time-lag
7 which is required in order for the visibility of the time-averaged fringes to be
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significantly reduced from the maximal value which is obtained at 7 = 0.

Rather than further pursuing the notion of temporal coherence via an analysis
of the visibility of the interference fringes, which are generated by division-of-
amplitude interferometry, we pick up on a generalization that demands to be
made. Specifically, the properties of both spatial and temporal coherence have
been discussed in terms of the ability of two parts of a given wave-field to inter-
fere. In the former case, we considered the visibility of the interference fringes
formed when disturbances from spatially separated points of the field are su-
perposed. In the latter case, for which only the briefest of outlines was given,
temporal rather than spatial separation was considered. This can evidently be
generalized, to consider the interference of a partially coherent field which ex-
ists at two points that are separated in both space and time. It is to such a
generalized treatment, of the theory of partially coherent fields, that we now
turn.

1.8 The mutual coherence function

We again return to the Young double slit experiment, in order to arrive at a more
sophisticated theory of partial coherence which generalizes the treatment given
earlier. Rather than following Zernike (1938) in considering the fringe visibility
¥ as a measure of the degree of coherence, we shall instead consider a closely
related complex degree of coherence known as the ‘mutual coherence function’.
The results of this section were reported in a classic series of papers by Wolf,
which laid the theoretical foundations for the modern theory of partially coherent
fields (Wolf 1954a,b, 1955).

Consider the Young double slit experiment sketched in Fig. 1.7. Upstream
of a planar screen X, we see a series of sources radiating statistically stationary
quasi-monochromatic radiation of mean wavelength A. The screen is pierced by
two small pinholes P, and Ps, respectively located at the position vectors xp,
and xp,, with D = xp, —xp, denoting the relative position vector of the second
pinhole with respect to the first, and D = |D| denoting the separation of the
pinholes. The resulting interference fringes are to be sampled at an observation
point P which lies in the vacuum-filled half-space downstream of the screen
containing the pinholes, with rp, p and rp,p respectively denoting the distance
from the first and second pinholes to the point P, which is located at the position
vector Xp.

Consider a given realization ¥(x,t) of the quasi-monochromatic wave-field
incident on the screen, as a function of both position vector x and time ¢. Such a
field can be Fourier decomposed?* into a superposition of monochromatic fields
1, (x) exp(—iwt), the angular frequencies w of which all lie within a narrow range
of the mean angular frequency @. Assuming that all non-zero monochromatic

24More properly, we should truncate the field to be non-zero only over a given finite time
interval. This avoids mathematical difficulties due to the fact that, if the field is assumed to
exist for all time, it will not be square integrable, with the corollary that its temporal Fourier
transform is not well defined. Such subtleties do not affect the conclusions arrived at here.
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Fig. 1.7. A thin two-dimensional black screen ¥ is pierced by two small pinholes
Py and P,, which are respectively located at position vectors xp, and xp,
with respect to a given origin. The vector, pointing from P; to Ps, is denoted
by D. All quasi-monochromatic sources and optical elements are assumed to
lie in the half-space to the left of the pierced screen. The visibility of the
resulting Young’s interference pattern is to be determined at the point P,
with position vector xp, which lies in the vacuum-filled half-space to the
right of the screen. The distances, from P; and P, to P, are respectively
denoted by rp, p and rp,p.

components have angular frequencies w, which are confined to the interval @ —
%Aw <w<w+ %Aw, we may write down the following Fourier integral for the
complex analytic signal (see Section 1.2) of the associated quasi-monochromatic
disturbance:

1 w=w+(Aw/2)

U(x,t) = —/ Y, (x) exp(—iwt)dw. (1.77)
V27 Jomm—(bwy2)

If we now let w = W+ dw, with dw indicating the difference of a given monochro-

matic component’s angular frequency w from the mean angular frequency w of

the quasi-monochromatic field, the above expression becomes:

U(x,t) = exp(—iwt) (x,t),
1 Sw=Aw/2

V27 Jsw=—nws2

Since the integral, in this expression, is a superposition of monochromatic fields
whose angular frequency dw is small compared to the mean angular frequency
w of the quasi-monochromatic field, o (x,t) is evidently a complex envelope
that varies slowly in comparison to the harmonic time factor exp(—iwt), which

o (x,1) Vz1ew(X) exp[—i(dw)t]d(dw). (1.78)
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it multiplies. At a given position x in space, this envelope will drift in both
amplitude and phase, over timescales that are long in comparison to the mean
period 27 /@ of the radiation.

We therefore expect the fields, diffracted by each of the two pinholes, to slowly
vary in both relative phase and amplitude. The associated interference pattern
will be time varying, with its time average corresponding to the intensity distri-
bution which is measured at the observation point P. With a view to determining
the time-averaged intensity at the observation point P, let us first write down the
following expression for the time-dependent complex disturbance that exists at
this point, due to the superposition of the two fields which respectively emanate
from each of the pinholes:

W(xp,t) = K1 (xp,,t - TPCIP) + Ko (xpyt - TPTP) . (1.79)

Here, U(xp,,t) = exp(—iwt)« (xp,,t) and ¥(xp,,t) = exp(—iwt) (xp,,t) re-
spectively denote the complex disturbance at the entrance surface of the first
and second pinholes, as a function of time. The respective retardations, of the
time arguments appearing in each of these expressions, is due to the finite speed
c of light in vacuum: the disturbance at time ¢, which is measured at the point P
due to pinhole 1, was emanated at a time ¢t — rp, p/c from this pinhole, with an
analogous time delay for the light from the second pinhole. Lastly, the complex
numbers K7 and K, are propagators that depend on the shape of the pinholes,
and the angles between the rays incident upon and diffracted from the pinholes.
We state without proof that these propagators are purely imaginary, so that we
can write K1 = ik1 and Ko = ikg, with k1 and k5 being non-zero real numbers
which have the same sign, so that xk1r2 > 0 (Wolf 1954a).

By taking the squared modulus of eqn (1.79), and then forming the time
average (as indicated by angular brackets) of the result, we arrive at the following

expression for the time-averaged intensity I(xp) at the observation point P:

_ 2
T(xp) = <’K1\I/ (xPl,t— 7‘1ng) + Ko (XPQ,t— TPCQP)’ >

2 2
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+2Re <K1K§\II (xPl,t - ”’Clp) U (xPz,t— ”’;P». (1.80)

Imagine, now, that the second pinhole were to be blocked off. The second and
third terms on the right side of the above expression would then vanish, leading
to the following equation for the time-averaged intensity I, (xp) which would be
measured at the observation point P, due to the field emanating from the first
pinhole alone:
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Ti(xp) = <‘K1\IJ (Xpl,t— TPIP)‘2>. (1.81)

C

Similarly, if the first pinhole were to be blocked off, one has the following ex-
pression for the time-averaged intensity Is(xp), which would be measured at the
observation point P, due to the field emanating from the second pinhole alone:

To(xp) = <‘K2\I/ (XPZ,t_ TPCZP)‘2>. (1.82)

Making use of the above two equations, together with the fact that K K3 =
| K1 K5| is positive and real, we see that eqn (1.80) can be re-written as:

I(xp) = I(xp) + I2(xp)
+ 2| K, K| Re <\IJ (xPl,t - TPclP) U (xPZ,t - TP;P)>. (1.83)

To proceed further, we make use of the previously stated assumption that
the field is statistically stationary, that is, that its statistical properties are in-
dependent of the origin of time. Under this assumption, the time average in eqn
(1.83) is unchanged under the transformation ¢t — t + ¢~ !rp, p, so that:

(8 et} - 22))
C C

_ <q, <XP1,t_ PP‘PP) 7 <XP2,t>>. (1.84)

c

Introducing the time difference 7, between the travel time of light from the first
and second pinholes to the observation point:

- 711:)213 - 7ﬂljlp

. : (1.85)

we re-write eqn (1.84) as:

<x1/ (xPl,t - ’"Pcl”) v <XP2,t - ”’CZP)> = (U (xp,,t +7) U (xp,,1)). (1.86)

Equation (1.80) therefore becomes:

I(xp) = I1(xp) + I2(xp) + 2| K1 K |Re [[(xp,, Xp,, T)] (1.87)

where we have introduced the following definition for the so-called mutual co-
herence function of the field at the locations of the two pinholes:
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I(xp,,xp,,7) = (¥ (xp,,t +7) U" (xp,,1)) . (1.88)

The third term, on the right-hand side of eqn (1.87), is evidently an interfer-
ence term. This interference term is proportional to the real part of the mutual
coherence function. Importantly, I'(xp, ,xp,, T) is a measure of the correlation
which exists between the disturbances at the exit surfaces of each of the two
pinholes. If the pair of disturbances is uncorrelated, then no interference fringes
will be visible in the Young interferometer. A necessary condition, for the ex-
istence of such fringes, is that there be some degree of correlation between the
radiation at the exit surfaces of each of the pinholes. Perfect correlation implies
maximal fringe visibility and perfect coherence; zero correlation implies zero
fringe visibility and incoherence; an intermediate degree of correlation implies
that the visibility of the fringes is intermediate between maximal and minimal,
corresponding to a partially coherent field.

At this point the reader may be wondering as to the quantitative relation of
the mutual coherence function, to the visibility of fringes which are observed in
a Young double slit experiment. Let us now turn to a chain of argument that
will lead to a formulation of this link. To this end, set the two spatial arguments
of I equal to the location xp, of the first pinhole, and let the time lag 7 be zero.
With the aid of eqn (1.81), together with the fact that the field is statistically
stationary, we see that:

B (0 (122 s - 22
c c
= |K1 2 (W (xp,,t) U (xp,, 1))
= |K1|2F(XP1,XP17T = O) (189)

Similarly, we have:

TQ(XP) = ‘K2|2F(XPZ,XPZ,T = O) (190)

Equipped with the above pair of expressions, eqn (1.87) becomes:

I(xp) =I1(xp) + I2(xp)

+ 21/ 11 (xp)I2(xp) Ro[Txp, xp,, 7)

VI 2T (xp) 1|2 Ta (xp)

=1I,(xp) + I2(xp)

+ 2\/71(XP)T2(XP) Re

F(XPI,XPZ,T)
\/F(XPNXPH T = O)F(XPQ’XPzaT = 0)
(1.91)
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If we now introduce the following definition for the normalized mutual coherence

function, otherwise known as the ‘complex degree of coherence’:
F(XP1 » XPys T)

VT (Xp,,xp,, 7 = 0(Xp,,Xp,,7 = 0)

then we see that the generalized interference law (1.91) assumes the form:

Y(xXp,,Xp,, T) = (1.92)

I(xp) = I1(xp) + I2(xp) + 24/ 11 (xp)I2(xp)Re [y(xp,, xp,,7)] . (1.93)

With a view to gaining a deeper understanding of the meaning of this expres-
sion, including why we speak of it as a generalized interference law, let us inves-
tigate the limiting case of strictly monochromatic radiation. In this limit, and in
an obvious notation, one can write ¥(xp,,t) = /I(xp,)exp{i[¢(xp,) — wt]}
and U(xp,,t) = /I(xp,)exp{i[p(xp,) — wit]}; from eqn (1.88), we see that
F(Xpl » X Py T) = I(XPI )I(sz) eXp{i[QS(XPJ - ¢(XP2) - wT]}’ which may be
substituted into eqn (1.92) to give v(xp,,xp,,7) = exp{i[¢(xp,) — d(xp,) —wT]}.
Hence, in the limit of strict monochromaticity, eqn (1.93) becomes the following
familiar expression for the interference of two monochromatic fields, emanating
from the two pinholes of a Young interferometer:

I(xp) = I1(xp) + I2(xp) + 2\/71 (xp)I2(xp) cos[p(xp,) — d(xp,) — wT].
(1.94)

Here, the presence of the interference term—mnamely, the third term on the
right-hand side of eqn (1.94)—was obtained via the correlation function (com-
plex degree of coherence) for a monochromatic field, with the perfect correla-
tion between the fields at the two pinholes being a direct consequence of the
strict harmonic time dependence of such a field. This derivation of the interfer-
ence term, via a correlation function, is conceptually rather different to elemen-
tary physical-optics discussions of Young’s double-slit experiment for the case of
strictly monochromatic radiation, which can also be used to derive this expression
without the need to invoke field correlation functions. Regarding the position of
the fringes associated with this expression, we note that this quantity is related
to the phase of the previously mentioned correlation function; again, note the
conceptual difference between this statement and that based on the elementary
physical-optics treatment which makes no mention of correlations. Regarding the
visibility ¥ of the fringes associated with the above expression: by making use
of the fact that the cosine of any number must lie between —1 and 1, together
with the assumption that the envelope of the fringes has a much slower spatial
variation than the fringes themselves,?> we see that (see eqn (1.74)):

25Indeed, the notions of both fringe visibility and fringe envelope break down when this
assumption is not met.
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y = 2V hixe)bixe) (1.95)
I (xp) + I2(xp)

Again, this expression for fringe visibility has been obtained via the construc-
tion of a correlation function for the strictly monochromatic field. This visibility
tends to its maximal value of unity if the intensity over each of the pinholes
is equal, that is, if T;(xp) = I2(xp). This maximal fringe visibility is a direct
consequence of the fact that the complex degree of coherence has modulus unity,
this being indicative of the previously mentioned perfect correlation that exists
between any two space—time points in a strictly monochromatic complex scalar
electromagnetic field.

Let us now consider how the argument, of the above paragraph, general-
izes to the case of quasi-monochromatic radiation. Adopting the notation of
eqn (1.78), one can write ¥(xp,,t) = exp(—iwt)« (xp,,t) and ¥Y(xp,,t) =
exp(—iwt)« (xp,,t), where the amplitude and phase of the complex envelopes
o (xp,,t) and &7 (xp,, t) have a temporal evolution with a characteristic timescale
27 /Aw that is much larger than the mean period 27 /@ of the quasi-monochrom-
atic radiation. From eqn (1.88), we see that the mutual coherence function is
given by:

['(xp,,xXp,, T) = exp(—iwT) (« (xp,, t + T) " (xp,, 1)), (1.96)
which may be substituted into eqn (1.92) to give:
exp(—iwT) (I (xp,, t + T)F*(xp,, 1))
VI (xp 02 ([ (xp,, )

Using the Schwarz inequality, one can readily see that the modulus, of this com-
plex degree of coherence, is less than unity2°:

v(Xp,,Xp,, T) = (1.97)

(x| < 1. (1.98)

As shall now be shown, this inequality is directly related to the range of fringe
visibilities ¥* which are possible, when our Young interferometer is illuminated
with quasi-monochromatic radiation. With this end in mind, let us once again
assume that the spatial variation of the fringes is sufficiently faster than that of
their envelope for the notion of fringe visibility to be meaningful; we leave it as
an exercise to the reader to show that the resulting fringe visibility is given by:

26For two complex functions of time a(t) and b(t), the Schwarz inequality is |(a(t)b*(t))| <
[a@®)]?)(|b(t)|?)]Y/2. Setting a(t) = o/ (xp,,t + 7) and b(t) = o/ (xp,,t), this inequality
becomes (o (xp,,t + T)*(xpy,t))| < [(|(xp,,t + T)2)(| (xp,,t)|?)]*/2. Invoking sta-
tistical stationarity for the first time average appearing on the right side of this inequal-
ity, we see that |(&/(xp,,t + T)&/*(xpy,t))| < [(|(xp,, )2} (xpy,1)|?)]"/2, that is,
[ (xp,,t + 7)™ (xpy, )]/ [{| 7 (xpy, , ) |2){| (xpy, t)[2)]'/? < 1. According to the modulus
of eqn (1.97), the left side of this last inequality is equal to the modulus of the complex degree
of coherence, leading immediately to eqn (1.98).
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_ 2\/71()(}3)72()(13)

YV = Tl(Xp) —I-TQ(XP) |’Y(XP17XP2,’T)|. (199)

Note that this differs from eqn (1.95), by the presence of a multiplicative factor
equal to the modulus of the complex degree of coherence. In the case of equality
between the time-averaged intensities at the location of the two pinholes, so that
I, (xp) = I2(xp), the above expression for the fringe visibility assumes the very
simple form:

¥ = [(xpy xpa 7). (1.100)

This is an important result, which makes the promised connection between fringe
visibility and the complex degree of coherence: the former is equal to the mod-
ulus of the latter, when treating the fringe visibility of a Young’s double-slit
experiment in which the time-averaged intensity at the location of each of the
two pinholes is equal, subject to assumptions which were stated in the process
of arriving at this result (small near-identical pinholes, slowly varying envelope
on the fringes, etc.). Since we know that the modulus of the fringe visibility is
less than or equal to unity, we arrive at the admittedly obvious statement that
the fringe visibility lies between zero and unity. In turn, as was the case with
the previous analysis, the modulus of the complex degree of coherence may be
used to classify the coherence properties of the quasi-monochromatic field un-
der study: complete coherence corresponds to |y(xp,,Xxp,,7)] = 1 for any pair
of points (xp,,xp,) and any time delay 7; complete incoherence corresponds to
|v(xp,,xp,, )| = 0 for any pair of points (xp,,xp,) and any time delay 7; other-
wise, the field is partially coherent. Note that the extremes of complete coherence
and complete incoherence are limiting cases which are never strictly realized in
practice, with the corollary that all realistic electromagnetic fields are partially
coherent.

Let us now turn to the question of the observability of both the mutual co-
herence function and the complex degree of coherence, in a chain of argument
which will rapidly lead to the conclusion that such correlation functions can be
measured with the aid of a Young interferometer. At optical and higher fre-
quencies, the rapidity of wave-field oscillations is so great that their temporal
evolution is not directly measurable with existing apparatus. The field quantities,
or functions thereof to which a given experiment may be sensitive, are therefore
averaged over many cycles of oscillation; the characteristic timescale for these
oscillations is proportional to the reciprocal of the mean angular frequency of the
radiation. This may be used as the basis for a criticism, that the fundamental
quantities of the optical theory are not amenable to direct observation with ex-
isting technology. As has been emphasized by Wolf, in the previously cited series
of papers which laid the foundation for the modern formulation of the theory
of partial coherence for statistically stationary fields, the correlation functions
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I(xp,,xp,,7) and y(xp,,Xp,,7) do not suffer from this limitation. In such cor-
relation functions, the offending time variable is integrated out, being replaced
by the time lag 7. The correlation functions themselves may be measured using
the Young interferometer, according to the following argument. The modulus of
the complex degree of coherence can be determined by rearranging eqn (1.99)
into the form:

Iy (%P, Xp,, )| = Y [I1xp) + Taleer) (1.101)

2\ /T:(xp)Ta(x5)

with a similar expression existing for the determination of the modulus of the
mutual coherence function. All quantities, on the right-hand sides of these two
expressions, are directly measurable as time-averaged intensities. The phase of
I'(xp,,xp,,7) and y(xp,,Xp,,7) can evidently be measured by recording the
location of the maxima in the interference pattern of a Young interferometer,
for a given time lag 7, which can be arranged by placing a transparent slab
of suitable thickness in one of the arms of the interferometer. Since both the
modulus and phase of the correlation functions are observable quantities, one
thereby has an ‘optics in terms of observable quantities’ (Wolf 1954b).

In the analysis thus far, these observable quantities—namely, the mutual co-
herence function and the complex degree of coherence—have been considered
in the restricted context of the double-slit experiment for quasi-monochromatic
light. This restriction can be weakened: indeed, these correlation functions are
meaningful for a free field in the absence of a Young interferometer. More pre-
cisely, for a statistically stationary complex scalar X-ray field which occupies a
given volume  of free space, the mutual coherence function I'(x1,x2,7) may
be defined via eqn (1.88), for any position vectors x1,x3 € Q. This correla-
tion function—together with its normalized form given by the complex degree of
coherence—is therefore a property of free statistically stationary partially coher-
ent complex scalar X-ray wave-fields, irrespective of whether or not one chooses
to introduce a suitable Young’s double-slit experiment in order to make measure-
ments which are sensitive to these correlations. In addition to so liberating the
mutual coherence function and the complex degree of coherence from the Young
interferometer, this pair of correlation functions evidently remains well defined
for the case of statistically stationary complex disturbances whose spectrum is
not sufficiently narrow for them to be classified as quasi-monochromatic.

We close this section by introducing the useful notion of mutual intensity
J(x1,%2), due to Zernike (1938). Such a quantity may be obtained by setting
the time-lag to zero in the mutual coherence function (Wolf 1955):

J(Xl,XQ) = F(Xl,Xg,T = 0) (1102)

To motivate this definition for the mutual intensity, let us once again restrict
ourselves to the case of quasi-monochromatic radiation. Recall eqn (1.96), which
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states that I'(x1,x2,7) = exp(—iwr)(< (x1,t + 7)F*(x2,1)). Two very dif-
ferent characteristic timescales appear on the right-hand side of this expres-
sion: exp(—iwT) varies appreciably over time-lag scales 7 & 27 /@ on the order
of the reciprocal of the mean angular frequency @ of the radiation, whereas
(o (x1,t+ 7)o/ *(x2,t)) varies appreciably only over much longer time-lag scales
T & 27 /Aw, the order of which is given by the reciprocal of the mean spread Aw
in angular frequencies of the quasi-monochromatic radiation. Since Aw < w for
quasi-monochromatic radiation, the former time-lag scale is much smaller than
the latter.

Accordingly, suppose that one performs a given optical experiment using
quasi-monochromatic radiation, which only introduces path-length differences
having corresponding time-lags 7 that are much less than 27/Aw. In eqn (1.96),
one may therefore replace (&7 (x1,t+7)%7*(x2,t)) by the value that this quantity
takes when 7 = 0, so that:

['(x1,X2,7) = exp(—iwT) (& (X1,t + 7)o" (X2,1))
~ exp(—iwT) ( (x1,t) " (X2,t)), T < 2m/Aw. (1.103)

Making use of expression (1.102) for the mutual intensity, together with eqn
(1.96), we see that:

[(x1,%2,7) = exp(—iwr)J(x1,%X2), 7T <K 27/Aw. (1.104)

Under the stated conditions, we conclude that the mutual coherence function
factorizes into a product of two functions, one of which is a harmonic function
that depends only on the time-lag 7, with the other being the mutual intensity
that depends only on the spatial coordinates x1, x5 of the two points for which the
mutual coherence is to be determined. As shall be seen in the following section,
this provides a useful simplification in contexts where the condition 7 < 27/Aw
is satisfied.

Note, also, that the mutual intensity J(x1,x2) = I'(x1,x%2,7 = 0) evidently
embodies the spatial coherence properties of a given partially coherent field, as
it governs the time-averaged fringe visibility, which results when one combines
the statistically stationary optical disturbances from two points in space, with
zero time-lag between the two. Similarly, the diagonal components T'(x1,X1,7)
embody the temporal coherence properties of the disturbance, at a given point x;
in space. In general, however, the information contained in the mutual coherence
function cannot be cleanly separated into properties pertaining to spatial and
temporal coherence.

1.9 Propagation of two-point correlation functions

In our earlier discussions on spatial coherence in the context of a Young interfer-
ometer illuminated by an extended incoherent quasi-monochromatic source, we
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saw some hint of the notion that field correlations may be induced by the act
of free-space propagation. Specifically, in this example, we began with a source
which by assumption possessed no correlations between the fields at any two dis-
tinct points on the source. Yet, when the resulting field was propagated through
free space so as to impinge on a black screen pierced by two pinholes, the possibil-
ity of non-zero correlations was seen to exist between the resulting disturbances
at this pair of pinholes. In the present section, we further investigate this notion
of propagation-induced correlations, by outlining a diffraction theory describing
the free-space propagation of both the mutual coherence function and the mu-
tual intensity. Note that we speak of these as ‘two-point correlation functions’,
on account of (i) the fact that they involve the correlation between the field at
two space—time points; and (ii) the fact that this term distinguishes these cor-
relations from the higher-order correlation functions to be discussed in the final
section of this chapter.

Our presentation, of the propagation of two-point correlation functions, is
broken into four sub-sections. We begin by deriving the Wolf equations, these
being a pair of d’Alembert wave equations obeyed by the mutual coherence
function for a free field. We shall also obtain a Fourier representation of these
vacuum wave equations, together with their limiting case for fields well described
by the mutual intensity. Just as a diffraction theory for coherent scalar fields
can be obtained by solution of an appropriate boundary-value problem for the
Helmholtz equation (see eqn (1.16)), one may formulate a diffraction theory for
two-point correlation functions by taking their associated vacuum equations as a
starting point. The second sub-section gives such a diffraction theory, this being
an appropriate generalization of the angular-spectrum formulation for coherent
diffraction given in Section 1.3. As an alternative yet equivalent formulation of
the same theory, the third sub-section presents Parrent’s generalization of one of
the Rayleigh—-Sommerfeld diffraction integrals (see Section 1.6.2) to the case of
the mutual coherence function. Both the second and third sub-sections treat the
problem of how the mutual coherence function may be propagated from plane
to parallel plane, the unpropagated mutual coherence function being a function
of any two points in the initial plane, with the propagated mutual coherence
function being determined for any pair of points in the final plane downstream
of the initial plane. Finally, in the fourth sub-section we show how Parrent’s
formula reduces to the famous van Cittert—Zernike theorem for the propagation
of mutual intensity, under suitable approximations which shall be outlined in
due course.

1.9.1  Vacuum wave equations for propagation of two-point correlation
functions

Here, we give a derivation of the Wolf equations (Wolf 1954b, 1955). As men-
tioned earlier, these are a pair of vacuum wave equations governing the free-space
evolution of the mutual coherence function I'(x1,x2,7). We shall also obtain a
Fourier representation of the same, leading to a pair of Helmholtz equations gov-
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erning the Fourier transform of the mutual coherence function with respect to
the time-lag.?” Lastly, we will obtain the vacuum wave equations for the mutual
intensity, as a special case of the Wolf equations. Each of these three sets of dif-
ferential equations will be of utility in our later discussions on the propagation
of two-point correlations.

1.9.1.1  Wolf equations for mutual coherence With V? denoting the three-dim-
ensional Laplacian with respect to the spatial coordinate x;, we apply the d’Al-
embert operator (c~29%/07% — V?) to both sides of definition (1.88) for the
mutual coherence function. Bringing this operator inside the angular brackets
on the right side of the resulting expression, and noting that this operator does
not act on the variables x5 or ¢, we see that:

(-9 roxxa) = ([ (s = 92) w4 0] ¥ ).
(1.105)

Since the d’Alembert wave equation (1.13) is invariant with respect to a shift in
the origin of time, the above square-bracketed quantity must vanish. This yields
the first Wolf equation:

1 92 9
(CQW - v1> P(x1, %2, 7) = 0. (1.106)

The second Wolf equation is arrived at in a similar fashion. With V2 denoting
the three-dimensional Laplacian with respect to xo, apply the d’Alembert oper-
ator (¢7202/012 — V2) to both sides of eqn (1.88). Invoke statistical stationarity,
to re-write (¥ (x1,¢ + 7) U* (x2,t)) as (¥ (x1,t) U* (x2,t — 7)), on the right side
of the resulting expression. The d’Alembert operator can then be brought inside
the angular brackets, on the right side, so that:

(;a‘i - v;) [(x1,X2,7) = <x11 (x1,1) K;;; - vg) U (xg,t — T)] > :
(1.107)

Once again, we invoke certain symmetries of the d’Alembert wave equation
(1.13). Specifically, this equation is invariant with respect to: (i) complex conju-
gation of the field; (ii) reversal of the direction of time; (iii) a shift in the origin of
time. This again implies the vanishing of the quantity in square brackets above,
leading to the second Wolf equation:

1 92 9
Zpz Vs ) Txi%,7) = 0. (1.108)

27This Fourier transform is known as the ‘cross-spectral density’.
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1.9.1.2 Helmholtz equations for cross-spectral density The mutual coherence
function is an example of a correlation function existing in the space—time do-
main. As shall be seen in due course, it is often convenient to work in the corre-
sponding space-frequency domain, the Wolf equations thereby being transformed
into a pair of Helmholtz equations.

With this formulation in mind, let us represent the mutual coherence function
as a Fourier integral with respect to the time-lag 7 (Wolf 1955; Parrent 1959;
Mandel and Wolf 1965):

F(Xl,Xg,T):/ W (x1, X2, v) exp(—2mivT)dv. (1.109)
0

The Fourier transform W (x1,x2,v), of the mutual coherence function with re-
spect to the time-lag 7, is known as the ‘cross-spectral density’. Note that the
above Fourier integral only extends over positive frequencies, on account of the
fact that the mutual coherence function is an analytic signal in the sense de-
scribed in Section 1.2. Further, note that we have departed from our usual con-
vention of representing temporal Fourier integrals as an integral over angular
frequency, opting instead for an integral over frequency, as the above expression
conforms with a usage that has become standard in the literature. Lastly, for
future reference, we note that eqn (1.109) has the corresponding inverse trans-
form:

o0
W(x1,X2,v) = / I'(x1,x2,7T) exp(2mivT)dr. (1.110)

—0o0
Returning to the main thread of the argument, which will lead from the Wolf
equations for the mutual coherence function to the promised pair of Helmholtz
equations for the cross-spectral density, substitute the Fourier integral (1.109)
into eqn (1.106). Interchange the order of differentiation and integration, allow
0?/072 to act on exp(—2wivT), and then make use of the fact that k = 27v/c in

vacuum. Thus:

/ [(V]+ &%) W(x1,%2, )] exp(—2mivT)dy = 0. (1.111)
0
The quantity in square brackets must vanish. This leads to the following Helmholtz

equation for the cross-spectral density, this being the space-frequency counter-
part to the first Wolf equation:

(V3 + k) W(x1,%2,v) = 0. (1.112)

Similarly, the space-frequency counterpart to the second Wolf equation is:

(V3 + k) W(x1,%2,v) = 0. (1.113)
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1.9.1.3  Helmholtz equations for mutual intensity As a special case of the Wolf
equations, suppose a given statistically stationary complex scalar electromagnetic
field to be quasi-monochromatic, with all relevant time-lags being much smaller
that the reciprocal of the spread of temporal frequencies present in the field.
The associated mutual coherence function will then be well approximated by eqn
(1.104). Substitute this expression into the Wolf equations (1.106) and (1.108),
allow the operator 9?/97% to act on the harmonic factor exp(—iwr), and then
introduce the average wave-number k via k = @/c. Cancelling the harmonic time
factor from the resulting expression, we arrive at the following pair of Helmholtz
equations governing the mutual intensity:

(Vi +E2) J(x1,%2) =0, 7<21/Aw, a=1,2. (1.114)

1.9.2  Operator formulation for propagation of two-point correlation functions

We outline a rigorous diffraction theory for the propagation of two-point cor-
relation functions, due to Marchand and Wolf (1972). Specifically, we develop
plane-to-plane diffraction operators for three different two-point correlation func-
tions, namely the cross-spectral density, mutual intensity, and mutual coherence
function. Such diffraction operators form a natural counterpart to the diffrac-
tion operator, for coherent scalar electromagnetic fields, arrived at during our
discussions on the angular spectrum in Section 1.3.

With reference to Fig. 1.1, let us erect the usual Cartesian coordinate system
(z,y, z), with nominal optic axis z. All sources, of a given statistically stationary
complex scalar electromagnetic field, are assumed to lie in the half-space z < 0,
with the space z > 0 being filled with vacuum. Assume that one of the three
previously mentioned two-point correlation functions is known, at all pairs of
points which lie in the plane z = 0. The diffraction problem, with which we are
here concerned, is to develop an expression for the same two-point correlation
function as a function of any pair of points that lie in the space z > 0. This
propagated two-point correlation function must obey the appropriate vacuum
equations for any pair of points in z > 0, and reduce to the specified boundary
value when both pairs of points lie in the plane z = 0.

1.9.2.1 Operator formulation for propagation of cross-spectral density Let x; =
(z1,y1,21) and xo = (x2, Y2, 22) denote any pair of points in the space z > 0,
where 21, 29 > 0. Consider the following six-dimensional elementary plane wave
W(PW)(:El,yhzl,xg,yg,zz,l/), which is a solution to the Helmholtz equations
(1.112) and (1.113) obeyed by the cross-spectral density:

W(PW)(iﬂl,yh 21,22, Y2, 22, V)
= expli(k1o®1 + kryyn + k1221 + kaaa + koyyo + k2.22)]. (1.115)

The above function is evidently a product of two three-dimensional plane waves,
the first being a function of the spatial coordinates (z1,y1, 21) with wave-vector
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(k1z, k1y, k1), and the second being a function of spatial coordinates (z2,y2, 22)
with wave-vector (kog,kay,k2.). By substituting expression (1.115) into eqns
(1.112) and (1.113), we see that:

ke, + ki, + kL, = R,
k3, + k3, + k3, = K. (1.116)

Solve these equations for k1, and ks, respectively:

k. = (/K2 — k2, — k2

y7
koo = — /K2 — k3, — K2, (1.117)

Note the choice of signs in the above equations, which are taken to ensure the
correct asymptotic behaviour for our six-dimensional plane wave: eqn (1.88) im-
plies that it must be outgoing in (z1,y1, 21) as |(x1,y1, 21)| — oo in the half-space
z1 > 0, and incoming in (z2, ya, 22) as |(x2, Y2, 22)| — oo in the half-space zo > 0.
Note, also, that evanescent waves are assumed to be absent.

Using eqns (1.117), the elementary plane wave (1.115) becomes:

W(PW)(xla Y1,21,T2,Y2, 22, V)
= expli(k1x1 + k1yy1 + koo o + koyy2)]

X exp [z (z1 P N kgy)} . (1.118)

Next, set 21 = 29 = 0 in the above expression to give:

W(PW)(xhyla Z1 = 073327927 Z9 = 0) V)
= eXp[i(klgEfL'l + klyyl + kogpxo + kgyyg)]. (1119)

The above pair of equations represent the solution to a certain trivial propaga-
tion problem, for six-dimensional plane waves which obey the pair of Helmholtz
equations (1.112) and (1.113). If the unpropagated plane wave, over the space
z1 = z9 = 0, is known to have the functional form given by (1.119), then eqn
(1.118) tells us that it can be propagated to any z1, 22 > 0 by multiplying the
stated functional form by the free-space transfer function exp{i[z1(k?® — k3, —
B2 — 2k — kE, — k3,) V7).

Put this result to one side for the moment, passing onto the problem of how
the unpropagated cross-spectral density W (x1,y1,21 = 0,22, y2, 20 = 0,7) can be
used to determine the propagated cross-spectral density W (x1,y1, 21, T2, Y2, 22, V),
for any z1, ze > 0. To this end, write the unpropagated cross-spectral density as
the following fourfold Fourier integral:
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W($17y1721 = 07$2,y2’2’2 = 0) V)

1 y
= R////W(klwyklyazl = 0; k2w7k2y522 = Ovl/)

X exp[i(klle =+ klyyl + kogxo + kgyyg)]dklmdklydkgidkgy. (1120)

Here, W(klw,kjly,zl = 0, kog, ka2y, 72 = 0,v) denotes the Fourier transform of
the unpropagated cross-spectral density W (z1,y1,21 = 0, x2,y2, 22 = 0,v), with
respect to x1,y1, T2, and yo.

The Fourier integral in eqn (1.120) expresses W(z1,y1,21 = 0,22,Y2,22 =
0,v) as a linear combination of the unpropagated elementary plane waves given
by eqn (1.119). Given the conclusion immediately following the latter equa-
tion, the linearity of eqns (1.112) and (1.113) implies that one may propagate
W(z1,y1,21 = 0,22,y2,22 = 0,v) into 21,22 > 0 by multiplying the harmonic
factor expli(k1g21 +k1yy1 + Koz 2 + kayy2)], in the integrand of its Fourier repre-
sentation (1.120), by the free-space transfer function exp{i[z; (k* — k%, — k:%y)l/2 -
29(k? — k3, — kgy)l/ 2]}. We thereby arrive at the following integral which solves
the desired diffraction problem for the cross-spectral density:

W(z1,y1,21 2> 0,22,y2,22 > 0,v)

1 g
= R////W(klxaklyazl = 07k2$3k2yyz2 = 071/)

X exp [z (21 k2 — ki, — kT, — 20\/K? — k3, — k%u)}
X exp[i(klle + klyyl + ka.'I:Q + kgyyg)]dklxdklydkgxdkgy. (1121)

In words, the above equation indicates the following series of steps, which
may be used to determine the propagated cross-spectral density W (z1,y1,21 >
0,22,y2,22 > 0,v) from its unpropagated form W(zi,y1,21 = 0,22,y2,22 =
0,v): (i) take the unpropagated cross-spectral density W (z1, y1, 21 = 0, 22, ya, 22 =
0,v), then Fourier transform it with respect to x1,y1, 22, and ya, so as to form
W (k1a, k1y, 21 = 0, kog, kay, z2 = 0,v); (ii) multiply the resulting function by the
free-space transfer function exp{i[z1(k?® — k2, — kfy)l/2 — 2o(K?— k3, — kgy)l/Q]};
(iil) take the inverse Fourier transform of the result, with respect to ki, k1y, kox,
and kyy.

Bearing the above verbal description in mind, we can immediately write down

a diffraction operator for the cross-spectral density:

W(xy,y1,21 2 0,22,92,22 > 0,1) = Dy, ., W (x1,y1,21 = 0,22,92, 20 = 0, 1),
(1.122)
where (cf. eqn (1.25))%8:

28This diffraction operator is readily implemented numerically, by making use of the fast
Fourier transform (see, for example, Press et al. (1992)).
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Dy = Fitexp [i (a1 /12 = 3, — B3, — 220 /K2 — K3, — 13, )| 7.
21,22 2 0. (1123)

Here, F, denotes Fourier transformation with respect to x1,y1, 2, and ys, with
Fi ! denoting the corresponding inverse Fourier transformation. Note that cas-
caded operators are assumed to act from right to left.

1.9.2.2  Operator formulation for propagation of mutual intensity Both the
mutual intensity and the cross-spectral density obey a pair of Helmholtz equa-
tions, as given in (1.112) and (1.113) for the cross-spectral density, and (1.114)
for the mutual intensity. The former pair of equations may be mapped onto the
latter, by replacing the cross-spectral density with the mutual intensity, and re-
placing the frequency v with the mean frequency 7 of a quasi-monochromatic
field. The diffraction operator (1.123) may therefore also be used to solve the
diffraction problem for mutual intensities, for the case of quasi-monochromatic
fields for which all relevant time-lags are sufficiently small for eqn (1.104) to be
a good approximation, so that:

J(xlyyhzl 2 Oaany2722 Z an) = Dzl,ZQ,VJ(xlaylvzl = 0a$27y2’22 = 075),
21,22 Z 0. (1124)

1.9.2.3  Operator formulation for propagation of mutual coherence Equation
(1.110) may be written as:

W(x1,x2,v) = Fil'(x1,%2,7), (1.125)

where F; denotes Fourier transformation with respect to 7 using the conven-
tion in eqn (1.110). Use the above equation to convert both the unpropagated
and propagated cross-spectral densities, in eqn (1.122), into their corresponding
mutual coherence functions. Apply the inverse F; L of F; to both sides of the
resulting expression, giving:

[(z1,y1,21 > 0,22,y2,220 > 0,7) =D, ., T(x1,91,21 =0,22,Y2,20 =0, 7),
21, %2 Z 0. (1126)

Here, the diffraction operator D, ., for the mutual coherence function is:

D21,22 = fflpzl,22,u»7:1~ (1127)
1.9.3  Green function formulation for propagation of two-point correlation
functions

In the previous sub-section, we used an angular-spectrum formalism to treat the
diffraction problem for three different two-point correlation functions, namely
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» z

Fig. 1.8. Geometry for propagation of two-point correlation functions. Suppose
that a given two-point correlation function (mutual coherence, mutual inten-
sity, or cross-spectral density) is specified for all pairs of points A; and A,
in the plane z = 0, where (x,y,z) denotes the usual Cartesian coordinate
system with nominal optic axis z. All sources, of the partially coherent sta-
tistically stationary scalar electromagnetic field associated with the specified
two-point correlation function, are assumed to lie in the half-space z < 0. The
diffraction problem is to determine the corresponding two-point correlation
function, for all pairs of points P, and P, in the vacuum-filled half-space
z > 0. The line from A; to P;, whose length is ry4, p,, makes an angle of 6;
with respect to the positive z-axis. The quantities 74, p, and 0y are similarly
defined.

the cross-spectral density, mutual coherence, and mutual intensity. Here, we give
an alternative treatment of these diffraction problems, in a Green function for-
mulation that mirrors the development of the Rayleigh-Sommerfeld diffraction
integral (of the first kind) for the case of coherent scalar radiation. Again, we see
some degree of parallel between various theories for the propagation of strictly
monochromatic scalar electromagnetic waves, and the various two-point correla-
tion functions associated with statistically stationary, partially coherent scalar
electromagnetic waves.2? The analysis of the present sub-section is due to Parrent
(1959) (see also Beran and Parrent 1964).

1.9.3.1 Green function formulation for propagation of cross-spectral density
Consider Fig. 1.8, with all symbols as defined in the associated caption. Sup-
pose the cross-spectral density to be specified, for all frequencies v, for all pairs
of points A; and Ay in the plane z = 0. The point A; is taken to be located

29We have just outlined the angular-spectrum formalism for the propagation of two-point
correlation functions, this being the counterpart to the angular-spectrum formalism for the
propagation of strictly monochromatic scalar radiation, which was given in Section 1.3. In the
present section, we give the partially coherent counterpart to the Rayleigh—Sommerfeld diffrac-
tion integral of the first kind, which parallels the corresponding treatment for monochromatic
scalar waves given in Section 1.6.2. Note also that there exists a counterpart to the Kirchhoff
integral, for the case of two-point correlation functions, which will not be outlined in this book:
see Wolf (1955) or Born and Wolf (1999).
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at x| = (2}, 91, 21 = 0), with the point Ay located at x, = (x4, 95, 25 = 0). We
assume all sources of the field to lie in the half-space z < 0. Under this assump-
tion, we wish to solve the diffraction problem of determining the cross-spectral
density at any two points P; and P, in the vacuum-filled half-space z > 0, which
lies downstream of the plane z = 0 over which the unpropagated cross-spectral
density is specified. The point P; is located at x; = (x1,y1,21 > 0), with P,
located at xo = (x2,y2, 22 > 0).

Recall that the cross-spectral density W (x1, X2, v) satisfies the pair of Helm-
holtz equations (1.112) and (1.113). If x5 is considered to be held fixed, then
W (x1, X2, V) obeys the single Helmholtz equation (1.112). Similarly, if x; is con-
sidered to be held fixed, then W (x1,x2,v) obeys the single Helmholtz equation
(1.113). Having noted the above statements, we recall that a single Helmholtz
equation (1.16) is obeyed by a monochromatic scalar electromagnetic field 1, (x);
this was used to construct the first Rayleigh-Sommerfeld integral (1.64), for prop-
agation of the field 1,,(x) into a half-space bounded by a plane over which the
unpropagated field is specified.

Bearing all of the above in mind, we can immediately write down a generalized
form of the Rayleigh—Sommerfeld diffraction integral of the first kind, yielding a
solution to the diffraction problem for the cross-spectral density:

W(x1,%2,v) = @//// W (x, x5, v) [QW}

x {aw] dx|dx).  (1.128)

82:2 TA2 Ps
The above integral is obtained by the following two-step process: (i) Write the
first Rayleigh-Sommerfeld integral as a solution to eqn (1.112), with % con-
sidered fixed. In writing this expression, make use of the expanding/outgoing
spherical wave exp(ik|x1])/|x1| as the appropriate Green function, on account of
the fact that W (x1,x2, v) must be outgoing at infinity, in the coordinate x;. Note
that this is the same Green function used to obtain the first Rayleigh—-Sommerfeld
integral, as given in eqn (1.64). (ii) Using the resulting equation, write the first
Rayleigh—-Sommerfeld integral as a solution to eqn (1.113), with x; considered
fixed. In writing this expression, make use of the collapsing/incoming spherical
wave exp(—ik|xz|)/|x2| as the appropriate Green function, on account of the fact
that W(x1,x2,7) must be incoming at infinity, in the coordinate xg. This re-
quirement is evident from the definition of the mutual coherence function (1.88),
from which the cross-spectral density is obtained via eqn (1.110). Note that this
is a different Green function to that used to obtain the first Rayleigh—Sommerfeld
integral, as given in eqn (1.64).

To proceed further, let us evaluate each of the square brackets appearing in
eqn (1.128). Using the quotient rule for differentiation, we have:
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0 exp(ikra,p) _ exp(ikra, p,) (ik— 1 ) 13}
0z1 rap T Ay Py

—_— . 1.129
APy 921 TA Py ( )

By making use of the fact that:

ram = /(@ —2)? + (1 — ) + 22, (1.130)
one can readily see that:

6 Z1
ra,p =
021 TA, P

= cos 1, (1.131)

where 6 is the angle which the line from A; to P; makes with the positive z-axis
(see Fig. 1.8). Substitute the above result into eqn (1.129), to obtain the following
expression for the first square-bracketed quantity appearing in eqn (1.128):

iexp(ik‘rAlpl) _exp(ikra, p,) (ik—
O0z1  rap TA P

) cos ;. (1.132)

TAl P

In a similar manner, one obtains the following for the second square-bracketed
quantity in eqn (1.128):

0 exp(—ikra,p,) _ exp(—ikra,p,) <ik+
0z2 T Ay P, T Ay P,

> cos 3. (1.133)
TAy Py

Here, 65 is the angle which the line from A5 to P> makes with the positive z-
axis (see Fig. 1.8). Inserting the above two equations into expression (1.128), we
obtain the desired propagation law for the cross-spectral density:

W) = o [ W (x}, x5, ) ZRLE T AP~ Tz, )]
(27r)2 AL T AP,

1 1
X cos 61 cos O ( - zk) ( + zk) dxidxy.  (1.134)
TA1P1 rA2P2

This formula is an integral expression, which independently integrates over
the unpropagated cross-spectral density as a function of all pairs of points in the
plane z = 0, so as to yield the propagated cross-spectral density for any pair
of points in the vacuum-filled half space z > 0. The cross-spectral densities, for
each distinct frequency v, are seen to propagate independently of one another.

1.9.3.2 Green function formulation for propagation of mutual coherence Re-
call eqn (1.109), which furnishes an invertible mapping from the cross-spectral
density to the mutual coherence function. Bearing this mapping in mind, take
the propagation law (1.134) for the cross-spectral density, multiply both sides by
exp(—2mivT), and then integrate over all positive frequencies v. Make use of eqn
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(1.109) on the left side of the resulting expression, and then use the fact that
k = 27v/c on the right side, to give:

exp[2mive ™ (ra,p, — TA,P,))
TAL P TA> P>
(—2miv) 1 (—2miv)
|:TA1 P, N c :| |:TA2P2 c
X cos 01 cos Oy exp(—2mivT) dx’|dxydy.
(1.135)

F(Xl,Xzﬂ') / Xl27V

In what amounts to a use of the Fourier derivative theorem in reverse, make
the replacement (—2miv) — 9/07, in each of the square brackets on the middle
line of the above equation. Then, interchange the order of the quadruple integral
over space and the integral over frequency. This leaves:

[(x1,x )_L////COSQICOSQ2 L Jlogft 19
1,X2,T) = (271')2 TAL P, T APy TA P, CaT TA2 P> CaT

0 J—
X {/ W (x], x5, V) exp [—27m'u (T - M)] du} dx dxs.
0 C
(1.136)

Use eqn (1.109) to re-write the quantity in braces in terms of the mutual
coherence function, thereby arriving at Parrent’s formula for the propagation of
mutual coherence (Parrent 1959):

I(x1, %, 7) = ////00591c0502
(2m)? 7“,411917“,421:2
ol tg
ra,p,  cOT| |ra,p, cOT

x T (x’l,x’Q,T - W) dx}dxy. (1.137)

This formula is an integral expression that independently integrates over all
pairs of points x}, x5 in the plane of the unpropagated mutual coherence function
(together with its first and second derivative with respect to the time-lag 7), so
as to yield the propagated mutual coherence function for any pair of points x1, X
in the vacuum-filled half-space z > 0. The mutual coherence functions, for each
distinct 7, evidently do not propagate independently of one another.

1.9.3.3  Green function formulation for propagation of mutual intensity Recall
that the mutual intensity and the cross-spectral density obey a pair of Helmholtz
equations, as given in (1.112) and (1.113) for the cross-spectral density, and
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(1.114) for the mutual intensity. As has already been noted, the former pair of
equations may be mapped onto the latter, by replacing the cross-spectral density
with the mutual intensity, and replacing the frequency v with the mean frequency
7 of a quasi-monochromatic field. Therefore, using an analogous argument to that
presented in Section 1.9.2.2] the propagation law (1.134) for the cross-spectral
density may be adapted to give the following propagation law for the mutual
intensity, for the case of quasi-monochromatic fields for which all relevant time-
lags are sufficiently small for eqn (1.104) to be a good approximation:

ex ik(r r
J(x1,%2) = / / / / pl :AA;?A Pm)}

1 — 1 —
X cos 61 cos 0y ( - zk> ( + zk:) dx’y dxb.
T.Alpl TAQPQ
(1.138)

1.9.4  Van Cittert—Zernike theorem for propagation of mutual intensity

Here, we obtain two approximate forms for the propagation law governing mutual
intensity, both of which shall be obtained from eqn (1.138). The first of these
approximate forms is a formula for propagating the mutual intensity through a
distance that is much greater than the mean wavelength of the radiation, subject
to the paraxial approximation. The second approximate form, known as the van
Cittert—Zernike theorem, specializes the first approximate formula to the case of
an incoherent extended source in the plane z = 0.

With reference to Fig. 1.8, make the small-angle (paraxial) approximation
that all relevant angles 61 and 6> have magnitudes that are very small compared
to unity. Further, assume the propagation distances r4,p, and r4,p, to be very
much larger than the mean wavelength A\ = 27 /k of the radiation. Under these
approximations, we have:

— ik ~ —ik,

+ik =~ iE, (1.139)
TAL Py TAy Py

cosfy =1, cosfy ~1,

which may be substituted into eqn (1.138) to give (Zernike 1938):

2
J(x1,%2) = 2 / / / / ) SRR AP = rasr)] g (1 140)
7r TAL P TA P,

The above diffraction integral allows one to propagate the mutual intensity
associated with a paraxial quasi-monochromatic field, given the values which the
mutual intensity takes at all pairs of points x}, x4 lying in the plane z = 0. Setting
X1 = X2 in the above expression, and making use of the fact that J(x1,x1) is
equal to the time-averaged intensity I(x;) at the point x; lying in the half-space
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z > 0, we reach the important conclusion that the propagated time-averaged
intensity is not simply a function of the intensity I(x}) = J(x}, x}) at each point
x} in the plane z = 0, but also depends on the ‘off diagonal’ components of the
mutual intensity, namely those pairs of points x}, x5 for which the unpropagated
mutual intensity is non-zero. Bearing in mind our earlier discussions on the Young
interferometer, this state of affairs is rather natural: the existence of non-zero
off-diagonal components, in the unpropagated mutual intensity, is indicative of
field correlations existing in the plane z = 0; in turn, these correlations will lead
to interference effects when the disturbances from each of the points are allowed
to propagate through free space, before being superposed at a given observation
point.

Equation (1.140) is the first of the two approximate propagation formulae,
for the mutual intensity, to be considered in the present sub-section. The second
such formula, namely the van Cittert—Zernike theorem, specializes the above
equation to the case of an incoherent plane quasi-monochromatic source lying
in the plane z = 0. Such a source may be described by the following mutual
intensity:

J(x, x5) = I(x1)d(x) — x3), (1.141)

where ¢ is the two-dimensional Dirac delta. By assumption, therefore, distur-
bances at distinct points on the source are uncorrelated with one another. Substi-
tuting the above expression into eqn (1.140), we arrive at the van Cittert—Zernike
theorem (van Cittert 1934; Zernike 1938):

k
J(x1,%2) // YLk p = rap)l g (1.142)
TA P TA Py

1.10 Higher-order correlation functions

In our preceding discussions on partial coherence, we focussed attention on the
two-point correlation functions associated with ergodic statistically stationary
partially coherent fields. However, as mentioned in Section 1.7.1, two-point cor-
relation functions do not, in general, capture all of the information associated
with such random processes. In addition to the two-point correlation function fur-
nished by the mutual coherence, together with its normalized form given by the
complex degree of coherence, one can envisage an infinite hierarchy of correlation
functions associated with more than two space—time points in a given statisti-
cally stationary partially coherent field. Non-zero values for such higher-order
correlation functions are then indicative of the correlations that exist between
the disturbances at more than two space-time points.

Along this line of development, Glauber (1963) has introduced an infinite
hierarchy of normalized correlation functions, the first of which may be asso-
ciated with the complex degree of coherence. The previously stated condition
for coherence—that is, that the modulus of the complex degree of coherence
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must be unity—is now spoken of as ‘second-order coherence’.3 In order to be
fully coherent, according to Glauber’s theory, all normalized correlation func-
tions should have modulus unity, not just the two-point correlations. As one can
readily show, a strictly monochromatic field obeys this criterion: indeed, since
the time-development of such a field is purely harmonic, at each point in space,
the disturbances at all sets of space-time points will be perfectly correlated.
Strictly monochromatic fields are therefore fully coherent, that is, coherent to
all orders in the sense described by Glauber.

Of particular interest are statistically stationary partially coherent scalar
fields described by Gaussian random processes. It turns out that such processes
are completely characterized by their mutual coherence function, with the corol-
lary that no further information is provided by the previously mentioned higher-
order correlation functions. This observation is of particular utility in the context
of intensity interferometry using partially coherent electromagnetic wave-fields,
which is to be described in our later discussions on the X-ray analogue of the clas-
sic series of experiments by Hanbury Brown and Twiss (see Section 4.6.3). Here,
intensity correlations—which are related to correlation functions that are fourth
order in the field quantities—are used to determine the second-order coherence
properties of such a field.

1.11 Summary

The present chapter was devoted to a study of X-ray wave-fields in free space,
laying much of the theoretical groundwork that is to be applied in later chap-
ters. Broadly speaking, this chapter was split into the three parts consecutively
summarized below.

In the first part, vacuum wave equations were derived for electromagnetic
fields in free space, taking the Maxwell equations as a starting point. We saw
that the free-space electric and magnetic fields both obey d’Alembert wave equa-
tions. Some remarks were then given regarding how one can make a transition
from a vector to a scalar theory, with the electromagnetic disturbance described
by a complex scalar function of position and time that is known as the com-
plex analytic signal, rather than by the electric and magnetic field vectors at
each space—time point. Such a complex scalar disturbance, which also obeys the
d’Alembert equation in free space, is comprised only of non-negative frequen-
cies. Each monochromatic component, of a particular instance of such a field,
was seen to obey the Helmholtz equation.

The second part of this chapter dealt with the optics of strictly monochro-
matic scalar electromagnetic fields, based on the Helmholtz equation. We began
with a description of the angular-spectrum formalism, for solving plane-to-plane
diffraction problems for coherent scalar electromagnetic waves in vacuum. This
led to the development of a diffraction operator, which could be used to act
upon the coherent disturbance in a given plane, so as to propagate it through

30Glauber (1963) denotes this ‘first-order coherence’ rather than ‘second-order coherence’.
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a specified distance. The Fresnel and Fraunhofer approximations were outlined,
with both being developed as special cases of the angular spectrum formalism.
The Kirchhoff and Rayleigh-Sommerfeld diffraction theory was also described.

The third and final part of this chapter dealt with the optics of partially
coherent fields. Several key concepts were introduced via the simple example of
unfair dice, including the concepts of a random variable, random process, sta-
tistical stationarity, correlation functions, ensemble versus time averaging, and
ergodicity. The notion of partial coherence, lying somewhere between complete
coherence and complete incoherence, was then introduced. Elementary discus-
sions on spatial and temporal coherence were given, before launching into a
more formal treatment based on the mutual coherence function. A diffraction
theory was developed for the mutual coherence function, together with related
two-point correlation functions known as the cross-spectral density and mutual
intensity. The last of these is useful for a description of quasi-monochromatic
fields, namely those for which the spread of frequencies present is much smaller
than the mean frequency. Finally, we made some brief remarks on higher-order
correlation functions.

Further reading

Born and Wolf (1999) and Mandel and Wolf (1995) are comprehensive works on
the optics of coherent and partially coherent electromagnetic fields, to which the
reader can turn for a more detailed exposition of most of the topics given in the
present chapter. Nieto-Vesperinas (1991) is a very useful volume on the diffrac-
tion theory of coherent fields. Regarding the optics of partially coherent fields,
see Beran and Parrent (1964), Papoulis (1968), Pefina (1972), Marathay (1982),
and Goodman (1985). The volume edited by Oughstun (1992) provides a very
useful compendium of primary literature on scalar wave diffraction, with the two
volumes edited by Mandel and Wolf (1990) reprinting many of the classic papers
in the theory of partial coherence. For a detailed coverage of Fourier optics, see
Bracewell (1965), Goodman (1968), Reynolds et al. (1989), and Cowley (1995).
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X-ray interactions with matter

The manner, in which X-rays interact with matter, is a subject of central im-
portance to coherent X-ray optics. Indeed, it is the coupling of X-ray radiation
to matter—a coupling which is often sufficiently strong for the matter to im-
print some information regarding its state upon the X-ray wave-field passing
through it, while being sufficiently weak for the radiation to probe the full three-
dimensional volume occupied by the sample—which makes the former such a
powerful tool for probing the latter. Accordingly, the purpose of this chapter is
to study the physics behind X-ray interactions with matter, arriving at several
key results that will be freely drawn upon in later chapters.

We shall begin by deriving the wave equations governing the evolution of the
electric and magnetic fields, in the presence of matter, by taking the Maxwell
equations as a starting point. Assuming all scattering materials to be non-
magnetic, and to be slowly varying in their material properties over length scales
on the order of the wavelength of the illuminating radiation, one can make a
transition from a vector theory of the electromagnetic field (in which the field
is described by an electric and a magnetic field vector at each point in space, at
each instant of time) to a scalar theory (where the field is described by a single
complex scalar function of space and time). This leads to a time-dependent scalar
wave equation for the electromagnetic disturbance in the presence of matter. We
then obtain a corresponding time-independent theory by Fourier decomposing
the scalar electromagnetic field, which may correspond to either a polychromatic
field or a given realization of a stochastic process describing a partially coherent
field, into a superposition of strictly monochromatic fields. Each such monochro-
matic component is found to obey an ‘inhomogeneous’ Helmholtz equation in
which the scattering term is a specified function of the refractive index of the
material. Note that we shall show how the refractive index can be expressed in
terms of the electrical permittivity and magnetic permeability of the medium.

The ‘inhomogeneous’ Helmholtz equation, which is a central equation for de-
scribing the interaction of monochromatic X-ray scalar wave-fields with matter,
can rarely be solved exactly. Rather, one must resort to various means of ap-
proximation, several of which are discussed in this chapter. The first of these is
the projection approximation, which, within its domain of applicability, gives a
straightforward means for calculating the phase and amplitude shifts that are
imparted on a paraxial monochromatic scalar electromagnetic wave traversing a
weakly refracting non-magnetic sample. Upon revisiting the notion of a Green
function, in the context of X-ray scattering, we are able to study another class of
approximations known as the first Born and higher-order Born approximations.
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The first Born approximation is closely linked to the notion of the Ewald sphere,
which is so often used in the study of X-ray diffraction from crystals. We give a
brief treatment of the Ewald sphere, which shows how it emerges naturally from
the first Born approximation. Further, we show how the concept of the Ewald
sphere remains well defined even when the scatterers are non-crystalline. The
multislice and eikonal approximations, for studying the interactions of X-rays
with matter, are also discussed. A largely qualitative treatment is given of in-
elastic scattering, focussing on the Compton and photoelectric effects, including
a mention of how these mechanisms are related to X-ray absorption and fluo-
rescence. We close the chapter with some remarks on the information content of
scattered wave-fields.

Throughout, some emphasis is placed on the relationships between the various
topics under discussion. In this context, we have already mentioned the link
between the first Born approximation and the Ewald sphere. As another example,
in deriving an approximate expression for the X-ray refractive index in terms of
the electron density of a sample, one obtains an appreciation of the link between
the scattering and refraction viewpoints of the interaction of X-rays with matter.
As a last example, our studies of the eikonal approximation shed some light
on the relation between the ray and wave formalisms for X-ray radiation. The
multiplicity of viewpoints is related through the fact that they are all ultimately
derivable from the Maxwell equations, which govern the evolution of classical
electromagnetic fields in the presence of matter.

2.1 Wave equations in the presence of scatterers

The central task of this section is to determine certain differential equations that
govern the evolution of electromagnetic fields in the presence of scattering media.
Our starting point is the Maxwell equations (see, for example, Jackson (1999)):

V-D(z,y,2,1) = p(z,y,2,t), (2.1)
V- B(z,y,z,t) =0,
V x E(z,y,2,t) + %B(w,y, z,t) =0, (2.3)
V x H(z,y,z,t) — %D(m,y,z,t) =J(x,y,2,t). (2.4)

Here, D is the electric displacement, B is the magnetic induction, E is the
electric field, H is the magnetic field, p is the charge density, J is the current
density, (z,y,z) are Cartesian coordinates in three-dimensional space, and ¢ is
time. Equation (2.1) is Gauss’ Law for the proportionality of the electric dis-
placement flux through a closed surface and the total charge enclosed within
that surface. Equation (2.2) asserts the non-existence of magnetic monopoles.
Equation (2.3) is Faraday’s Law of induction, while eqn (2.4) is Maxwell’s mod-
ification of Ampere’s Law.
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In general, both the electric displacement D and the magnetic induction B
will be functions of E and H, respectively. We restrict consideration to linear
isotropic materials, in which D = ¢E and B = pyH, where ¢ and u respectively
denote the electrical permittivity and the magnetic permeability of the mate-
rial.3! Notwithstanding the fact that we have thereby excluded a rich variety
of nonlinear phenomena, and any account of non-isotropic response, these two
approximations allow us to rewrite the Maxwell equations as:

v ! [€(x7 y’ Z7t)E(z7y7 Z7t)} = p(:r’ y? Z? t)? (2'5)
V ' B(x’ y) Z’t) = 07

v X E(x7y7 Z7t) + %B(x,y,z’t) = 07 (27)
B(z,y,2,t) ) -
v [u(w,y,z,t)] — 5 @y, 2 OE(2,y, 2,0)] = I(z,y,2,1). (2.8)

With a view to determining the wave equation for the electric field, take the
curl of eqn (2.7) and then make use of the vector identity:

V x [v X g(.’l),y, Z)] =V [V : g($7ya Z)] - v2g($7ya Z) (29)
for any suitably well-behaved vector field g(x,y, z). One thereby obtains:

VIV By 5 0] - VBy, 2 ) + oV < Blay,50)=0. (210

To proceed further, recall the vector identity:

V x [f(z,y,2)8(2,y,2)] = f(z,y,2) [V x g(z,y,2)] + [Vf(z,y,2)] x g(z,y, 2),
(2.11)

for suitably well-behaved scalar and vector fields f(z,y, z) and g(z,y, z). Apply
this identity to the first term on the left-hand side of (2.8), with f = p~! and
g = B, and then solve the resulting equation for V x B(z,y, z,t). Use this
expression to eliminate V x B(x,y, z,t) from eqn (2.10), leaving:

0
VIV -E(z,y,21t)] - V’E(z,y,2,t) + = [Viog, u(z,y,2,t) x B(z,y,2,1)]

ot
+ 9 (z,y,2 t)g [e(z,y, 2z, t)E(z,y, 2,1)]
at ILL 7y7 Y at 7y’ ) 7y7 )
0
+ = [N(xvya th)‘](xvya th)] =0. (212)

ot

31'We are excluding, for example, the case of both ferroelectric and ferromagnetic materials,
for which the values of D and B depend on the previous history of the material, rather than
solely upon the applied fields at a given instant of time.
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Assume that the material is static, so that both p and € are independent of time.
Thus the above equation becomes:

2

0
€(I,y, Z),U(l',y, Z)w

— [Vlog, p(z,y,2)] x [V x E(z,y, 2,t)]

- v2 E(l‘,y, Z7t)

0
=-V [V -E(z,y,2,t)] — p(z,y, z)aJ(x,y, z,t), (2.13)

where we have made use of eqn (2.3) to replace 0B/0t by —V x E. This is the
desired partial differential equation governing the spatial and temporal evolution
of the electric field. Note that the individual components of the electric field vec-
tor are coupled to one another, through both the last term on the left-hand side,
and the first term on the right-hand side. This implies that the three components
of the electric field vector are not independent of one another, in general.

Using a similar line of reasoning to that which led to eqn (2.13), and with
the same assumption that p and ¢ are independent of time, one arrives at the
following expression governing the magnetic field H:

2

0
5(50,% Z):u“(xvya Z)@

=V x J(Ivyaz7t) - v[v ' H(Ivyaz7t)]

- v2 H(Ivyaz7t)

+ m {Ve(z,y,2) x [V x H(x,y, z,t)] — Ve(z,y,z) x J(z,y,2,t)} .
(2.14)

Evidently, the various components of the magnetic field vector are in general
coupled to one another.

In addition to this, if we now consider eqns (2.13) and (2.14) as a pair, we
see that the electric and magnetic fields are coupled to one another through
the sources of these fields, namely the current and charge densities.?? These
various couplings—between different Cartesian components of the electric field,
between different Cartesian components of the magnetic field, and between the
electric and magnetic fields—are lifted in vacuo, with eqns (2.13) and (2.14) then
reducing to the d’Alembert vacuum wave equations for the electric and magnetic
field (eqns (1.7) and (1.8)):

32Note that the charge density appears implicitly in one of the equations given here, as the
term containing the divergence of the electric field can be re-expressed in terms of the electric
charge density.
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0? 9
<€0u08t2 -V > E(z,y,z,t) =0, (2.15)
o H( t)=0 (2.16)
0M0 12 x,Y,z, - Y- .

We remind the reader that €y and pg respectively denote the electrical permit-
tivity of free space, and the magnetic permeability of free space. In the above
pair of equations, the separate components of the electric and magnetic fields are
decoupled from one another. As we saw, this decoupling motivates the introduc-
tion of a single scalar function ¥(z,y, z,t) to describe the vacuum disturbance
due to an electromagnetic field, which satisfies the wave equation (see equs (1.10)
and (1.13)):

L V) =0 2.17
(028t2_ ) (z,y,2,t) = 0. (2.17)

Now, the purpose of this chapter is to discuss the interactions of X-rays with
matter. Accordingly, we seek to generalize the above scalar theory of vacuum
electromagnetic fields so as to incorporate interactions of these fields with mat-
ter. To this end let us return to eqns (2.13) and (2.14), restricting ourselves
to non-magnetic materials,®® so that u(z,y,2) = uo. Further, we will assume
that neither current densities nor charge densities are present; thus we take
p(x,y,z,t) = 0 and J(z,y, z,t) = 0. Under these assumptions, eqns (2.13) and
(2.14) become:

2

[5(90, Y, z)uo% - VQ] E(x,y,z,t) = =V [V - E(z,y, 2,t)] (2.18)

2

e g — V2| i, 200) = Ve ) x [V % a2,

(2.19)

e(z,y,2)

While this pair of equations uncouples the electric from the magnetic fields,
individual components of each of these fields remain coupled to one another
through the right-hand sides of these equations. This is indicative of depolariza-
tion, namely the process where interaction with matter may mix different linear
polarization states of the electric and magnetic fields.

To proceed further we make another assumption, that the scatterers are suf-
ficiently slowly varying over length scales comparable to the wavelength of the
X-ray radiation, such that one may neglect the right-hand sides of the above
pairs of equations, leading to:

33In this book, we make no mention of the important subject of magnetic scattering, which
exploits the interaction of X-ray photons with the magnetic properties of scattering materials.
Treatments on this subject, together with references to the primary literature, include Altarelli
(1993), Lovesey and Collins (1996) and Gibbs et al. (2002).
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32

|:€($, Y, Z)Mow - v2:| E(x7ya th) = 07 (220)
0? 9

{—:(x,y,z)uow - V| H(z,y, 2,t) = 0. (2.21)

Since there is now no mixing between any of components of the electric and
magnetic field vectors, one can immediately make a transition to a scalar theory,
with this scalar being equal to any single component of the electromagnetic
field.?* This scalar theory models the electromagnetic field by the disturbance
U(x,y,z,t), which obeys the differential equation:

32
5(%9%)#0@ - v2 W(‘xayazvt) =0. (222)

While the quantity ¥ (x, y, z, t) is intrinsically real, it is nevertheless convenient to
treat this as a complex disturbance—mnamely, the analytic signal discussed in Sec-
tion 1.2—whose real part corresponds to the physical field. Subject to the approx-
imations catalogued earlier, eqn (2.22) then describes the spatial and temporal
evolution of the complex scalar electromagnetic wave ¥(z,y, z,t). This complex
disturbance may be expressed as a continuous superposition of monochromatic
components, via a Fourier integral over non-negative angular frequencies w (see
eqn (1.14)):

Va2 t) = <= [ ) expl(iwt)ds. (2.23)

Physically, this amounts to decomposing ¥(x,y, z,t) as a continuous sum of
infinitely many strictly monochromatic fields ¢, (z,y, z) exp(—iwt). Substitute
the above decomposition into eqn (2.22), bring the differential operator inside
the integral sign, replace 9%/0t? by (—iw)? = —w? and then cancel a common
factor of —1, to give:

/000 {[V2 +e(x,y, z),uowz] Vo (2,y,2) } exp(—iwt)dw = 0. (2.24)

The quantity in braces must vanish. Therefore:

(V2 + eu(z,y, 2)uoc®k?] Yo (z,y,2) = 0, (2.25)

where we have made use of the fact that w = ck, and put an w subscript on the
electrical permittivity so as to indicate that this quantity will in general depend
on frequency.

340ne need not be so restrictive—see references cited at the end of Section 1.1.
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Next, we identify e, (x,y, z)poc? with the square of the frequency-dependent
refractive index ny,(z,y, z), so that:

nw(xayvz) =Cvy Ew(xayvz)p“o =

. (2.26)

To motivate this identification, consider the form that eqn (2.25) takes in a
medium with a uniform value for e, and then write k = 27/, where X is the
vacuum wavelength of the radiation, to give:

2
Yo(z,y,2) =0. (2.27)

V2 +

21
Mev/ew(x,y, 2)puo}

Since we require the wavelength in the medium to be equal to the vacuum wave-
length divided by the refractive index of the medium, we immediately see that
the quantity in braces above is equal to the refractive index of the uniform
medium. Generalizing this notion to non-magnetic media whose electrical per-
mittivity varies slowly over length scales comparable to the wavelength of the
monochromatic X-ray field, we obtain the expression for the position-dependent
refractive index given in eqn (2.26).

Using expression (2.26) for the refractive index, eqn (2.25) becomes the fol-
lowing ‘inhomogeneous’ Helmholtz equation?®:

[VZ+ k*nl(z,y,2)] Yu(z,y,2) = 0. (2.28)

This equation, which governs the scattering of the spatial part ¢, (z,y, 2) of a
particular monochromatic component 1, (x,y, z) exp(—iwt) in the spectral de-
composition of the scalar field ¥(x,y, z,t) given in eqn (2.23), is a central result
of the present chapter. Since the governing equation (2.22) is linear, one may
use a Fourier integral to express a given polychromatic disturbance as a sum of
strictly monochromatic disturbances,® each of which solve eqn (2.28). Accord-
ingly, most of the remainder of the chapter we will concentrate on various means
for solving this equation.

35Here, and elsewhere in the text, an ‘inhomogeneous’ field equation is often used to refer
to a field equation in the presence of an inhomogeneous medium. This differs from the usual
usage of the term ‘inhomogeneous’; in the theory of partial differential equations, where the
term is used to refer to the presence of sources. With this understanding, we will henceforth
drop the inverted commas from the term ‘inhomogeneous’.

361n addition to this advantage of linearity, there is an associated disadvantage: eqn (2.22)
cannot describe inelastic scattering. This is because we can express any solution to eqn (2.22)
as a linear superposition of strictly monochromatic solutions to eqn (2.28), each of which has a
specified angular frequency. Linearity implies that distinct angular frequencies are uncoupled
from one another, which therefore precludes the possibility of inelastic scattering.
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—>

z=0 z=2z,

Fig. 2.1. Incident upon the plane z = 0 is the z-directed monochromatic plane
wave indicated by arrows at the left of the diagram. All scatterers, denoted by
the grey region, are assumed to lie between the planes z = 0 and z = zy. We
seek an approximate expression for the field over the exit surface z = z3. The
dotted line shows the path that an incident ‘ray’ would take, in the absence
of the scatterer.

2.2 The projection approximation

Consider Fig. 2.1. Here, we see a monochromatic plane wave which is incident
upon a scattering volume from the left, as indicated by the series of parallel
arrows. Align the direction of propagation of this plane wave with the z-axis of a
Cartesian coordinate system. Assume that the regions z < 0 and z > zy consist
of vacuum, with all scatterers contained within the slab of space 0 < z < z.
These scatterers are indicated by the shaded grey region in the figure.

Despite the fact that we are working within the context of wave optics, one
can nevertheless visualize ‘ray paths’ such as that which is indicated by a dotted
line in the figure. If we were working within the framework of geometric optics,
this dotted line would represent the trajectory of a certain ray in the absence of
the scatterer. Within the framework of scalar wave optics, however, this path may
be defined such that the phase gradient of the unscattered field is everywhere
parallel to the trajectory.?” The essence of the projection approximation is to
assume that the scatterers are sufficiently weak so as to negligibly perturb the
ray paths which would have existed in the volume occupied by the scatterer
had the scatterer been absent; in this situation the phase and amplitude of the
disturbance at the exit surface z = 2z (see Fig. 2.1) can be expressed in terms
of the phase and amplitude shifts accumulated as the disturbance traverses a
given ray path connecting the entrance and exit surfaces, with the ray paths

37This is closely related to the notion of streamlines in fluid dynamics, with the wave-field
phase being replaced by the so-called velocity potential for the fluid. See Section 2.8, for a
further exploration of this point.
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corresponding to those that would have existed if the scattering volume were
replaced by vacuum. This idea is explored, in more detail, in the remainder of
this section.

Consider the inhomogeneous Helmholtz equation (2.28). In the context of
studying the scattering of incident plane waves by a localized distribution of
scatterers, express its solution ,,(z,y, 2) as a perturbed plane wave, by writing
this solution as the product of the unscattered plane wave exp(ikz) with an
envelope g/;w(x, Y, 2):

Yo (T, y, 2) = ¥y, (2, y, 2) exp(ikz). (2.29)
Conveniently, |y (2,7, 2)|? = |1 (2, y, 2)|2, so that both the field and its enve-
lope have the same distribution of intensity in three-dimensional space. Substi-
tute the above ansatz into eqn (2.28), and then make use of the identity:

V2[A(w,y, 2)B(x,y, 2)] = A(z,y,2)V*B(2,y,2) + B(x,y, 2) V> A(x,y, 2)
+2VA(z,y,2) - VB(z,y, 2), (2.30)

for suitably well-behaved functions A(z,y, z) and B(z,y, z), to arrive at:

L 0 2, O 27,2 7 —
{2zkaz +Vi+ 9.2 + E°[ng(x,y,2) — 1] p Yo (x,y,2) = 0. (2.31)

In the above equation, we have written V2 = V2 +9%/922, where the Laplacian
in the zy plane (i.e. the ‘transverse Laplacian’) is given by:

V2= — = 2.32
1 - + ( )

The paraxial approximation amounts to neglecting the second derivative with
respect to z in eqn (2.31). This will be a good approximation if the envelope
1Z~1w (2,9, 2) is ‘beamlike’, so that it is much more strongly varying in the x and
y directions than in the z direction. We thereby arrive at the inhomogeneous
paraxial equation:

(21’1@'882 + V2 + k02 (z,y,2) — 1]) Yo (x,y,2) = 0. (2.33)

Note that, in vacuum, this equation reduces to the homogeneous paraxial equa-
tion (hereafter termed the ‘paraxial equation’):

(%kaaz + vi) Yo(x,y,2) =0, (2.34)

for which an exact solution is given by the Fresnel diffraction theory outlined
in the previous chapter.?® Note that we will henceforth refer to the envelope

38In establishing this connection, the following calculation may be useful. Take the Fourier
transform of the paraxial equation with respect to x and y, denoting the associated operator by
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z/;w(x,y,z) as the ‘wave-field’, even though it differs from the true wave-field
Y, (z,y,2) by the linear phase factor exp(ikz).

Returning to the core problem of this section, consider once again the sce-
nario sketched in Fig. 2.1, assuming the scattering to be sufficiently weak for
the projection approximation to hold. As mentioned earlier, this is equivalent
to assuming that the value, of the wave-field at the exit-surface z = zg, is en-
tirely determined by the phase and amplitude shifts that are accumulated along
streamlines of the unscattered beam. Since we have assumed a normally incident
z-directed plane wave as the unscattered beam, and since the transverse Lapla-
cian is the only portion of the inhomogeneous paraxial equation that couples
neighbouring ray trajectories, neglecting this term amounts to the projection
approximation. One can then solve the boundary value problem for the resulting
partial differential equation:

0 - k -
aq/jw(z;z% Z) ~ Z[l - ni(z,y, Z)]’(/)w(xa y7z)a (235)

to obtain the following approximate expression, which relates the wave-field
Yo(r,y,2 = 0) at the entrance surface z = 0 of the slab to the wave-field
Yo (x,y, 2 = zo) at the exit surface z = zg of the slab:

Z=Zz0

&w(aj, Y, 2 = 20) R exp {;{z /70 [1—n2(z,y, z)]dz} @w(a:,y, z=0). (2.36)

Since the refractive index for X-rays is typically very close to unity, this index
is often expressed in the form:

Ny =1 — 8y + B, (2.37)

where §, and (3, are real numbers that are both very much less than unity in
magnitude. Using this form to evaluate the quantity 1—n2(z,vy, 2) in eqn (2.36),
keeping only terms to first order in 6, and 3, we have:

1—nd(2,y,2) = 2[00 (2, y, 2) — iBu(2,y, 2)]- (2.38)
Under this approximation, eqn (2.36) becomes:

F and using the convention given by eqn (A.5). Making use of the Fourier derivative theorem,
and recalling that k; and k, are defined to be the Fourier-space variables reciprocal to the
position coordinates « and y, we see that [2ik0/0z— (k%—i—kz)]]:{lﬂw (z,y,%)} = 0. Upon rewrit-
ing this differential equation as (8/8z)F{¢u (x,y,2)} = —[i/(2k)](k2 + ki)]—'{xzw (z,y,2)}, we
may immediately write down the plane-to-plane diffraction integral F{¢y(z,y,z > 0)} =
exp{—[iz/(2k)](k2 + ki)}]—'{d?w(a:,y,z = 0)}. Apply F~! to both sides of this diffraction in-
tegral, and then make use of eqn (2.29) to replace the field envelope with the field itself.
This yields the operator form of the Fresnel diffraction integral, namely 9, (z,y,z > 0) =
exp(ikz) F~t exp{—[iz/(2k)](k2 + k2)}F{¢u(z,y,z = 0)}, which was given in eqn (1.28) of
the previous chapter.
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z=z0
Jul@,y, 2 = 20) ~ exp {—ik bt - it z)]dz} Fol@ 2 = 0)
2=
(2.39)
This equation is the main result of the present section.

Prior to passing onto some interpretive statements regarding the physics un-
derlying this result, it may be helpful to separately consider the predictions of
this formula for the phase and amplitude shifts imparted on a wave-field travers-
ing the scattering object, including the simple special case of a single-material
scatterer. (i) According to eqn (2.39), valid in the projection approximation, the
phase shift A¢(zx,y), imparted on the modulated plane wave as it passes from the
entrance to the exit plane of the slab of space containing the weakly scattering
object, is:

Az, y) = —k/&w(%y,z)dz. (2.40)

For the case of a scatterer which is composed of a single material, of projected
thickness T'(x,y) along the z direction, this reduces to:

(ii) By taking the squared modulus of eqn (2.39), and identifying |4, (z,y, 2)|?
with the intensity I, (z,y, z) of the wave-field, we obtain:

I,(x,y,2 = z9) = exp [—2k/ﬂw(3:,y, z)dz} I,(z,y,z=0). (2.42)

For the case of a scatterer composed of a single material of projected thickness
T(z,y), this becomes the familiar Beer’s law of absorption:

Lo(2,y,2 = 20) = exp [~pT(2,y)] Lo (2, 9,2 = 0), (2.43)

where:

P = 2k (2.44)

is the linear attenuation coefficient (linear absorption coefficient) of the material.

While we have ultimately derived eqns (2.40) and (2.41) by taking the Maxwell
equations as a starting point and then introducing a succession of approxima-
tions, they can also be derived in a rather elementary way using a modified form
of geometric optics in which one can associate a phase with a ray-path.3® Such
an argument, which we now outline, serves the three purposes of: (i) aiding in a

39Here, there is a strong analogy with certain semi-classical approximations in quantum
mechanics, such as the Wentzel-Kramers—Brillouin (WKB) approximation. See, for example,
Messiah (1961).
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physical understanding of these equations; (ii) giving a simple means of arriving
at these equations, without needing to take the scalar wave equation as a start-
ing point; (iii) providing a grounding in some of the notions which will be used
in the later section on the eikonal approximation. Note that a similar argument
can be made for Beer’s law of absorption, with this case being left as an exercise
for the reader.

Consider Fig. 2.2. Here we see z-directed monochromatic scalar plane waves
exp(ikz), of wave-number k and angular frequency w, that are incident from
the left. The half-space z < 0 is taken to be vacuum. In the first instance con-
sider the scatterer to be of uniform density and comprised of a single material,
with projected thickness equal to T'(x,y), this projection being taken along the
positive z-axis. The real part Re(n,) of the refractive index of the material is
taken to be 1 —4,,, in accord with eqn (2.37). Within the framework of geometric
optics, the rays associated with the unscattered beam are given by a series of
parallel lines aligned with the z-axis. Two such lines are given as AB and C'D
in the diagram. The line AB pierces the plane z = 0 at the point (xap,ya5,0),
and pierces the plane z = 2 at the point (zap,yan, 20). Similarly, the line CD
pierces the plane z = 0 at the point (zcp,ycp,0), and pierces the plane z = z
at the point (x¢p,yop, 20). The line AB passes through the scatterer, while the
line C'D does not pass through the scatterer.

We now use the projection approximation to estimate the phase of the wave-
field over the plane z = zg. At the level of geometric optics, we are ignoring any
transverse deviations of the rays within the scattering volume that lies between
the planes z = 0 and z = zy. Therefore, to estimate the phase at a given point
(x,y,20) at the exit surface, we count up the number of wavelengths which fit
along the line joining (z,y,0) to (z,y, 20), and then multiply by 27. For example,
consider the phase accumulated at the point B. In travelling from the point A in
the plane z = 0 to the point B in the plane z = zy, the wave has travelled through
a thickness T(zap,yap) of material, and through a thickness zo — T(xap, yap)
of vacuum. Since the wavelength in the material is given by A/Re(n,,), where A is
the vacuum wavelength, the phase shift ¢mat( a5, y4p) accumulated in passing
through the material is equal to 27 multiplied by the number of wavelengths N
which fit into the projected thickness, so that:

T(xaB,YAB)
A/Re(ny,)
_ QTrRe(nwﬂ;\(xAB,yAB). (2.45)
Using a similar argument, the phase shift ¢vac(®ap, yap) accumulated in travers-
ing a thickness zo — T(x ap,yap) of vacuum is given by:

Gmat(TaB,Yap) = 27N = 27

20 —T(xAB,YAB)
3 .

¢vac($AvaAB> =2m (246)
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Fig. 2.2. Monochromatic plane waves, travelling along the z direction, are inci-
dent from the left. All scatterers are assumed to lie between the planes z = 0
and z = zp. Two ray paths, associated with the unscattered beam, are given
by the lines AB and C'D. We wish to determine the intensity and phase of the
wave at the exit-surface z = 2, using the projection approximation. Under
this approximation, the ray paths in the presence of the scatterer are taken
to be equal to their unscattered counterparts. Thus the phase and amplitude
at the point B is considered to be accumulated along the line AB, with a
similar procedure used to approximate the amplitude and phase at any point
(z,y, z0) over the exit surface.

Therefore, according to the projection approximation, the phase ¢(xap,yap) of
the wave at the point B is given by:

21
&(TaB,YAB) = Pmat(TAB, YAB) + Pvac(TaB, YaB) = 7[20 —T(xaB,YaB)dw)-

(2.47)

Note that, in writing the last equality above, we have made use of the fact that
Re(ny) =1 — 0.

With reference to the line C'D in Fig. 2.2, the phase ¢(zcp,ycop) of the wave
at the point D is given by setting 7" to zero in the above formula, so that:

2
¢(zcp,yop) = %Zo. (2.48)

Note that we could have written this formula on inspection, since it is equal
to 27 multiplied by the number zp/A of vacuum wavelengths A that fit into a
distance of zy. Now, since the phase of a monochromatic field is only defined up
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to an arbitrary additive constant, we can consider the phase shift A¢(z,y, 2zo)
over the plane z = zy to be relative to the vacuum phase shift ¢(zcp,yop), so
that A¢(z,y, 20) = é(x,y, 20) — (27/\)z0. Making use of eqns (2.47) and (2.48),
with (xap,yaB, 20) being replaced with an arbitrary point (z,y, zg) over the exit
surface z = zg, and writing 27/\ = k, we arrive at eqn (2.41). We leave it as
an exercise to the reader, to generalize the above geometric argument so as to
derive the more general form given by eqn (2.40).

We close this section by noting that once the intensity and phase of the
scattered wave-field have been estimated over the plane z = 2y using the projec-
tion approximation, this information can subsequently be used to calculate the
wave-field which results when this exit-surface field is propagated from z = z;
to z = z1 > zg (see Fig. 2.2). This propagation could be effected using an appro-
priate diffraction integral, including any of the means for propagating coherent
wave-fields which were introduced in the previous chapter. Alternatively, one
can compute the image produced by a well characterized imaging system which
takes, as input, the exit field over the surface z = zg (cf. Chapter 4).

2.3 Point scatterers and the outgoing Green function

Green functions, already encountered in the previous chapter’s discussions on
X-ray wave-fields in free space, are a powerful and widely applicable tool in
mathematical physics. Here we use them to study the problem of a single point
scatterer in the presence of an incident monochromatic scalar electromagnetic
field, defining the Green function to be the field that is scattered from such
a point. In subsequent sections, we extend this formalism to study the elastic
scattering of X-rays by an extended distribution of matter.

Consider the scattering scenario sketched in Fig. 2.3. Here, the entire vol-
ume is taken to be vacuum, with the exception of a point scatterer located at
(',y',2"). We assume a z-directed monochromatic plane wave to be incident
upon this scatterer. One can mentally decompose the total field, in the presence
of the point scatterer, as the sum of two fields: the field which would have existed
in the absence of the scatterer, and the scattered field. This decomposition is sug-
gested in the figure, with the unscattered field indicated by a succession of parallel
wavefronts, and the scattered field denoted by spherical wavefronts emanating
from the point scatterer. The outgoing Green function G, (z,y,z,2',y’, '), for
this problem, is by definition equal to the scattered field due to a point scat-
terer located at (z,y’,2’), as a function of the position coordinate (z,y,z) in
three-dimensional space.

We have seen that the Maxwell equations imply the inhomogeneous Helmholtz
equation (2.28) for a scalar field in the presence of a scattering medium described
by the time-independent complex refractive index n,,(z,y, 2), subject to the ap-
proximations that: (i) the medium is non-magnetic; (ii) the electrical permittiv-
ity, and therefore the refractive index, is time-independent and slowly varying
over spatial length scales comparable with the wavelength of the radiation with
which it interacts; (iii) we may work with a single complex quantity to quantify
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Fig. 2.3. Monochromatic plane waves, travelling along the z direction, are in-
cident from the left. The three-dimensional space is taken to be vacuum,
with the exception of a single point scatterer located at A = (2/,y', 2’) with
respect to an origin O.
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the disturbance due to the monochromatic electromagnetic field; (iv) the effects
of inelastic scattering may be ignored. This inhomogeneous equation, namely
eqn (2.28), may be written in the form:

(V2 + &) o (2,9, 2) = k* [1 — n(z,y,2)] Yu(z,y, 2). (2.49)

In vacuum, the right-hand side of this equation vanishes, leaving the homoge-
neous Helmholtz equation for coherent scalar fields, which was studied in Chapter
1. Here, however, we are interested in the case of a point scatterer, in which case
the right-hand side of the equation is proportional to a three-dimensional Dirac
delta 6(x — ',y —y', 2z — 2’) located at the point (2/,%, 2’). Bearing in mind our
earlier definition of the Green function G, (z,y, z,2’,y’, 2’) as the field scattered
from a point scatterer located at (2,4, z’), we conclude that the Green function
obeys the equation (cf. eqn (1.56)):

(V2 + k) Go(2,y, 2,2y, 2') = —4nd(z — 2,y — ¢/, 2 — ). (2.50)

Note that the factor of —4m, on the right side of this equation, is introduced by
convention.

Since free space is homogeneous and isotropic, G, (z,y, z, ', y’, 2') = G, (x —
' y—1y',z—2"), amounting to the statement that the scattered field observed at
a given point depends only on the relative position of the observation point with
respect to the point scatterer. Making this simplification to the Green function
in eqn (2.50), and then shifting the origin of coordinates to coincide with the
location of the point scatterer, we arrive at:
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(V? + k) Gy (2,y, 2) = =478 (2, y, 2). (2.51)

We now outline two popular methods for solving the above equation, to
yield the desired free-space Green function for the inhomogeneous Helmholtz
equation. The first of these methods has the virtue of greater simplicity, while
the second method*°—which makes use of complex analysis, and which may be
skipped without loss of continuity—gives us the opportunity to introduce some
mathematical results that will be of occasional use in later discussions.

2.3.1 First method for obtaining free-space Green function

Introduce spherical polar coordinates centred at (z,y,z) = (0,0,0), with radial
distance from this origin denoted by r. Making use of the form which the three-
dimensional Laplacian takes in spherical polar coordinates, together with the fact
that the rotationally symmetric Green function depends only on r, eqn (2.51)
becomes:

T%dir [TQCZ“GW(T)} + k2G(r) = —4m(r). (2.52)

Multiply both sides by r, thereby eliminating the Dirac delta, so that:

1d | ,d 9
~dr [7“ eru(T)] = —k"rGu(r). (2.53)
This may be rewritten as:
d2
57 MGu(n)] = =k*rGu(r), (2.54)

indicating that rG,,(r) is an oscillatory eigenfunction of d?/dr?, so that rG,,(r) =
exp(zikr). This directly yields the desired explicit form for the free-space Green
function:
+ik
Go(r) = SREET) (2.55)

r
Choosing the positive sign in the exponent yields the outgoing spherical wave,
which is required in the present scattering context. This outgoing spherical wave,
as its name implies, is so called because it describes energy flowing radially
outwards from the point scatterer. On the other hand, if one were to choose the
negative sign in the above exponent, one would arrive at an incoming spherical
wave, with energy flowing towards the point scatterer. While this solution is to
be rejected as unphysical in the present context, the reader will recall that such
an incoming Green function was required in the previous chapter’s discussions
on the propagation of mutual coherence (see Section 1.9.3).

40Note that our treatment of this second method is after Merzbacher (1970).
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2.3.2  Second method for obtaining free-space Green function

Express both the Green function and the Dirac delta, appearing in eqn (2.51),
as three-dimensional Fourier integrals:

1 Ny .
Gole.2) = v ][ Guthasty ey exslithe + by + b2kt di,
(2.56)

d(z,y, 2z e /// expli(kgx + kyy + k.2)|dk,dkydk,.  (2.57)

Here, Cuv'w(kgg, ky, k.) denotes the Fourier transform of G, (x, vy, z) with respect to
z,y and z, and (kg, ky, k,) are the Fourier coordinates corresponding to the real-
space coordinates (x,y, z). Note that eqn (2.57) expresses the fact that the Dirac
delta is proportional to the inverse Fourier transform of a constant function.

Substitute the above pair of equations into the defining equation (2.51) for
the Green function, and then bring the operator (V2 +&?) inside the integrals. In
what amounts to a use of the Fourier derivative theorem, one can then replace
V? with —(kZ + k2 + kZ2), since VZexpli(kex + kyy + k.2)] = —(k2 + k7 +
k%) expli(kyr + k‘yy + k.z)]. Collecting together the resulting equation under a
single triple integral, we obtain:

0_///{ k2+k2+k2)]éw(kmky7kz)+\/Z}

x expli(kot + kyy + k-z)|dkydk,dk. . (2.58)

The quantity in braces must vanish. Therefore:

2/

L A I N

(2.59)

This can now be substituted into eqn (2.56), to give the following Fourier
integral representation for the Green function:

expli(kzz + kyy + k. 2)]
Gol®,y,2) = 55 / / / k2+ k2+22 5 dkadkydk.. (2.60)

Transform to spherical polar coordinates (r, 8, ¢) in real space, and spherical
polar coordinates (k, kg, kg) in Fourier space. Align the latter coordinate system
such that kg is the angle between (7,0, ¢) and (k,, kg, ky). Therefore the above
integral becomes:
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(ikyr cosk
Gu(r,0,0) = 2/ / / eXpZ m;s 0) 12 sin kpdk, digdks. (2.61)
2% Jr,=0 Jro=0 Jky k

Evaluate the integral with respect to k4, which gives a multiplicative factor of
27, and then re-order the remaining integrals to obtain:

1 [e’e) 2 iy
Gu(r,0,0) = —/ 2k 5 / exp(ik,r coskg) sinkodkg | ¢ dk,. (2.62)
™ Jk k k k

=0 9:0

By making the change of variables 1 = cos kg, the integral in square brackets is
readily evaluated, leaving:

2 [ kpsin(k.r) 2 d [* cos(k r)
Gu(r.0.9) = — /kr_o e ) My =L (2.63)

Since the final integrand is even in k,, we may extend the lower limit to —oco and
divide the result by 2. Further, we may then replace cos(k,r) with exp(ik,r),
since this amounts to adding an odd function to the integrand, thereby making
no change to the resulting integral. Thus we obtain:

Colri,6) = L1 d [ explikyr) ik, — 1d o[> exp(ik,r) dk.
mrdr J_o kZ2—k? mrdr J_o (ke — k) (k. + k)
(2.64)

To proceed, we shall make use of some of the central results of complex
analysis, this being the calculus of complex-valued functions of a single complex
variable. Accordingly, for the remainder of this sub-section, it will be assumed
that the reader is familiar with the following: complex poles, residues, and the
residue theorem. Excellent introductions to this material can be found in many
texts, such as those by Spiegel (1964) and Kreysig (1983).

In the integrand of the final integral in eqn (2.64), the variable k,. takes on all
real values between —oo and oco. Suppose that we allow k, to take on complex
values, so that possible values for k, can be plotted as points in the complex
plane. Such a complex plane is shown in Fig. 2.4. In this plane, the horizontal
coordinate of a specified point is given by the real value of k,., with the vertical
coordinate being given by the imaginary part of k...

Consider the closed contour I" shown in Fig. 2.4. This closed contour can be
expressed as the sum of six segments: I' = T'y + o + '3 + 'y + I's + I's. The
segment I'; is an anti-clockwise traversed semi-circle in the upper half of the
complex plane, centred on the origin and with a radius R that will be made to
tend to infinity. I's is a clockwise-traversed semi-circle in the upper-half plane,
centred at k, = —k. Similarly, I's is an anticlockwise-traversed semi-circle in the
lower-half plane, centred at k., = +k. The radius € of the contours I's and T’
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Fig. 2.4. Contour integral used during the derivation of the outgoing Green
function for the inhomogeneous Helmholtz equation. Details in main text.

will be taken to tend to zero from above. Finally, the contours I'y, Ty, and T'g
all lie along the real axis; in the limit as R tends to infinity from below, and e
tends to zero from above, this triple of contours covers every point on the real
axis, with the exception of the points located at k, = +k.

Rather than directly evaluating the final integral in eqn (2.64), let us evaluate
a related integral, which is obtained by allowing k, to be complex and then
integrating with respect to this variable, over the closed contour I' described in
the previous paragraph. Note that the ‘detours’ due to paths I's and I's serve
to avoid the simple poles, of the integrand, located at the points k. = +k. One
thereby arrives at the expression on the left side of the equation below, with the
right side being given by the residue theorem of complex analysis:

exp(ik,r) ,
———————dk, = 27i Res(k, = k). 2.65
§ G G b = 2 Res(h, = ) (2.65)
Here, Res(k, = k) denotes the residue of the simple pole at k., = k. Note that
only poles inside the contour I" will contribute to the integral over this contour.
The residue is evaluated, in the usual manner, to give:

) _ exp(ikyr)  exp(ikr)
Resthy = k) = I o = O G i~ 26 200

Make use of this result, together with the fact that I' = 'y +T'o+ '3+ T4+ 15+,
to rewrite eqn (2.65) as:

/ exp(ik,r)dk, / exp(ik,r)dk, i explikr)

- — = — eX .

Iy (kT - k)(kT + k) o434+ +T54T6 (k;"‘ - k) (k"' + k) k
(2.67)
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The first integral, in the above equation, will vanish. To see this, note that
the modulus of the integrand decreases as |k,|~2 as |k.| — oo, while the length
of the contour increases as |k,|. Regarding the second integrand: as R tends
to infinity from below, and € tends to zero from above, this becomes the very
integral we wished to evaluate, namely the integral on the right-hand side of eqn
(2.64). Thus we can return to this equation, thereby completing our derivation
to arrive once again at the outgoing Green function:

1 dmn exp(ikr)
w 797 ik - . 2.
Golr,0,8) = - "L explikr) = Z2 (2.68)
Expressed in terms of Cartesian coordinates, we may write down the free-space

outgoing Green function for the inhomogeneous Helmholtz equation (2.28), as

exp(iky/a? +y* +2%) _ exp(ik[x]) _
= , x=(z,y,2).
Vo +y? + 22 x|

We close this sub-section by noting that there is a certain freedom in the
choice of contour I' that was adopted in Fig. 2.4, this contour being such that
we ‘hopped around’ the singularities of the integrand in a particular way, includ-
ing one pole but not the other, within the contour. The Green function, thus
obtained, was outgoing at infinity. This outgoing/retarded Green function may
be compared to the incoming/advanced Green function, which would have been
arrived at if we had chosen to include only the pole at k. = —Fk, as the reader
can verify.

Go(z,y,2) = (2.69)

2.4 Integral-equation formulation of scattering

In the previous section, we considered the interaction of an X-ray plane wave
with a point scatterer. This culminated in a derivation of the outgoing Green
function, given by eqn (2.69), representing the spherical wave which is scattered
from the point scatterer when it is located at the origin of coordinates. Here,
we build upon this result, allowing us to rewrite the differential equation (2.28)
as an integral equation. Note that this integral equation is more restrictive than
the differential equation from which it is obtained, in the sense that the latter
must be supplemented by appropriate boundary values/conditions in order to be
solved, whereas the former has the boundary values/conditions ‘built in’. This in-
tegral equation will be used in subsequent sections to derive various approximate
expressions describing the scattering of X-rays by matter.

Rather than deriving the desired integral equation, for the field ¢, (x,y, 2)
in the presence of a localized non-magnetic scattering distribution described by
the refractive index n,,(x,y, z), we merely write this integral equation down and
then verify that it indeed leads to the differential equation (2.28). Accordingly,
we assert that the required integral equation is given by:



84 X-ray interactions with matter

w9 =026~ o [[[ Gut—x) 1= ] e, @70)

where x = (z,y,2), X' = (2/,y/,2'), dx' = da'dy'dz’, ¢?(x) represents the un-
scattered wave and is therefore a solution to eqn (2.28) in the absence of scat-
terers, and G, (x — x’) = exp(ik|x — x|)/|x — x'| is the outgoing Green function
derived in the previous section. Note that the desired field v, (x) appears both
on the left side of this expression, and under the integral sign on the right-hand
side, which is why we speak of it as an integral equation rather than an integral
expression for 1, (x).

Let us show that 1, (x) indeed obeys eqn (2.28), in the form given by eqn
(2.49). To this end, apply the operator (V2 + k?) to the left side of eqn (2.70),
to give:

(V2 + k)t (x) = (V2 + k)9 (%)

L [ 6ot 1= )] i
(2.71)

The first term on the right-hand side vanishes, since 92 (x) is the unscattered
wave and therefore obeys the form of eqn (2.28) which is obtained when n,,(x) =
1. Regarding the second term on the right-hand side, bring the operator (V2+k?)
inside the integral sign, noting that it acts only on the variable x, and then make
use of the defining equation (2.51). Thus:

(V2 + k%)t (x)

[ 1 R0 0] [1 - 2 )] i

2
=[] anste 0 1 - 2] ()
= k2 [1 - ni(x)] (1 (X)a (2.72)

and so we see that solutions to the integral equation (2.70) are indeed solutions
to the differential equation (2.28) for scattering of monochromatic scalar elec-
tromagnetic waves by localized non-magnetic scatterers characterized by their
distribution of refractive index.

We close this section by noting that the integral equation contains more
information—and is therefore less general—than the corresponding differential
equation, since: (i) in the complete absence of any scatterers, the integral in
eqn (2.70) will vanish, and so we recover an expression for the unscattered field
Y0 (x); (ii) in choosing to use the outgoing Green function in eqn (2.70), we
automatically guarantee that the scattered field represents an outgoing wave
when one is infinitely far from all scatterers.
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2.5 First Born approximation for kinematical scattering

Consider the integral equation (2.70), for the elastic scattering of incident mono-
chromatic scalar electromagnetic waves from a non-magnetic material described
by the time-independent distribution of refractive index n,(x). Note that the
integrand is only non-zero within the volume of the scatterer, as the refractive
index of vacuum is unity (cf. eqn (2.26)). Therefore, if one can assume that the
X-ray disturbance inside the scattering volume is only slightly different from
the disturbance that would have existed at each point x’ in that volume in
the absence of the scatterer, then one can replace ¢, (x’) by the unscattered
disturbance 9?2 (x'), inside the integral. The resulting expression, namely:

(%) = 90 (x /// ) [1— n2 ()] @O, (2.73)

is no longer an integral equation, but rather an approximate expression for the
total wave-field. This approximate expression is known as the ‘first Born approx-
imation’. !

It will prove convenient, in the following discussions, to take eqn (2.73), use
eqn (2.69) to write the outgoing Green function explicitly as G, (x — x') =
exp(ik|x —x'|)/|x — x|, and take the incident wave-field to be a monochromatic
plane wave exp(ikg - x). Thus we write down:

Y, (x) = exp(iko - x) — — /// P ;kk(x x) [1—nZ(x")] exp(iko - x")dx’.
(2.74)

This form of the first Born approximation corresponds to the scattering sce-
nario sketched in Fig. 2.5, which we now describe. In this figure, we see an in-
cident plane wave-field, with its surfaces of constant phase indicated by a series
of parallel vertical lines. This incident field is considered to fill the whole space,
as we choose to view the field everywhere as a sum of the unscattered field,
together with the field scattered by the sample. Regarding the field scattered
by the sample, the sketch is intended to suggest a so-called ‘single scattering
approximation’, in which each point within the volume of the scatterer is taken
to emanate spherical waves, the strength of which is proportional to the wave
which is incident upon such a point. The scatterer is taken to be sufficiently weak
that, for each scattering point, we can take the field incident upon it to be equal
to the unscattered field. The total field is then given by the totality of spherical
waves (free-space outgoing Green functions) which emanate from each point in
the scatterer, together with the unscattered wave-field, according to eqn (2.74).

Evidently, the first Born approximation corresponds to a single-scattering sce-
nario in which the incident wave-field is either not scattered at all, or scattered

41The second-order and higher-order Born approximations are considered in Section 2.6.
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Fig. 2.5. Plane monochromatic scalar electromagnetic waves are incident, from
the left, upon a localized distribution of static non-magnetic scatterers. Under
the first Born approximation, the resulting wave-field is considered to be the
sum of an unscattered wave-field, together with the wave-field that results
from single-scattering events between the incident wave and any given point
in the medium. The unscattered wave is represented by the plane waves on
the right side of the sample, together with the scattered wave emanating from
each point within the sample. Three such scattering points, labelled A, B, and
C, are shown in the diagram.

only once by a single point within the sample. Such single-scattering approxima-
tions are known as ‘kinematical’ theories. They may be compared to the so-called
‘dynamical’ theories, in which the incident wave-field may be scattered multiple
times (see Section 2.6).

The remainder of this section is broken into three parts. The first part con-
siders an asymptotic form of the first Born approximation, corresponding to
scattering through a distance that is sufficiently large to place one in the far
field. This first case will be shown to reduce to the Fraunhofer diffraction inte-
gral when the scatterer is a two-dimensional screen. The second part considers an
angular-spectrum expression for the diffracted field due to a three-dimensional
scattering distribution, under the first Born approximation, over any plane which
is downstream of the source. The third part shows how the first Born approxi-
mation may be related to the famous Ewald sphere.
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2.5.1 Fraunhofer diffraction and the first Born approximation

Here, we treat the special case of the first Born approximation that corresponds
to the scattered radiation being detected very far from all scatterers. The treat-
ment given here is a standard one, which is in direct mathematical correspon-
dence to the treatment of non-relativistic potential scattering that is given in
many elementary quantum-mechanics texts??

Set up a common origin of coordinates for both x and x’, that lies somewhere
within the volume occupied by the scatterers. Assume the position vector of the
observation point x, with respect to this origin, to have a magnitude that is
much greater than the size of the scatterer. Since the integrand in eqn (2.74)
will vanish whenever x’ does not lie within the scattering volume, as the term
in square brackets vanishes in vacuum, this allows us to take |x'| < |x| in this
integrand. Hence we obtain the following approximate form for the spherical
wave scattered from a point x’ within the scattering volume:

exp(iklx — x'|)  exp[iky/(x — x) - (x — x/)]
=] = ]

exp(ik+/]x[2 — 2x - x' + [x/[2)

_exp(tkrv1 —2r—2x-x’) (2.75)

r

Here, r = |x] is the distance from the origin of coordinates, located within the
scattering volume, to the observation point x.

Make the binomial approximation /1 — 2r—2x - x’ ~ 1 —r~2x-x’ in the above
expression, substituting the result into eqn (2.74), to give:

Yo (x) = exp(zko X)

exp (ikr) ///exp —ikr~'x - x') [1 — n2(x")] exp(iko - x")dx’.
(2.76)

Introduce the unit vector X, pointing in the x direction, defined by X = x/|x| =
x/r. Thus the above equation becomes:

42This correspondence arises because eqns (2.28) and (2.49) are mathematically identical
in form to the time-independent Schrodinger equation for spinless non-relativistic particles in
the presence of a scalar potential. Accordingly, the treatment given here is influenced by the
discussions on the corresponding quantum-mechanical potential scattering problem, which are
given in standard quantum-mechanics texts such as Messiah (1961) and Merzbacher (1970).
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tha3) = expliky ) + Mf(Ak% (2.77)
/// 1] exp(—iAk - x')dx/, (2.78)
Ak = kx ~ ke. (2.79)

We have arrived at a rather simple picture for the wave-field in the presence
of the scattering potential, when one is sufficiently far from all scatterers, and
under the first Born approximation. According to the second term on the right
side of eqn (2.77), the scattered radiation is given by a distorted spherical wave
emanating from the point at which the scattering distribution is located. The
form of the distortion, of this spherical wave, is quantified by the envelope f.
We shall henceforth speak of f as the ‘scattering amplitude’, which multiplies
the undistorted outgoing spherical wave exp(ik)/r in order to form the distorted
spherical wave emerging from the scatterer. The scattering amplitude, accord-
ing to eqn (2.78), is proportional to the three-dimensional Fourier transform of
[n2(x) — 1], where n,(x) is the position-dependent refractive index of the scat-
terer. To determine the value which the scattering amplitude f takes in the far
field, one must evaluate it as a function of Ak, this being the vector difference
between the incident wave-vector kg and the scattered wave-vector kx of the
X-ray wave-field.

We close this sub-section by showing how eqns (2.77) through (2.79) relate to
the Fraunhofer diffraction integral. With this end in mind, assume all scatterers
to lie between the planes z = 0 and z = z9 > 0, with the incident plane wave
having a wave-vector kg aligned with the positive z-axis. This is the same as
the scenario sketched in Fig. 2.1. Making use of eqn (2.38), which is a good
approximation for X-rays since refractive indices are always close to unity in this
regime, and writing Ak = (Ak,, Ak,, Ak,), expression (2.78) becomes:

F(Ak,, Aky, Ak,)

_ /// oy, ) =By, 2]

x exp|—i(Akyz' + Akyy + Ak,2'|da'dy' 2’

— k2
/ / exp[—i(Akyz" + Akyy'|

X {/ [0n (2,9, 2") —iBu (2, y, 2] exp(—iAkzz’)dz’} de'dy’.  (2.80)

z'=0

Under the projection approximation, the quantity in braces above is proportional
to the wave-field formed at the exit surface z = 2y of the scattering distribution.*?

43 Assume that the measured scattered wave-vectors only make small angles with respect to
the direction of the incident plane wave. As stated in the main text, the incident plane wave is
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The far-field diffraction pattern is then calculated in the usual way, as described
in the previous chapter, via the Fraunhofer prescription of taking the Fourier
transform with respect to x and y (see Section 1.5).

2.5.2  Angular spectrum and the first Born approximation

In this sub-section, we show how the first Born approximation may be used
to develop a formula for the propagated field over any plane downstream of a
localized scattering volume (Wolf 1969). Our development will split into two
parts. First, we will explain how to derive a certain integral representation of
the spherical wave, known as the ‘Weyl expansion’ (Weyl 1919; reprinted in
Oughstun 1992). Second, we will make use of this expansion to obtain the desired
formula for the propagated field downstream of the scattering volume.

Let us begin with a derivation of the Weyl expansion. Consider the Fourier
integral representation for the Green function given in eqn (2.60), which we write
in the form:

1 . exp(ik,z)dk,
Gulw,9,7) = 55 // expli(ku + k) {/ o (152 )k - } dhydlk, .
z T Yy

(2.81)
Next we compute the integral contained in braces. To this end we can recycle
the result obtained in eqn (2.67): (i) in this equation, make the replacements
kp — ky,r — z, and k — (k* — k2 — k§)1/2; (ii) then note that the first integral
in eqn (2.67) vanishes, with the second integral being equal to the integral in the
braces of the equation above. Hence we see that:

=T

B---k) " e_m_w

where use has been made of eqn (1.19) in the exponent on the right-hand side.
Substitute the above result into eqn (2.81), and replace G, (z,y,z) with the
explicit expression for an expanding spherical wave given in eqn (2.69), to obtain
the Weyl expansion:

travelling along the z direction. These two assumptions imply that the term exp(—iAk,z’), in
the last line of eqn (2.80), can be replaced by unity. The term in braces, in this equation, then
becomes f;ﬁo[ﬁw (z',y',2")—iBu(z',y', 2")]dz". This expression is proportional to that which is
obtained if one takes the projection approximation given by eqn (2.39), assumes a sufficiently
weak scatterer to allow one to linearize the exponent that appears there, sets ’LZJU_; (z,y,2 = 0)
equal to unity since the normally incident plane wave exp(ikz) has this value in the plane
z = 0, and then discards the unscattered component of the resulting wave-field.
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exp(ik/a2 + 42 +2%) i // expli(ke + kyy + 2, /k? — k2 — k%)]dk "
/a2 + y2 + 22 2 /k2 _ k% _ kyg @y

Now that we have obtained the above two-dimensional Fourier decomposition
for an outgoing spherical wave, we can substitute it into eqn (2.74), to give:

z>0. (2.83)

Y, (x) = exp(iko - x) (2.84)
2 g dedky exp [z (k:xx Fhyy + 2y k2 — k2 — kg)] I'(ko, ka, k)
- 82 // [k2 _ g2 _ k2 ’
x Y
L(ko, ks, ky) = /// [1—nZ (x")] exp(iko - x')

X exp {72‘ (kmos' + kyy' + 2\ k% — k2 — k;)} dx', 2z > zp. (2.85)

This expression allows one to evaluate the scattered field over any plane at a
distance z > zy downstream of a set of scatterers, which are sufficiently weakly
scattering for the first Born approximation to hold, and which are contained
in the slab of space between the planes z = 0 and z = z; > 0. Note, in this
context, that I'(ko, ky, k,) comprises a certain two-dimensional section through
the Fourier transform of [1 — n2(x)] with respect to x. Thus—notwithstanding
the fact that the three-dimensional Fourier transform of [1 — ni(x)] has three
dimensions of information contained within it—for a particular scattering ex-
periment, and under the first Born approximation, it is only the value of this
function over a particular two-dimensional surface, which determines the form of
the scattered field. This surface, known as the Ewald sphere, will be discussed in
the next section. In the present context, however, we may immediately conclude
that only a subset of information regarding the scatterer is ‘imprinted’ upon the
field scattered by it, in a given scattering scenario under the first Born approx-
imation. Note that this observation will be explored in more detail, in Section
2.11.

2.5.3 The Ewald sphere

The Ewald sphere is a very commonly used construction in the study of kine-
matical X-ray diffraction from crystals. However, the notion of the Ewald sphere
may also be fruitfully applied to scattering from non-crystalline specimens. It
is in this latter context that we will place our emphasis, on account of the vast
literature that exists on kinematical X-ray diffraction from periodic assemblies
of atoms.

The present sub-section is broken up into two parts. In the first part, we will
show how the Ewald sphere is a direct consequence of the kinematical theory of
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diffraction based on the first Born approximation. Second, we will examine the
important special case of this construct, for scattering by crystals.

2.5.3.1 From the first Born approximation to the Ewald sphere In this sub-
section, we develop a direct link between the first Born approximation, and the
concept of the Ewald sphere. Interestingly, we shall need no further mathematical
development in order to make this connection—rather, we merely need to look
at some of our earlier equations in a different light.

Accordingly, let us briefly revise the physics which underlies eqns (2.77)
through (2.79). Under the single-scattering scenario implied by the first Born
approximation, these equations give an expression for the coherent scalar X-ray
wave-field ¥, (x,y, z), which results when a plane wave exp(ik - x) is incident
upon a weak non-magnetic localized scatterer characterized by a given spatial
distribution of time-independent refractive index n,(z,y, z). According to eqn
(2.77), the resulting wave-field can be written as a sum of the unscattered wave-
field, together with a distorted spherical wave fexp(ikr)/r. The distortion on
the spherical wave exp(ikr)/r, which emanates from the scattering volume, is
quantified by the scattering amplitude f which modulates the otherwise perfect
outgoing spherical wave. Determination of the scattering amplitude f, which is
the central task to be performed in determining the scattered wave-field given by
eqn (2.77), proceeds in two stages. First, one evaluates eqn (2.78) for all values
of Ak, to give a function proportional to the Fourier transform of [n2 (z,y, z) — 1]
with respect to x,y, and z. Second, one notes from eqn (2.79) that only a certain
two-dimensional subset of points, in the three-dimensional Fourier transform of
[n2(z,y,2) — 1], contributes to diffracted wave-field.

Indeed, according to eqn (2.79), to evaluate the radiation wave-field which re-
sults from the scattering scenario described above, one must evaluate the Fourier
transform of [n2 (x,y, z) —1] at the series of points k% —kq in Fourier space. Since
all scattering directions X are possible, this series of points forms a spherical sur-
face in Fourier space.

Known as the Ewald sphere, this Fourier-space construction is sketched in
Fig. 2.6(a). The incident wave-vector kg is denoted by the vector pointing verti-
cally downwards. The tip of this vector is identified with the origin O of Fourier
space. The scattered wave-vector kx has a modulus which is equal to that of the
incident wave-vector—that is, the scattering is elastic—since x is a unit vector.
The totality of all possible scattered wave-vectors kx, associated with the set of
all possible scattering directions X, have tips which all lie on the surface of the
sphere indicated in part (a) of the figure, provided that the tails of all such scat-
tered wave-vectors are made to coincide with the tail of the incident wave-vector.
Now imagine that the Fourier space, in which the Ewald sphere is located, is also
occupied by a function equal to the Fourier transform of [n2 (z,y, z) — 1. In gen-
eral, this function will be smeared throughout the space, although for localized
scatterers it will typically decay rapidly to zero for Fourier-space radii whose
magnitude is much larger than the reciprocal of the smallest length scale over
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Fig. 2.6. (a) Ewald sphere for elastic scattering of incident plane waves under
the first Born approximation. Incident and scattered wave-vectors are respec-
tively denoted by kg and kx. (b) Series of Ewald spheres, for three different
incident beam energies, all of which have the scatterer in the same orienta-
tion relative to the incident plane wave. (c¢) Series of Ewald spheres, for four
different beam angles of incidence, all of which have the illuminating beam
at the same energy.

which the refractive index varies appreciably. Since the Fourier transformation
is an invertible operation, all of the information, contained in [n? (x,y,2) — 1], is
contained in its Fourier transform with respect to x,y, and z. However, it is only
the values of this transform over points on the surface of the Ewald sphere, which
will contribute to the scattered radiation wave-field in a particular experiment,
with plane wave illumination and under the first Born approximation.

Suppose one wishes to probe values of the Fourier transform of [n2 (x,y, z)—1],
for values other than those which lie at the surface of a given Ewald sphere,
for a particular plane-wave scattering experiment. One means of doing this, as
sketched in Fig. 2.6(b), is to vary the energy of the incident plane wave while
leaving unchanged both the orientation of the object and the direction of the
incident plane wave. One will then have a series of Ewald spheres of different
radii, all of which have a common point O. Three such spheres, denoted A, B
and C, are sketched in the figure. Another strategy, as sketched in Fig. 2.6(c),
is to leave the energy of the incident beam unchanged, while rotating either the
direction of the incident beam or the orientation of the sample. Regardless of
how this second strategy is effected, we can view the Ewald sphere as thereby
rotating about the origin of Fourier space. This will sweep out a spherical volume,
centred on this point and with a radius equal to 2k = 47 /), as indicated by the
dotted sphere H (known as the limiting Ewald sphere) in this figure. Within
this limiting sphere, we see four Ewald spheres corresponding to four different
experiments, these being labelled D, E, F, and G.

2.5.3.2 The FEwald sphere for scattering from crystals Notwithstanding the
importance of the Ewald sphere in the context of kinematical scattering from
crystals, we shall only give a cursory treatment of this topic here. There is a vast
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literature on the subject, to which the interested reader is referred. Excellent
introductory accounts are given by Ashcroft and Mermin (1976), Kittel (1986),
and Hammond (2001), with advanced treatments including the texts of Azaroff
(1968), Warren (1969), Pinsker (1978), Cullity (1978), Woolfson (1997), and
Authier (2001).

Here, we confine ourselves to a brief look at how the first Born approximation,
for kinematical X-ray diffraction, is specialized to the case where the scattering
potential is periodic (i.e. where the scatterer is a crystal). Introduce the notation:

n2(x) — 1 = q(x)S(x) (2.86)

w

for these periodic variations in refractive index associated with a non-magnetic
crystal. Here, ¢(x) is periodic in three dimensions, and therefore infinite in extent.
The so-called shape function S(x) has been introduced to account for the fact
that real crystals are finite in size. This shape function, whose form will be
left arbitrary and which will be not be considered again until later in this sub-
section, is defined to have a value of unity inside the volume of space occupied
by a finite-sized but otherwise perfect crystal, and to have a value of zero outside
that crystal.

Note that, in writing down the above idealized equation, we have ignored
the following features of real crystals: (i) real crystals typically contain defects—
namely deviations from strict periodicity—which include but are not limited
to stacking faults, vacancies, interstitials, screw dislocations, and twins (see, for
example, Ashcroft and Mermin (1976) and Kittel (1986)); (ii) at all temperatures,
each atom will oscillate about its equilibrium position in the crystal, making the
refractive index time dependent, and thereby influencing the X-ray diffraction
pattern recorded from such a structure (see, for example, Warren (1969)); (iii) we
have neglected the possibility of relaxation effects, whereby the structure near
the surface of a crystal may differ from that within the bulk of the crystal.

Notwithstanding our neglect of the above features of real crystals, eqn (2.86)—
which models a crystal as a perfectly periodic three-dimensional distribution of
refractive index that is truncated to the volume of space in which the shape func-
tion S(x) is equal to unity—is an idealization that is sufficient for our purposes.
Focussing upon ¢(x) for the present, we note that since this quantity is periodic,
there exist three linearly independent vectors a, b, c which are such that:

q(x +ua+ vb + wc) = q(x), (2.87)

for any integers u,v, and w. Note that the vectors a, b, c will not, in general,
be orthogonal to one another. Their choice is not unique, but for a given series
of three directions, one can demand that each member of this set is as short
as possible. The parallelepiped formed by the triple of vectors a, b, c can then
be associated with a so-called ‘unit cell’ of the lattice. Associated with each of
these unit cells is a particular distribution of scatterers within the volume of the
cell, with the full scattering distribution ¢(x) being built up by stacking these
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parallelepiped ‘bricks’ to fill all of space. All possible linear combinations of the
vectors a, b, ¢, with integer coefficients in front of each vector, results in the so-
called ‘direct lattice’. This is a periodic lattice of points in three dimensions, at
each point of which is placed the same atom or group of atoms.

Since ¢(x) is periodic, it can be expanded as a Fourier series. As we shall
justify in a moment, the required Fourier series is:

q(x) = Z Z Z nit €xp (i8hk - X),  nr = ha” + kb* +lc”, (2.88)
okl

where h, k, and [ can each take any integer value, gp; are the Fourier coefficients
of ¢(x) = q(x,y, 2), and:

at — 271'b><c7 b* — 27Tc><a7 ot 27ra><b. (2.89)
a-(bxc) a-(bxc) a-(bxc)
The vectors a*, b*, c* are the basis vectors for the so-called ‘reciprocal lattice’
ghki, a concept of central importance in the theory of X-ray diffraction from
crystals. As the reader can readily show, all possible dot products between any
member of the direct-lattice basis a,b,c, and any member of the reciprocal-
lattice basis a*, b*, c*, are given by:

a*-a=2m, a*-b=0, a*-c=0,
b*-a=0, b*-b=2r, b*-c=0, (2.90)
c"-a=0, c*-b=0, c*-c=2m.

We are now ready to verify the correctness of the Fourier-series decomposition
given in eqn (2.88), by showing that the left side of this equation indeed obeys
the condition for periodicity given in eqn (2.87). Accordingly, let us prove that
eqn (2.88) is invariant under the replacement of x with x + ua + vb + wc, as
stipulated in eqn (2.87), for any triple of integers (u,v,w):

q(x +ua+vb 4 wc)
= ZZ ZQhkl exp [i8nr - (X + ua + vb + wc)]
hookoL

=3 anrvexp (ignn - x) expli(ha* + kb* + Ic*) - (ua + vb + wc)]
ok

= Z Z Z qnki exp (ighki - X) expli(hua® - a + kvb* - b + lwc” - ¢)]
ook

= Z Z Z qnrt €xp (ighrt - X) exp[2mi(hu + kv + lw)]
hokoL

= q(x). (2.91)
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Note that, in obtaining the above equations, we have made use of the definition
for gpr given in eqn (2.88), the dot products given in eqn (2.90), and the fact
that hu + kv 4+ lw is an integer. This completes our proof, that the Fourier
decomposition given in eqn (2.88), indeed has the periodicity required by eqn
(2.87).

We are now ready to consider the problem of X-ray diffraction from the
truncated but otherwise perfect crystal having the distribution of refractive index
given by eqn (2.86), under the first Born approximation. Evidently, this is a
special case of the theory presented earlier, which culminated in eqns (2.77)
through (2.79). Accordingly, let us calculate the quantity f(Ak) in eqn (2.78).
In the first instance, assume the shape function S(x) in eqn (2.86) to be equal
to unity, which amounts to ignoring effects in the diffraction pattern that are
due to the finite size of the crystal. If we then substitute the Fourier-series
representation (2.88) into eqn (2.78) and interchange the order of the integrations
and summations, we obtain:

f(Ak) = % ZZZQW /// exp [i(gri — Ak) - x'] dx’. (2.92)
hokL

The integral, on the right side of this equation, is proportional to the Fourier-
integral representation of the three-dimensional Dirac delta:

o(k) = ﬁ /// exp(ik - x)dx. (2.93)

Hence eqn (2.92) becomes:
FAK) =202k > " N " qrrad(grr — Ak). (2.94)
ook

Substitute this into eqn (2.77), then make use of eqn (2.79), to arrive at the
following expression for kinematical X-ray diffraction from a crystal:

. ik .
Yu(x) = exp(iko - x) + QWZRZW DY anrd(grr — kX + ko).
hok 1
(2.95)

The interpretation of this equation is similar to that which was given earlier,
in the context of the first Born approximation for scattering from non-crystalline
samples. Once again, we see that the wave-field 1,,(x) far from the scatterer is
given by superposing the unscattered plane wave exp(ikg - x) with a distorted
expanding spherical wave. Once again, the envelope on the distorted spherical
wave is related to the Fourier transform of the scattering distribution. However, it
is at this point that we reach the central point of difference between kinematical
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scattering by crystalline and non-crystalline samples. For the case of a crystal
considered here, and for an incident plane wave with wave-vector kg, the presence
of the Dirac delta in the above equation implies that scattered waves will only
be observed in directions x which are such that gpx; — kX + kg = 0. Recalling
eqn (2.79), this condition becomes the ‘von Laue diffraction condition’:

kx — kg = Ak = 8hkl- (296)

One of the most-used equations in the study of kinematical X-ray diffraction
from crystals, this result—which can readily be shown to be equivalent to the
famous Bragg Law (see Section 3.2.3)—may be visualized in terms of the Ewald
sphere sketched in Fig. 2.6(a). As was the case in our earlier discussions of this
construction, the incident and scattered wave-vectors are respectively denoted
by ko and kx, with k being the wave-number of the radiation and X being a unit
vector pointing along the direction of the scattered radiation. These two vectors
are placed such that the former has its tip coinciding with the origin O of the
reciprocal lattice. As mentioned earlier, this reciprocal lattice consists of the set
of points with position vectors gy, = ha*+kb*+Ic*, where h, k, [ are all possible
triplets of integers, and a*, b*, c* are the basis vectors for the reciprocal lattice,
which may be obtained from the basis vectors a, b, ¢ for the direct lattice, using
eqn (2.89). The origin O of the reciprocal lattice is then given by the point ggoo-

Equipped with these preliminaries, we are ready to interpret eqn (2.96) in
terms of the Ewald sphere. With reference to Fig. 2.6(a), scattering will only
occur in directions X which are such that the vector kX points to a reciprocal
lattice point—that is, diffraction occurs when a reciprocal lattice point intersects
the surface of the Ewald sphere. Stated differently, diffraction will only occur if
incident and scattered wave-vectors differ by a reciprocal lattice vector.

Since the Ewald sphere is finite in size and the spacing between points in the
reciprocal lattice is non-zero, this implies that the diffracted beam will only be
non-zero in a finite number of directions. This corresponds to the well-known
fact that the X-ray diffraction pattern of a crystal, which is sufficiently weakly
scattering for the assumption of single-scattering to be a good one, will consist of
a series of diffraction spots. Such a series of spots is shown in Fig. 2.7, this being
the diffraction pattern of zinc sulphide included in a 1912 paper by Friedrich,
Knipping, and von Laue. The unscattered beam is evident as the bright spot
at the centre of the image, with a number of diffraction spots surrounding this
undiffracted beam.

Thus far, we have ignored the effects of the finite size of the crystal, on the
kinematical diffraction of X-rays from such a structure. At a first level of ap-
proximation, the effects of this finite size may be included via the shape function
S(x), which was introduced in eqn (2.86). We leave it as an exercise to the reader
to modify the calculation, leading to eqn (2.95), so as to include the effects of
this shape function. One thereby concludes that the points in reciprocal space
become smeared out so as to occupy a non-zero volume, with the corollary that
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Fig. 2.7. X-ray diffraction image of zinc sulphide, taken from a 1912 paper
by Friedrich, Knipping, and von Laue. Image reproduced from Hammond
(2001).

the associated diffraction spots become decorated with fine structure indicative
of the shape of the diffracting crystal.

We close this section by mentioning the Rytov approximation, which is closely
related to the first Born approximation. We shall not give an account of this
theory in the present book, nor its relationship with the first Born approximation.
The interested reader may consult Tatarskii (1967), Nieto-Vesperinas (1991), and
Born and Wolf (1999), together with primary references therein. As an entry
point to the X-ray literature on this subject, we refer the reader to the paper by
Davis (1994), which uses the Rytov approximation to present a unified account
of X-ray scattering, absorption, and refraction.

2.6 Born series and dynamical scattering

Thus far, we have spoken at length regarding the first Born approximation,
this being an approximate means of solving the integral equation for scattering
given by eqn (2.70). With a view to obtaining the second and higher-order Born
approximations, we write this integral equation in operator form as:

W (%) = ¥3(x) + Gov ()0 (%), (2.97)

where the distribution of refractive index in the scatterer has been written as:
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vy (x) = — [n2(x) — 1] (2.98)

4r
and the Green operator G, is defined to be the operator which acts upon a given
input function of x, say f(x), and returns as output the convolution of the input
function with the outgoing Green function of angular frequency w:

= // Gu(x —x') f(x')dx'. (2.99)

In writing down eqn (2.97), and subsequently, we assume that all operators act
from right to left, and that the Green operator acts to everything on its right.
For example, we have:

G (X) ¥y (%) = Gu [vw (X)) (X)] - (2.100)

Having established the above notation, we see that the first Born approxi-
mation—obtained, as before, by replacing the wave-field on the right side of eqn
(2.97) by its unscattered value—is now written as:

V3 (%) = 92 (%) + Gurw (YL (x) = [1+ Gov, ()] 9 (%) (2.101)

Note that we have introduced a superscript on the left side of this equation, to
indicate that w&l)(x) is the approximation to ¥, (x) that is obtained under the
first Born approximation. Similarly, we denote by w&m) (x) the approximation to
1, (x) under the mth Born approximation, where m is an integer.

Now that we have eqn (2.101), this being the first Born approximation’s
estimate for 1, (x), we may obtain a better estimate for v,,(x) by replacing
the wave-field on the right side of eqn (2.97) by the estimate for this function,
which is given by the first Born approximation. This results in the second Born
approximation:

3 (x) = P3(x) + Guvw ()P (x) = {1+ Guvw (%) + [Guvw (%)]° } 922 (x)
(2.102)

This procedure may be iterated, giving an infinite hierarchy of approxima-
tions known as the ‘Born series’. The mth member of this series, namely the mth
Born approximation, is given by:

B0 (1) = {1+ Guvw (%) + [Guvu (K] + -+ + [Guv(x)]™ } 05 (). (2.103)

Each term, in the braces of the equation above, may be interpreted in terms
of the degree of scattering to which it corresponds. The first term, which is
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unity, corresponds to no scattering. The second term corresponds to the singly
scattered wave-field predicted by the first Born approximation. The third term
corresponds to doubly scattered radiation, and so on. Evidently, in the limit as
m tends to infinity, the Born series decomposes the wave-field in the presence
of a scatterer, as a sum of wave-fields, each of which has been scattered a given
number of times in interacting with the scatterer.

Now, we have previously used the term ‘kinematical’ to refer to scattering
theories that assume a single-scattering approximation. As has already been
stated, scattering theories that go beyond the single-scattering approximation,
such as the Born series outlined here, are known as ‘dynamical’ theories of X-ray
diffraction.

In considering a particular X-ray scattering scenario, one can make use of
second and higher-order Born approximations if the first Born approximation is
insufficient. In practice, however, it is often the case that the Born series is poorly
converging, in which case alternative means of approximation are needed to treat
X-ray diffraction which is dynamical in character. Note that the multislice and
eikonal approximations, discussed in the following two sections, together with
the projection approximation treated earlier in this chapter, are examples of dy-
namical diffraction theories. An important omission, from our accounts, is the
Bloch-wave approach to dynamical X-ray scattering. The interested reader is
referred to the book on dynamical X-ray diffraction by Authier (2001), and ref-
erences therein, for more detail on the vast and fascinating subject of dynamical
X-ray diffraction.

2.7 Multislice approximation

The multi-slice method is an intuitive procedure for treating dynamical scat-
tering by a localized scattering potential. This methodology, of which there are
many variants, was originally developed in the context of electron diffraction by
Cowley and Moodie (1957)—see also Cowley (1995). Our outline, of one such
variant, will make use of both the angular spectrum formalism (see Section 1.3)
and the projection approximation (see Section 2.2). Using these tools, we will
construct a multislice algorithm for the scattering of coherent scalar X-rays from
a given potential, which is sufficiently weakly scattering for us to be able to
neglect backscatter.

Consider the scenario shown in Fig. 2.8, but with the scatterer absent. Sup-
pose that one was given the value of a given coherent scalar X-ray disturbance,
over the plane A. Suppose, further, that one knew the wave-field to be forward
propagating, that is, there are no points on the plane A at which there is a
flow of energy from right to left. Given knowledge of the forward-propagating
wave-field over the plane A, we saw in Section 1.3 that the angular-spectrum
formalism allows us to construct an operator Da that may be applied to this
disturbance, yielding the propagated disturbance over any parallel plane which
lies at a non-negative distance A downstream of A. We saw that this operator
has the explicit form given by eqn (1.25) of the previous chapter, namely:



100 X-ray interactions with matter

—> /v
— —
> | T i
—
A B C DEF GHn A

Fig. 2.8. Coherent paraxial X-ray radiation is incident from the left, with optic
axis z. Multislice algorithms consider the scatterer, here shown in grey, to be
sliced into a number of slabs. Here, these slabs are delineated by the series
of equally spaced parallel planes marked A, B, C, etc. After passing through
all slices of the scatterer, one has the exit-surface wave-function over the
plane marked H. This exit-surface wave-function then propagates into the
half-space downstream of the exit surface.

Da = F lexp [ZAM F. (2.104)

Consider, once again, the scattering scenario sketched in Fig. 2.8, but this
time with the scatterer present. Here, we see a forward-propagating paraxial
wave-field incident from the left, which creates a known disturbance over the
plane marked A. All scatterers, denoted by the irregular grey shape in the figure,
are assumed to lie between the planes marked A and H, respectively. The object
is assumed to be sufficiently weakly scattering such that the wave-field is forward
propagating, over any of the sequence of parallel planes marked A through H.

In order to obtain the wave-field over the exit surface H, multislice algorithms
split the problem into that of propagating from plane A to B, then from B to
C, and so on until one reaches the plane H. Accordingly, let us consider the
question of how to propagate the wave-field from the plane z = zy to the plane
z = 29+ A, the thickness of the ‘slice’ being given by A > 0. The plane z = zg is
assumed to lie somewhere between the planes A and H, as marked in the figure.
Within the slab, between the planes z = 2z and z = zg + A, the scatterers are
described by their three-dimensional distribution of refractive index n,,(z,y, 2),
with zg < 2 < z9 + A.

According to the projection approximation, the wave-field ¢, (x,y, z9) at the
entrance surface of the slice is related to the wave-field ¥, (x,y, zo + A) at the
exit-surface of the slice by the appropriate form of eqn (2.36). Thus, bearing eqn
(2.29) in mind, we write down:

Yo, y,2 = 20 + A) (2.105)

z=zo+A
~ exp(ikA) exp {2]2/ 1 —n(z,y,2)] z} Yo (T,y,2 = 20).

=20
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Since it was obtained under the projection approximation, the above expres-
sion ignores the effects of free-space propagation between the planes z = zy and
z = zg + A. The essence of the multislice approximation is to separately con-
sider the effects of free-space propagation within the slab, from the phase and
amplitude shifts obtained under the projection approximation and quantified in
the above equation. Thus the multislice approximation simply applies the scaled
free-space diffraction operator exp(—ikA)Da (see eqn (1.25))%* to the right side
of eqn (2.105), to obtain the following approximate expression for the wave-field
at the exit-surface z = zg + A of the slab, from the wave-field at the entrance
surface z = zg of the slab:

Yo (2, y,2 = 20 + A) (2.106)

k z=zo+A
~Dalewiy [ -kl s =) ).
Z=Zz0

This expression acquires a simpler form if we note that the paraxiality of the
radiation allows us to apply the binomial approximation (1.26) to the explicit
form of the free space diffraction operator given in eqn (1.25). This results in:

ki + k)
VYo (2,9, 2 = 20 + A) = exp(ikA)F L exp <_Z’A12ky

=zp

k z=zo+A
x F exp Z/ [1- ni(:v,y, 2)|dz p Yo (z,y, 2 = 20). (2.107)

In the above equation, as has been our practice for cascaded operators, all oper-
ators are assumed to act from right to left (cf. eqn (2.100)).

By recursively applying the above equation, one can propagate the wave-
field from z = zy to z = zg + A, then from z = 29 + A to z = 2z + 24, and
so forth, until one arrives at the wave-field at the exit-surface of the scattering
volume. Evidently, the slice thickness A must be chosen to be sufficiently small.
In practice, a rule of thumb is to continue reducing the slice thickness until
further reduction in this thickness produces no change in the calculated exit-
surface wave-function, to within the numerical accuracy desired for this quantity.

2.8 Eikonal approximation and geometrical optics

Here, we introduce the eikonal approximation for treating the interactions of
coherent X-rays with matter. Closely related to the projection approximation
introduced in Section 2.2, this formalism serves to forge a link between the

44Note that the free-space propagator has been scaled by the phase factor exp(—ikA), since
the complex conjugate of this phase factor has already been accounted for in making the
projection approximation.
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wave and ray theories of X-ray radiation, by showing how the latter emerges
as a limiting case of the former.*> Our treatment begins with a derivation of
the so-called hydrodynamic formulation of the scalar wave optics of coherent
X-ray wave-fields. One of the resulting equations is a continuity equation, being
an expression for the local conservation of optical energy. The other equation
in the hydrodynamic formulation, known as the eikonal equation, is of more
importance in the present context. This equation passes, in the limit of infinitely
small wavelength, to a central equation of geometric optics.*® It therefore forms
a conceptual bridge—one of many—between the wave and ray theories of the
X-ray wave-field. At this point, we shall make contact with the formalism for the
projection approximation which was outlined in Section 2.2, by rederiving one
of its central results within the context of the eikonal approximation. Here, one
can visualize the X-ray disturbance in terms of rays that continuously evolve as
they travel through a refractive medium. In the absence of a medium, and in
the geometric optics limit of zero wavelength, these rays travel in straight lines
through free space. However, if the geometric optics limit is relaxed, a so-called
‘diffraction term’ is present in the eikonal equation, which serves to bend the
rays even when they are travelling through free space. This bending of rays,
which the formalism also indicates to be present within a material medium, is
associated with the phenomenon of diffraction.

With a view to obtaining a hydrodynamic formulation of coherent scalar X-
ray wave-fields, return to the inhomogeneous Helmholtz equation (2.28). Write
the coherent wave-field 1, (, y, 2) in terms of its intensity |1, (z,y, 2)|? = L,(z, y,
and phase arg[v,, (z,y, 2)] = du(x,y, z), so that eqn (2.28) becomes:

N

(V2 + k°nd (2,9, 2)] { I,(z,y,2)exp [ig,(z,y, z)]} =0. (2.108)

Expanding out the Laplacian of the term in braces, we obtain®7:

45Note, also, that these calculations have direct parallels with the so-called ‘hydrodynamic’
formulation of quantum mechanics. Due to Madelung (1926), this formulation of quantum
mechanics is discussed in standard texts such as that of Messiah (1961). Note that one speaks of
a ‘hydrodynamic’ formulation, on account of the evident parallels between such a formulation—
which works with currents and energy densities rather than a complex wave-field—and the
equations of fluid mechanics.

46Rather confusingly, this limiting case is also known as the eikonal equation—for clarity,
we will always refer to this as the eikonal equation of geometric optics.

47In the second line of eqn (2.109), we have used the identity V2 = V - V. In the third
line, we have used a form of the product rule, namely V(AB) = AVB + BV A, for suitably
well-behaved functions A and B. By ‘suitably well behaved’, we mean that these functions
must be continuous, single-valued, and differentiable. Note that these conditions will not be
fulfilled at points in space where the intensity vanishes, together with points where the phase
possesses singularities of the form discussed in Chapter 5.
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V2 VL(,9,2) exp lidu(w,9,2)]}
:V~V{ Iw(x,y,Z)eXp[i%(x,yaz)]}

=V- {\/Iw(x, ¥, 2)V explig, (z,y, 2)] + explidw(z, y, 2)|V/ 1, (x,y, z)}

. ipw(T,y,2) I
=V- {\/Wewﬁw(r,y,z)iv(éw(x)y’z:) + € 7 (v w(x7)yaz) } )
w :I;7 y? Z

(2.109)

Each term, inside the braces of the last line, is equal to a scalar function multi-
plied by the gradient of another scalar function. With a view to evaluating the
divergence of each of these terms, recall the following vector identity for two
suitably well-behaved functions A(z,y, z) and B(x,y, 2):

V- [A(z,y,2)VB(z,y,2)] = A(z,y, 2)V*B(x,y, 2) + VA(z,y,2) - VB(,y, 2).
(2.110)
Making use of this identity, one can expand the last line of eqn (2.109). Having
done so, substitute the result into eqn (2.108), and then cancel a common factor

of \/I,(x,y, z) expligy(z,y, 2)], to arrive at:

V21, (2,y,2) VI, (2,y,2) Voo (z,y, 2)

21,(x,y, 2) I,(z,y,2)
VI(2,y,2)]* _

CALu(w,y, )2

k*nl(z,y,2) +iV3¢u(2,y,2) +

—|Vou(z,y,2)[ (2.111)

The real part of this expression, and I, (x, y, z) multiplied by the imaginary part
of this expression, respectively lead to the following pair of equations:

V21, (x,y,2) VI, (z,y,2)|?
k2n2 — eV, 2 _ P Hh Il g 2.112
le(l’,y,z)+ QIW(.’I},y,Z> | ¢’ (II?,y,Z)| 4[1“;(1‘7:1},2)]2 ) ( )
Lo(2,y,2) V2o (2,9, 2) + VIu(z,y, 2) - Voo (z,y,2) = 0. (2.113)
The first of these equations may be simplified by noting that:
2 Iw 2Iw Iw 2

Iw(fE,y,Z) B 2Iw(z7yvz) 4]3)(I,y,2’) ’

with the second equation being simplified by recognizing its left-hand side to be
the divergence of I, (z,y, 2)Vé,(z,y, z). We thereby arrive at two key results of
the present section, namely a hydrodynamic formulation of the inhomogeneous
Helmholtz equation (2.28):
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2
Voo (x,y,2)|* = Kn(2,y,2) + Vivl@yz) (2.115)
I,(x,y,z)

Equation (2.115) is known as the eikonal equation. In the first instance, let
us consider the limiting case of this equation which results when the length scale,
over which the intensity changes appreciably, is much larger than the wavelength
of the radiation. In this case, which corresponds to the geometric optics limit,
the second term on the right side will be negligible in comparison to the other
terms.*® Thus, in the geometric-optics limit, eqn (2.115) becomes the eikonal
equation of geometric optics:

Voo (z,y,2)| = kny(z,y,2), k— oo (2.117)

With a view to interpreting this equation, and the caution that this interpre-
tation will take a few paragraphs to reach, consider Fig. 2.9(a). Here we depict
coherent scalar X-ray waves incident from the left, passing though a medium in
which the refractive index varies with position. For clarity, this three-dimensional
distribution of refractive index has not been included in the diagram. Locally,
and in the absence of topological defects such as the phase vortices discussed in
Chapter 5, the wave-field is planar. This is suggested in the diagram, by having
the wave-fronts being close to parallel to one another, over sufficiently small re-
gions. Since they are identified with the surfaces of constant phase, the normal to
the wave-fronts is given by the phase gradient V¢, (x). One such vector is shown
in the diagram. Subtleties regarding gauge freedom?*® aside, we may identify this
vector with the direction of the energy flow at a given point in the field.

In steady-state fluid flow, the notion of ‘streamlines’ is often useful. These
streamlines may be defined as the set of lines, passing through the fluid, which
are such that the local current vector is tangent to every point on the line. As
a corollary to this construction, a small test particle, placed at one point on a
given streamline, will move along the streamline as it is carried along by the
fluid. This notion has an analogue in Fig. 2.9(a), with the line BAC being one

48To see this, note that the phase of the wave-field will change by approximately 27 over
distances on the order of one wavelength. Therefore the phase gradient scales as the inverse
of the wavelength, that is, it scales with the wave-number k. Therefore, the left side of eqn
(2.115) scales as k2, as does the first term on the right side. The second term on the right side
scales as the inverse square of the characteristic length scale over which the intensity changes
appreciably. Therefore, this term is negligible compared to the other terms in eqn (2.115), in
the geometrical optics limit, where k tends to infinity.

49The gauge freedom associated with the electromagnetic field, and its relevance to the
ambiguities inherent in the concept of energy flow and energy density at a point, will not be
dealt with in this book. For an entry point into the literature on this subject, see the references
cited in Nieto-Vesperinas (1991).



Eikonal approximation and geometrical optics 105

—>
—>
—>
—p By~
—>
—>

(@) (®)

Fig. 2.9. (a) Coherent X-ray waves are incident from the left, passing through
a space with a given distribution of refractive index (not shown). Surfaces
of constant phase are indicated by wavy lines. The phase gradient V¢, at a
point A is shown, with the dashed curve BC corresponding to a ‘streamline’
of the field. (b) Corresponding diagram in which plane waves pass through
a non-uniform medium (not shown) which is sufficiently weakly scattering
for the phase gradient, at each point in the field, to point in almost the
same direction as that of the incident field. Thus the streamline DE, of the
unscattered field, is very close to being a streamline of the field in the presence
of the scattering medium.

such X-ray ‘streamline’. Streamlines, of the optical flow, are lines which are such
that the phase gradient is tangent to every point on the streamline.

Introduce the arc length s measured along a particular streamline, with re-
spect to a convenient origin on that streamline. Since the phase gradient is tan-
gent to every point on the streamline, and with the agreement that the direction
of increasing s is chosen to be parallel rather than antiparallel to the local phase
gradient, the modulus of eqn (2.117) implies that:

9u[x(s),y(s), z(s)]
Js

Integrating with respect to s, we arrive at:

= kngy[z(s),y(s),2(s)], k— oo. (2.118)

* 0¢u[x(s),y(s), 2(s)]
Js

buln(5),y(s), 2(s)] = / ds

50

s ds
= —

o [ SoEm ey o @no
Here, the phase origin is chosen to be the point [z(sg), y(s0), 2(s0)] on the stream-
line, at s = sg, with an arbitrary point on the streamline being denoted by
[z(s), y(s), 2(s)].

From a physical point of view, the eikonal equation specifies how the spac-
ing between locally planar wave-fronts is altered by the presence of a refractive
medium. In so distorting the phase of the radiation wave-field, the energy flow
of the field is altered, that is, the wave-fronts are refracted. This distortion of
the phase is quantified by eqn (2.119).
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To deepen our understanding of this result, note that one may re-derive it
using the following geometric-optics argument: (i) At a given point on the stream-
line, the local wavelength is equal to A/n,,, where A is the vacuum wavelength
and n,, is the value of the refractive index at the specified point on the stream-
line. (ii) Therefore, when one moves through a distance ds on the streamline,
this corresponds to moving through a total of ds/(\/n,,) wavelengths. (iii) Since
27 radians of phase are accumulated when one moves through a distance of one
local wavelength along the streamline, this implies that the phase accumulated
in moving through a distance ds is equal to 2wds/(\/ny,). (iv) Integrating along
the streamline, from a convenient origin, one arrives at eqn (2.119). As a corol-
lary to this geometric-optics view, note that the rays travel in straight lines in
the absence of any medium, but that they do not, in general, travel in straight
lines in the presence of a medium.

As a special case of eqn (2.119), consider Fig. 2.9(b). Once again, a three-dim-
ensional refractive medium is considered to be present, but is not explicitly in-
dicated for the sake of clarity. The medium is assumed to be sufficiently weakly
scattering that the streamlines, of the scattered field, do not differ appreciably
from the streamlines of the unscattered field. Further, the incident field is as-
sumed to be a coherent scalar z-directed plane wave. Under these assumptions,
eqn (2.119) reduces to:

dz dz
o) = [ s = | Sy @

which is identical to the corresponding result obtained under the projection
approximation of Section 2.2. Indeed, there is evidently a rather close correspon-
dence between the two theories.

Having investigated the eikonal equation (2.117) of geometrical optics, let us
relax the geometric optics limit and return to the wave-optical eikonal equation
(2.115). Since it is the only term which vanishes in the limit of zero wavelength,

the term I, 1 QVQL,l/ % must embody the effects of diffraction. Further, since eqn
(2.116) remains unchanged in the geometric-optics limit, and the pair of equa-
tions (2.115) and (2.116) are fully equivalent to the inhomogeneous Helmholtz

equation from which they were derived (at points with non-zero intensity), we

conclude that all diffraction effects are accounted for by the term I, 1/ 2V2L},/ 2,

We shall therefore speak of this as the ‘diffraction term’.° Taking this diffraction
term into account, and realizing that the previously discussed notions of X-ray

50 As an interesting historical aside, note that there is a direct parallel between the diffrac-
tion term and the so-called quantum potential of David Bohm’s famous hidden-variable theory
of non-relativistic quantum mechanics (Bohm 1952). Now, we have already remarked on the
identical mathematical form of the inhomogeneous Helmholtz equation (2.28), and the time-
independent Schrédinger equation for spinless non-relativistic particles in the presence of a
scalar potential. Accordingly, the hydrodynamic formulation of coherent scalar wave optics,
presented in the main text, has a direct parallel with Madelung’s hydrodynamic formulation
of quantum mechanics (Madelung 1926). Independently of this work, Bohm arrived at the
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streamlines still hold good when this term is not neglected, we write down the
following generalized form of eqn (2.119):

A2 v/,
_277/ A/nw\/ t (2.121)

In the last line, the geometric optics limit corresponds to replacing the square
root with unity. We see that the rate, at which phase is accumulated as one
travels along an X-ray streamline, is influenced by the diffraction term. From a
wave-optics point of view, this diffraction term can be thought of as providing
an additional distortion to the shape of the locally planar wave-fronts of the
coherent field, which exists in addition to the distortion provided by the local
value and spatial rate of change of the refractive index of the medium through
which the wave is travelling. From a ray optics point of view, the diffraction term
can be thought of as serving to alter the refractive index of the medium, making
this quantity a function of both the field intensity and its spatial derivatives, via
the prescription:

2 2

Ny — nuy |1+ 4:2”2 v\/\gj (2.122)

Regardless of the adopted viewpoint, it is evident that the diffraction term

is greatest where the intensity of the wave-field is most rapidly changing. This
is intuitively sensible, since it harmonizes with the knowledge that increasingly
rapid spatial fluctuations, in the intensity of a given coherent field in a given
region, typically leads to an increase in the rate at which the field diffracts as
it propagates. In general this diffraction occurs whether or not the X-rays are
travelling through a material medium. In particular, the vacuum form of eqns
(2.121) or (2.122) implies that rays do not in general travel along straight lines

same equations, namely the quantum analogues of eqns (2.115) and (2.116). What we call
the geometric optics limit (corresponding to zero radiation wavelength) is considered to be the
classical limit in the case of quantum mechanics (corresponding to zero de Broglie wavelength).
Bohm’s contribution was to interpret the diffraction term as providing an additional potential
for deviating the particle trajectories, allowing one to maintain a particle viewpoint even when
the diffraction term is non-negligible. Thus, when finite de Broglie wavelengths are allowed, the
particle viewpoint was considered to be preserved, provided that the potential was appropri-
ately modified by addition of the diffraction term. In turn, this idea has a parallel in the main
text, where we shall briefly investigate the effects of the diffraction term on ray trajectories.
The resulting theory is equivalent to the wave theory, at points of non-zero intensity, but works
in terms of rays.
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when propagating through free space, with these free-space trajectories becoming
progressively straighter as the wavelength is reduced.

As already mentioned, equs (2.115) and (2.116) are fully equivalent to the
inhomogeneous Helmholtz equation (2.28) from which they were derived, except
at points where the intensity vanishes or the phase becomes non-differentiable.
We close this section with a very brief return to the second member of this pair
of equations, namely the continuity equation (2.116). The continuity equation
is so named because it expresses local conservation of optical energy: applica-
tion of the Gauss divergence theorem converts this equation into the statement
that the flux of the energy-flow vector of the coherent scalar field, through any
closed surface, is equal to zero. This conservation law remains unchanged in
the geometric optics limit. Further, precisely because it is a local conservation
law for optical energy, the continuity equation is more general than the inho-
mogeneous Helmholtz equation (2.28) from which it was derived. For example,
if one allows the refractive index to be an arbitrary real function of intensity,
in the inhomogeneous Helmholtz equation, the continuity equation will remain
unchanged. This amounts to the natural statement that the inclusion, of an
arbitrary non-dissipative nonlinearity into an isotropic non-magnetic refractive
medium, is a complexity which does not alter local conservation of optical energy.

2.9 Scattering, refractive index, and electron density

Under the single-scattering viewpoint of the first Born approximation, the radia-
tion downstream of an illuminated scatterer is considered to be the superposition
of an unscattered wave-field, together with the sum total of all spherical wave-
fields that originate from single-scattering events at each point in the sample.
This viewpoint is epitomized by Fig. 2.5. A different viewpoint, which does not
decompose the wave-field into unscattered and spherical waves, is furnished by
the projection approximation. With reference to Fig. 2.1, the projection approxi-
mation regards the wave-field to be a single entity, which continuously evolves as
the wave proceeds from the entrance surface to the exit surface of the scatterer.

Of course, the first Born and projection approximations are different approx-
imations, with different domains of validity. Having said this, there exists at
least one case—that of a weakly forward-scattering thin uniform slab of ma-
terial irradiated by spherical waves—in which the two methods yield identical
results. In this section, this case will be separately treated under the first Born
and projection approximations, thereby forging an instructive link between the
two methods. More importantly, by equating the results obtained using each
method, we will arrive at a formula that expresses the X-ray refractive index
in terms of the electron density of the sample. Our presentation of this lovely
calculation is adapted from the treatments of Sakurai (1967), Als-Nielsen (1993),
and Als-Nielsen and McMorrow (2001).

Begin by considering the elastic scattering of a planar coherent X-ray wave-
field by a single free stationary electron, of charge e and rest mass m., as sketched
in Fig. 2.10. Here we see a z-directed planar incident wave-field ¢ which illu-
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Fig. 2.10. A free electron is located at the origin O of a Cartesian coordinate
system (x,y, z). Incident upon this electron is the coherent z-directed X-ray
plane wave 1. An observation point @ is located at a distance R, far from
the electron. The line from O to @ is assumed to make a small angle 8, with
respect to the positive z-axis, allowing us to neglect the dependence of the
scattering amplitude on the polarization of the incident plane wave.

minates a stationary electron located at the origin O of a Cartesian coordinate
system (z,y,z) = x. We consider an observation point @), which is sufficiently
far from the origin for the asymptotic form of the scattered field to hold, and
sufficiently close to the positive z-axis for the magnitude of the angle 6 to be
much smaller than unity.! Under these conditions, a standard calculation based
on classical electrodynamics leads to the following form for the scattered field®?:

() ~ () — rou® SRERED (2.123)

x|  Amegmec?’

Here, ¥ (x) is the asymptotic form of the complex scalar wave-field which re-
sults when the incident wave 1g(x) is scattered through a small angle by an
electron located at the origin of coordinates. The quantity rg, known variously

as the Thomson scattering length or the classical electron radius, quantifies the

strength of scattering due to the electron. Lastly, ((,0) is the value of the incident

disturbance at the location of the electron. We see that the scattered wave-field

51Note, in this context, that the assumption of a small scattering angle allows us to work
within the framework of a scalar theory (which ignores polarization). The scattering properties
of the electron are polarization dependent, if this condition of small scattering angle is relaxed.

52This scattering scenario, without the approximation of small scattering angles, is known
as Thomson scattering. The resulting polarization-dependent scattering amplitude leads to
the polarization-independent eqn (2.123), when the scattering angles are small. Derivation
of the Thomson scattering amplitude can proceed via at least three levels of sophistication.
At the simplest of these levels, one can use classical electrodynamics—as embodied in the
Maxwell equations—to obtain this scattering amplitude. Such a derivation is presented in
many standard texts on electrodynamics, such as that of Jackson (1999). A more sophisticated
treatment may be based on the non-covariant form of quantum electrodynamics, in which the
electromagnetic field is quantized and the electron is described using the Schrodinger equation.
The most sophisticated treatment, of the three that are described here, uses the covariant
formulation of quantum electrodynamics. In this formulation, both the photon and electron
fields are quantized, being described in a fully covariant manner. Each of the two quantum
treatments of Thomson scattering are described in the text by Sakurai (1967). See also Heitler
(1954) and Mandl and Shaw (1993).
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Fig. 2.11. A source A emits coherent spherical X-ray waves that are incident
upon a thin scattering screen, of thickness T'. The entrance surface of the
screen coincides with the xy plane of a Cartesian coordinate system, with
the source A lying on the negative z-axis, and the observation point B lying
on the positive z-axis. The distances from the source to the origin, and from
the origin to the observation point, are respectively denoted z40 and zpp. A
point P(z,y), within the volume of the scatterer, is indicated. The distances
from the source A to P, and from P to the observation point B, are respec-

tively denoted by r4p and rpp. After Als-Nielsen (1993) and Als-Nielsen and
McMorrow (2001).

is decomposed into two parts, an unscattered wave-field and a spherical wave
emanating from the scattering electron. Note that when the incident wave-field
is considered to be a plane wave, the above formula is a special case of that given
in eqn (2.77), in the context of the first Born approximation.

Equipped with the Thomson formula (2.123) for the scattering of a coherent
scalar X-ray wave by a free electron, through a small angle, we are ready to
consider the scenario sketched in Fig. 2.11. Here, we see a source of spherical
waves A, which pass through a thin scattering screen whose entrance surface
coincides with the xy plane of a Cartesian coordinate system. Both the source
A, and the observation point B, are taken to lie on the z-axis. The screen is taken
to be an infinitely extended uniform-density single-material slab of thickness T'.
This slab is considered to be a continuum of scattering points, all of which
have the same scattering strength, and all of which are uniformly distributed
through the volume of the material. The thickness of the slab is taken to be
sufficiently small for there to be negligible phase differences between scattered
waves emanating from a point (x,y,0) on the entrance surface of the slab, and
the corresponding point (z,y,T) on the exit surface of the slab.

The scattering due to nuclear matter will be neglected—we consider only the
scattering of the incident X-ray radiation by the electron density present in the
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slab. Further, we will assume that the energy of the incident radiation is much
greater than the binding energies of all electrons present in the material,®® so
that the motion of the electrons may be neglected, and that all scattering angles
are small. Further, we take the photon energy to be much smaller than the rest-
mass energy of the electrons. Lastly, we make the first Born approximation, by
considering the wave-field incident upon any given scatterer to be approximately
equal to the incident wave-field. With all of these assumption in place, we may
make use of the small-angle version of the Thomson scattering amplitude in eqn
(2.123), for each individual electron in the scattering screen. The total wave-field,
downstream of the scattering screen, can then be considered to be a sum of the
unscattered incident spherical wave emanating from A, and the sum total of all
Thomson-scattered wave-fields due to each electron present in the screen.

Given the assumptions listed above, let us calculate the contribution to the
scattered radiation at the observation point B, by an infinitesimal column of the
scatterer that passes through the point P(z,y). This column of scatterers has
a length T perpendicular to the slab, and an infinitesimal cross-sectional area
given by the areal element dxdy. The total number of electrons in this scattering
column is given by pT'dxdy, where p is the number of electrons per unit volume
in the uniform material. In accord with one of the assumptions listed earlier,
we will neglect the phase differences due to electrons being at different positions
within the scattering column, which will be the case if the thickness T of the
screen is taken to be sufficiently small.

At the entrance surface of the scattering column the incident disturbance, due
to the spherical waves emitted from the source A, is given by <7 exp(ikrap)/rap.
Here, r4p is the distance from the source to the entrance surface of the column,
and 7 is a complex constant that specifies the strength of the source. According
to the Thomson scattering formula (2.123), in order to obtain the contribution

dwéi; of the scattering column at P to the scattered disturbance at B, we must
multiply the incident disturbance o exp(ikrap)/rap by three factors: (i) the
negative® of the Thomson scattering length r¢; (ii) the number pTdxzdy of elec-
trons in the column; (iii) the spherical wave exp(ikrpp)/rpp emanating from
the scattering volume. We therefore obtain:

xPURTAP) (s oy x SRURTPE) (2.124)

d§) = o
5B TAP TPB

To continue, let us assume that both z40 and zpp are much greater than
either |z| or |y|. This allows us to make a binomial approximation for the distance
rap:

53This allows us to consider the electrons to be approximately free.

54Since exp(im) = —1, we see that the presence of this negative sign, in formula (2.123),
indicates that the scattered wave is 7 radians out of phase with the incident radiation. As we
shall show, this fact implies the real part of the refractive index to be less than unity.
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1/2 2 2
%+ T+
TAP = \/ 230 T 22 + Y% = za0 (1+ Y ) N 2o+ = (2.125)

ZAo 2240

and similarly for the distance rppg:

$2+ 2
rpg szBJrQiy. (2.126)
Z0B

Substitute the above pair of binomial approximations into eqn (2.124), and then
replace the denominator raprpp by 240208, to give:

_To pT' o/ dxdy
ZA0%0B

X exp [;ik(xQ +y?) (1 + 1)] . (2.127)

dl/J(P) exp [ik(za0 + z0B)]

ZAO 20B

This is the contribution to the scattered radiation at B, due to the scattering
column at P(z,y). To obtain the total scattered disturbance s p at B, we
integrate over the whole screen:

ropT </
Ys B R — TPt exp [ik(za0 + z0B)]
ZA0Z0B

// exp {zk 22 + o) (1 + Z;Bﬂ dady. (2.128)

Transform to plane polar coordinates (r,8). Performing the trivial angular
integration gives a multiplicative factor of 27, leaving;:

2nropT o .
Vs~ — 7 oxp [ik(za0 + z08)]
ZA0%0B
r=R 1.,/ 1 1
x lim exp [ik:r < + )} rdr. (2.129)
R—oo [, 2 ZAO  ZOB

Next, we need to evaluate the integral appearing in the above equation. We
use a simple albeit non-rigorous method for computing this integral,>® by making
the change of variables u = 72 and then replacing k with k+ie, where ¢ is a small
real constant that is taken to tend to zero from above. The resulting integral is
elementary, and so we are led to the following chain of reasoning:

55For the reader requiring greater rigour, express the integral in terms of the Fresnel integrals
(see Section 1.4.2), and then make use of their asymptotic form. Other alternatives include the
method of stationary phase, and a method based on contour integration.
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r=R
1 1 1
lim exp |:2ik?"2 < + ﬂ rdr

R—oo [, ZA0  ZOB
1 u=R? 1 1 1
=5 ngréo eli%lJr - exp [Qw(k + ie) <ZA0 + ZOBH du
. . 1 _
— lim lim &P [(1/2,)Z<k+,ZE)R:(ZAOj 2op)] —1
R—00 e—0+ i(k +ig) (246 + 208)

i

k(220 +208)
Note that, in writing down the last equality, the penultimate line’s term in square
brackets is assumed to vanish. This will be the case if the term expli®c R? (z;(l) +
2o5)/2] = exp[—eR?(235 + 205)/2] is exponentially damped in the limits as ¢
tends to zero from above, and R tends to infinity from below. This will be the
case if the limits are taken such that e R? is arbitrarily large, so that R? tends
to infinity faster than € tends to zero. One means of ensuring this is to choose
R=1/e.

Having computed the integral in eqn (2.129), we re-write this equation as:

(2.130)

2mirgpT o exp [ik(za0 + zoB))
k(zao + zoB)

s B~ — . (2.131)
This expression for the scattered wave-field 1. g may then be used to determine
the total wave-field ¥ p at the observation point B. Recalling that the incident
disturbance is a spherical wave, so that the unscattered wave-field has an am-
plitude of & exp [ik(za0 + zoB)] /(240 + zoB) at the observation point B, we
obtain:

exp [ik(za0 + zoB)]
ZA0 + 20B s,

exp [ik(za0 + zoB)] {1 3 27ri7'0pT}
ZA0 + Z0B k

exp [ik(za0 + zoB)] exp (_ ZWiTOpT) _

Yp ~ A

=9

~ o

o p (2.132)

Note that, in passing from the second to the third line of this equation, we
have used the fact that |2mirgpT/k| < 1, allowing us to write 1 — 2mirgpT/k
as the exponential of —2mirgpT /k. This can always be arranged, by taking the
scattering slab to be sufficiently thin.

Equation (2.132) is our final result for the on-axis X-ray disturbance ¢p, at
the observation point B downstream of the uniform scattering slab shown in Fig.
2.11. We now evaluate this same quantity, using the projection approximation
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outlined in Section 2.2. Under this approximation, consider the slab to have a real
refractive index n, = 1—4,, with the usual dependence of the refractive index on
angular frequency w being explicitly indicated. Now, the unscattered disturbance
at B is given by & exp [ik(za0 + z0B)] /(240 + zoB), this being the spherical
wave emanating from the source at A. Under the projection approximation, the
scattering screen serves to shift the phase of the disturbance at B, by an amount
given by eqn (2.41). Therefore, according to the projection approximation, the
disturbance at the observation point B is given by:

Mexp [ik(za0 + z0B)]
ZA0 T 20B

VB exp (—ikd,T) . (2.133)

Equating results (2.132) and (2.133), which were respectively obtained under
the first Born and projection approximations, we obtain the following expression
relating the refractive index decrement d,, to the number density p of electrons
in the scatterer:

_ 2mrop e2p

8 = .
k2 2e0mec2k?

(2.134)

In writing the last equality, we have used the expression for the Thomson scat-
tering length in eqn (2.123).

We close this section with four remarks: (i) In deriving the above result, the
incident photon energy was assumed to be sufficiently large for us to be able
to assume the electron to be essentially free. If the incident photon energy is
sufficiently close to an absorption edge of the scattering atoms, this assumption
will break down and correction terms must be added to the above result. (ii) By
substituting in typical values for all quantities appearing in the above equation,
the reader will conclude that 6 is typically on the order of 1075 or 1076, for X-rays
in the medium-to-high energy range. The refractive effects of matter upon X-
rays is therefore very slight, although we shall see in later chapters that there are
many means by which these refractive effects can be visualized, and that there
are many circumstances in which refractive effects dominate over absorptive
effects. (iii) The refractive index for X-rays is slightly less than unity. Among
many other things, this implies that matter imposes a phase retardation rather
than a phase advance on weakly scattered radiation passing through it, that the
phenomenon of total internal reflection (for visible light) has the counterpart of
total external reflection for X-rays, and that concave rather than convex lenses
are the appropriate refractive optical element for focussing X-rays. (iv) While
the above equation was obtained under the approximation of a thin uniform
scattering screen, it also holds for irregularly shaped scatterers with non-uniform
density and composition, provided that the material properties do not vary too
rapidly with position.
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2.10 Inelastic scattering and absorption

Thus far we have restricted our considerations, on the interactions of X-rays with
matter, to elastic scattering. In such processes, the energy of the X-ray is un-
changed by the scattering event. In realistic scattering scenarios, such ‘coherent
scatter’ is only one component of the radiation that emerges when X-rays illu-
minate a given sample. In addition to the coherently scattered radiation, there
will in general exist an inelastically scattered component (‘incoherent scatter’).
Such inelastic photon scatter, together with its relationship to the absorption of
X-rays, will be discussed in the present section.

Two major mechanisms, for inelastic photon scatter in the X-ray regime, are
the Compton effect and the photoelectric effect. The Compton effect, which will
be treated in the first sub-section, occurs when an X-ray photon is inelastically
scattered from a nearly free electron. The photoelectric effect, which refers to the
absorption of an X-ray photon by an atom with the associated emission of an
electron, will be treated in the second sub-section. Together with the coherent
scattering treated earlier, the Compton and photoelectric effects form the major
mechanisms of X-ray scattering with which we shall be primarily concerned.®

2.10.1 Compton scattering

Consider the inelastic interaction of an incident X-ray with an initially-stationary
electron, which is either free or sufficiently weakly bound so as to be considered
essentially free. This process, known as Compton scattering, cannot be treated in
terms of the classical picture of X-rays that has been employed for the majority
of this chapter. Rather, a photon description of the field is required. Regarding
such a description, we recall the words of Einstein, from his famous 1905 paper
on the photoelectric effect in which the quantum of the electromagnetic field
was hypothesized (Einstein 1905): ‘... the energy of a light ray spreading out
from a point source is not continuously distributed over an increasing space
but consists of a finite number of energy quanta which are localized at points
in space, which move without dividing, and which can only be produced and
absorbed as complete units.” In Compton’s analysis of X-ray scattering by free
electrons, the incident X-ray light is treated as one of Einstein’s photons rather
than as a classical electromagnetic wave (Compton 1923).

The process of Compton scattering is sketched in Fig. 2.12. Since the initially-
stationary electron will in general recoil after interacting with the incident pho-

56Two further mechanisms for inelastic photon scattering, namely pair production and pho-
tonuclear absorption, will not be treated here. (i) Pair production occurs when the incident
photon possesses sufficient energy for the creation of an electron—positron pair. A crude lower
bound, on the photon energy required for pair production, is given by doubling the rest-mass
energy of the electron (2 x 511 keV = 1022 keV). Thus pair production will not occur if the
photon energy is less than 1022 keV, as will always be the case for the X-ray regimes considered
in this book. (ii) Photonuclear absorption occurs when the energy of the incident photon is
sufficiently high to produce excitations in the atomic nucleus. Since excited nuclear energy lev-
els typically have energies of 1 MeV or more relative to the nuclear ground state, photonuclear
absorption may also be safely ignored in our discussions.
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Fig. 2.12. Compton scattering of a photon from an electron. (a) A photon
is incident upon a stationary free electron e~. (b) After the interaction the
electron recoils, with the photon being scattered through an angle 6.

ton, the energy of the electron will evidently increase. Therefore, the energy of
the scattered photon will be less than that of the incident photon, leading to the
conclusion that the wavelength of the scattered photon is greater than that of
the incident photon.®” In the following paragraphs, we will obtain expressions
for the change in both the wavelength and energy of the scattered photon, as a
function of the deflection angle 6.

Consider, once again, the scenario sketched in Fig. 2.12. Let the energy and
momentum of the incident photon be respectively denoted by Egi) and pgi ), with

the initial energy and momentum of the electron being given by Eéi) and pg) =0.
After the collision these quantities become ng) , pg), ng), and pgf), respectively.
The above properties are readily related to one another, by separately invoking

energy and momentum conservation, yielding the following pair of equations:

i i) f f
ED + E® = ED + EO, (2.135)
o) = o)+ 50 2130

To proceed further, we make use of the following three observations: (i) Since
the electron is initially stationary, its energy will initially be equal to its rest-mass
energy, so that:

EY = mec?, (2.137)

where m, is the rest mass of the electron. (ii) The energy E. of a photon is
related to its wavelength A, by E, = hc/\,, where h is Planck’s constant, so
that:

57If the initial state of the electron does not correspond to it being at rest, then one speaks of
‘inverse Compton scattering’. Evidently, it will no longer be true that energy is not transferred
from the electron to the photon. Indeed, in inverse Compton scattering a significant fraction of
energy may be transferred from the electron to the photon. This is believed to be a mechanism
for the astrophysical generation of X-rays (see, for example, Rindler (1991)). On a less cosmic
note, inverse Compton scattering may be important in terrestrial X-ray optics if the energy of
the initial electron is not sufficiently small, with respect to the energy of the incident photon,
for it to be considered free.
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; he ¢ he
EY = Nk ED = NG (2.138)
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(iii) The energy E, momentum p, and rest mass my, of a material particle in
free space, obey the relativistic energy-momentum-mass relationship®®:

E? = mict + |p*ct. (2.139)

For the case of the scattered electron, the square root of this expression gives:

2
ED = \/mgc4 + ‘pﬁf)‘ 2. (2.140)

Next, substitute eqns (2.137), (2.138), and (2.140) into the energy-conser-
vation expression (2.135). Isolating the square root in the resulting equation, we
then have:

1 1 2
mec® 4 he NoiGl A \/mgc‘1 + ‘pg)‘ 2. (2.141)
A Ay

Take the square of the above equation, before cancelling the square of the electron
rest-mass energy from both sides, and then dividing through by ¢?. Thus:

2
(1 1 1 1

2
— - +2mehe | = — —— | = ‘p(f)‘ . (2.142)
A A R CYSRNG ¢

Next, we wish to eliminate the electron’s recoil momentum pg), as we are
primarily interested in the properties of the Compton-scattered photon. To this
end, isolate the electron recoil momentum on one side of eqn (2.136), and then
take the squared modulus of the result. This yields:

58This expression is derived in many standard texts on special relativity, such as those of
French (1968) and Rindler (1991). Here, we note three special cases of the above formula:
(i) When the rest mass of the particle is taken to zero, the relativistic energy—momentum—
mass relation reduces to E = |p|¢, which is the familiar relationship between the energy and
momentum of a photon of well-defined momentum. (ii) When the momentum is taken to zero,
one obtains what is perhaps the most well-known formula in physics, namely Einstein’s relation
E = mgc? for the rest-mass energy of a stationary free particle of rest mass mq. (iii) In the
non-relativistic limit, where the first term on the right side of (2.139) is much greater than
the second, one can perform a binomial approximation on the square root of this relation, to
yield E ~ mgc? + |p|?/(2mo). This expresses the total energy of a non-relativistic material
particle, of rest mass mg, as the sum of its rest mass energy moc? and the Newtonian expression
Ip|2/(2mo) for its kinetic energy.
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Regarding the first and second terms on the right-hand side of this equation, we
note the de Broglie relation A\, = h/|p,| for the wavelength A, and momentum
p- of a photon, so that:

4 h h

M| _ ‘ (f)‘ _
P ~, P . (2.144)
‘ vy )\’(;) Y )\E/f)

Further, regarding the third term on the right side of eqn (2.143), we have:

i . h? cos 6
i f) _ i f _
Y MY

where use has been made of eqn (2.144), and 6 is the angle through which the
incident photon has been scattered (see Fig. 2.12(b)).

Substitute eqns (2.144) and (2.145) into the right side of expression (2.143).
The resulting formula, for the square of the recoil momentum of the electron,
may then be used to eliminate this quantity from eqn (2.142), to give:

2
1 1 1 1
i (() - <f>> + 2mehe (() - m)
A AD

h2 h?  2h?cosd
= ot T A(i)CAOﬁ) : (2.146)
Il B

After a little algebra, together with the trigonometric formula:

0 1
in? — = — — S
sin <2> 2(1 cosf), (2.147)

one arrives at Compton’s formula for photon scattering from a stationary free
electron:

. h 0
AD — AW = 2 sin’ <2) : (2.148)

This gives an expression for the change in wavelength, between the incident
and scattered photons, as a function of the angle € through which the incident
photon is scattered by the stationary electron. This change in wavelength is
independent of the energy of the incident photon, and is proportional to the so-
called Compton wavelength h/(mec). Further, we note that )\g) - AS ) is evidently
positive, consistent with the previous verbal argument that the scattered photon
must have a longer wavelength than the incident photon, on account of the energy
transferred to the electron upon setting it in motion.
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Rather than considering the change of photon wavelength in the process of
Compton scattering, one may consider the change in photon energy. Accordingly,
divide both sides of eqn (2.148) by )\(71), before making use of eqn (2.138) to
translate all photon wavelengths into their corresponding energies. This leads
to:

(f) (i) 2 -1

Eﬂ,. ) 2E5’ sin*(0/2) . (2.149)
@ MeC2

El c

We see that the ratio, of the final and initial energies of the Compton-scattered
photon, is a function of the energy of the incident photon. Indeed, we see from

the right-hand side of the above expression, that the ratio ng) / Egi) can only be

appreciably different from unity if Es,l) /(mec?) is non-negligible. Thus the energy
of the incident photon should be some non-negligible fraction of the rest-mass
energy of the electron. Noting that the rest-mass energy of an electron is 511
keV, one crudely estimates that the energy shifts due to Compton scattering
will begin to become non-negligible at photon energies of a few keV or higher,
corresponding to the hard X-ray regime and to the harder end of the soft X-
ray regime. The energy shifts increase with both the scattering angle 6 and the
incident photon energy E,(Yl), according to eqn (2.149). In Fig. 2.13, we have used
this result to plot the ratio of the scattered to the incident photon energies, as a
function of scattering angle 6, for incident photon energies of 5, 10, 20, 40, 60,
80, and 100 keV.

We close this section with a few qualitative remarks regarding the angular
distribution of Compton-scattered photons. To properly study such a problem
requires the use of relativistic quantum mechanics, leading to the so-called Klein—
Nishina formula for photon-electron scattering. This may be obtained using both
the non-covariant and covariant formulations of quantum electrodynamics, and
is covered in many advanced texts on quantum mechanics (see, for example,
Sakurai (1967)). In many X-ray imaging contexts, the incoherent scatter resulting
from the Compton effect contributes to a gently-varying background signal in the
recorded intensity distribution. In the regime from 1 to 100 keV, the contribution
to incoherent scatter from the Compton effect is typically an increasing function
of energy.

2.10.2  Photoelectric absorption and fluorescence

Consider the plot shown in Fig. 2.14. Here, we see a logarithmic curve of the
linear attenuation coefficient p of copper (normalized against density p, in units
of em™! = (g/ecm3) = cm?/g), as a function of photon energy in keV. Two
salient features are immediately evident. First, the normalized linear attenuation
coefficient shows a general decrease with increasing photon energy, indicating
that copper becomes progressively more transparent as the photon energy is
increased. Second, there is a region having a sharp rise in normalized linear
attenuation coefficient, at a photon energy of 8.98 keV. Such features are known
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Fig. 2.13. Ratio of scattered to incident photon energies, for Compton scat-
tering of a photon from a free stationary electron. This ratio is plotted as
a function of the angle 6 through which the photon is scattered, for photon
energies of 5, 10, 20, 40, 60, 80, and 100 keV. Curves based on eqn (2.149).
After Als-Nielsen and McMorrow (2001).

as absorption edges, the structure of which is intimately related to the concept
of photoelectric absorption. It is to this subject that we now turn.

Consider a free atom, in its ground state. The electrons surrounding the atom
are considered to be arranged in atomic orbitals, which are grouped together to
form shells. These shells are denoted by the letters K, L, M, and so forth, with
K corresponding to the electron shell that is most tightly bound to the atom,
and sequential letters describing shells of electrons that are progressively more
weakly bound. The notion of ‘electron binding energy’, which may be defined as
the minimum energy required to liberate a given electron from the atom, is a
convenient means of quantifying the degree of binding of an electron to an atom.

Next, suppose our atom to be irradiated by X-ray photons of a given wave-
length. For the purposes of this argument, suppose the X-ray energy to be inter-
mediate between the binding energy of the innermost (and therefore most tightly
bound) shell, that is, the K shell, and the L shell. The incident photon does not
have enough energy to liberate the K shell electron from the atom, but it does
have sufficient energy to liberate electrons from the L and higher shells. When,
for example, an L electron is liberated from the atom, the X-ray is considered to
have been absorbed by the atom. The kinetic energy, of the liberated electron,
will then be equal to the difference between the energy of the absorbed photon,
and the binding energy of the electron prior to its ejection (Einstein 1905).

Such a mechanism, for photon absorption, is known as photoelectric absorp-
tion, with the ejected electron being known as a photoelectron. As was the
case with our earlier discussions on the Compton effect, photoelectric absorp-
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Fig. 2.14. Linear attenuation coeflicient p for free atoms of copper, normalized
against density p, as a function of photon energy in keV. An absorption edge
is apparent for a photon energy of 8.98 keV, corresponding to the binding
energy of the 1s electron in the K shell of copper.

tion requires a photon description of the electromagnetic field, and cannot be
adequately described using classical electrodynamics. Note, further, that pho-
toelectric absorption is one factor which contributes to the linear attenuation
coefficient of a material, with coherent scattering and Compton scattering pro-
viding additional contributions. Further contributions to the linear attenuation
coefficient are also possible (inverse Compton scattering, Rayleigh scattering,
non-resonant and resonant fluorescence, photonuclear absorption, pair produc-
tion, etc.).

Returning to the example of a free atom illuminated by photons of insufficient
energy to eject a K shell electron, but sufficient energy to liberate an L electron,
suppose that one gradually increases the photon energy until it just coincides
with the binding energy of the K electrons. At such an energy, a new channel for
absorption will become available to the incident photons, with a corresponding
sharp increase in the linear attenuation coefficient of the material. This yields
an example of the previously mentioned absorption edge of a material, making
the connection between such absorption edges and the photoelectric effect. As
an example we note that the binding energy of a K electron in free copper is
equal to 8.98 keV, with a corresponding absorption edge, at this photon energy,
being evident in the plot of Fig. 2.14.

After an electron has been photo-ejected from a free atom, several relaxation
processes may occur. (i) One such mechanism is for one or more of the electrons
to ‘drop down’, from a higher-energy orbital into the vacant electron orbital,
liberating a photon in the process. This mechanism is known as fluorescence. If
the liberated photon is in the X-ray range, then one speaks of X-ray fluorescence.
Note that X-ray fluorescence may also be produced when an ionized electron
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recombines with a given ion. (ii) Another mechanism, for relaxation of an atom
from which a photoelectron has been ejected, is for an electron to ‘drop down’
from a higher-energy orbital into the vacant orbital, with the resulting energy
loss being transferred to another electron in the atom, which is then ejected.
Such ejected electrons are known as Auger electrons.

In this sub-section, we have often spoken of free atoms. Typically, the atoms
in a given sample will not be free and the various mechanisms outlined above
will display some sensitivity to the chemical and structural state of the atoms.
As one example of this sensitivity, plots of the linear attenuation coefficient ver-
sus photon energy often display fine oscillations in the vicinity of an absorption
edge. Such oscillations are known as extended X-ray absorption fine structure
(EXAFS), the structure of which depends on the chemical state of the atom in
question, together with structural parameters such as the orientation of neigh-
bouring atoms. Such oscillations are typically confined to photon energies within
a few hundred electron volts of the absorption edge. Further, we note that fine
oscillations, within a range of a few tens of electron volts near an absorption edge,
are termed either near-edge extended X-ray absorption fine structure (NEXAFS)
or X-ray absorption near-edge structure (XANES).

2.11 Information content of scattered fields

We close this chapter with a discussion of the information content of scattered
scalar electromagnetic fields. In general, this information is imprinted in both
the modulus and phase of the scattered field, with only the former quantity being
directly measurable in experiment (at optical and higher frequencies). Neverthe-
less there are means for inferring the phase of a scattered radiation wave-field
from intensity measurements, such as phase retrieval and interferometry.>®

Here, we adopt a viewpoint that is more concerned with questions of principle,
assuming the scattered wave-fields to be known in both modulus and phase.
What is the nature of the information content of these fields? What information
can be inferred regarding a sample, given the wave-field or wave-fields scattered
by this sample in a given experiment or series of experiments? These questions
will be discussed in the present section. Our outline is split into two parts,
which respectively consider the information contained within monochromatic
and polychromatic scattered fields.

2.11.1  Information content of scattered monochromatic fields

Consider, once more, the scattering scenario sketched in Fig. 2.8. Allow the inci-
dent wave-field to be any monochromatic scalar wave, which is forward propagat-
ing with respect to some nominal optic axis z, with all scatterers lying between
the planes z = zg and z = zg + A. These planes will respectively be denoted
as the entrance and exit surfaces of the scattering volume. For the moment, we

59Gee Chapter 4, for a discussion of some methods for inferring wave-field phase from intensity
measurements.
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make no approximations regarding the weakness of the scatterer, other than that
which is implicit in working with a scalar theory. In particular, we will now al-
low the incident field to be back-scattered from the scattering volume, so that
the scattered wave-field may be non-zero over both the entrance and the exit
surfaces of this volume. Elastic scattering is assumed throughout.

Over the exit surface z = zg + A of the scattering volume, which forms a
boundary for the half-space z > zg + A in which the scattered field obeys the
Helmholtz equation (1.16), the forward-propagating component 95 (z,y,2) of
the scattered field admits an angular-spectrum representation given by (see eqn
(1.23)):

VS (z,y,2) = QL/ S (kuy by, 2 = 20 + A) exp [z(z — 20 — A)\ /K% — k2 — kg]
T
x exp [i(kzx + kyy)] dkgdky,, 2z > 2o+ A. (2.150)

By taking the case z = zo+A of this formula, we see that ¢S (k,, ky,z = zo+A) is
equal to the Fourier transform, with respect to x and y, of the forward scattered
field over the exit surface.

A first consequence, of the above equation, is the two-dimensional nature of
the information contained within the forward-scattered field. This is so, because
the above integral expresses the forward-scattered field, over the entire three-dim-
ensional half-space z > zy + A, in terms of the function J)Usj(k‘x,k‘y,z =z +
A) of two real variables k, and k,. Note that this statement is rather obvious
from a physical point of view, since the forward-scattered field is comprised of a
two-dimensional continuum of forward-propagating plane waves, the propagation
vectors of which all have the same magnitude. These propagation vectors are
parameterized by two variables, namely their x and y projections.

A second consequence, of the above equation, flows from the fact that the
free-space propagator exp [i(z — zo — A)(k* — k2 — kz)l/z] gives an exponential
damping®® with propagation distance z — zy — A, for all two-dimensional Fourier
components 155 (kz, ky,z = 20 + A) of the exit-surface forward-scattered field,
which are such that k2 + k; > k2. When the propagation distance is greater than
a few wavelengths, such information is essentially lost by the act of free-space
propagation. This corresponds to the loss of any sub-wavelength information
encoded in the exit-surface scattered wave-field. Evidently, free space acts as
a low-pass filter for coherent scalar wave-fields, disallowing the transmission of
sub-wavelength structural information over distances much greater than a few
wavelengths.%!

60 As mentioned in Section 1.3, such exponentially damped plane waves are rather poetically
known as ‘evanescent waves’.

61When evanescent waves are excluded from the analysis, eqn (2.150) expresses the field
downstream of the scatterer as a sum of propagating plane waves, all of which have a real
propagation vector which has a non-negative projection onto the optic axis z. If all of these
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From the above two consequences, we conclude that the information con-
tent of the forward-scattered field is essentially two-dimensional in nature, being
essentially limited to those two-dimensional Fourier components ’LZ)S(]CI, ky,z =
zo+A) of the exit-surface forward-scattered field that lie within the Fourier-space
disc k2 + k; < k2. Via a simple extension of the above arguments, a similar con-
clusion applies to the back-scattered wave-field over the entrance surface z = zg
of the scattering volume, with the back-scattered field being propagated into the
half-space z < 2y lying upstream of the scattering volume.

This two-dimensional nature, of the information contained within the scat-
tered monochromatic scalar field, may be contrasted with the three-dimensional
nature of the information which will in general be contained within the scattering
volume. This suggests that not all information, associated with the distribution
of matter in the scattering volume, is contained within the scattered field that
is obtained in a given experiment.

Let us now examine, in a little more detail, the connection between the in-
formation content of elastically scattered monochromatic fields, and the distri-
bution of matter that results in such scattered fields. In particular, how much
information regarding the scatterer can one obtain from the scattered field? We
separately treat this question, under the projection and first Born approxima-
tions.

2.11.1.1  Projection approzimation Regarding the information content of elas-
tically scattered monochromatic scalar electromagnetic fields under the projec-
tion approximation, return to eqn (2.105). This gives an approximate expression
for the wave-field over the exit-surface of the scattering volume, with all infor-
mation regarding the scatterer being imprinted into the exit-surface wave-field
via the projection f:;zgﬁb‘[l —n2(z,y,2)]dz.5% In accord with the discussions
earlier in this section, the information encoded, by the matter upon the scat-
tered wave-field, is essentially two-dimensional in nature. Thus the exit-surface
wave-field, for a single scattering experiment, only contains partial knowledge
regarding the scatterer, under the projection approximation.

The methods of computed tomography may be used to obtain three-dimen-
sional information regarding the scatterer, provided that the assumption of the
projection approximation is valid, and provided that one is prepared to take a
series of measurements of the scattered radiation. Two of the most widely used
such methods are known as the ‘summation back-projection algorithm’, and an
algorithm based on the so-called ‘central slice theorem’. Here, we give a very
brief description of the latter method.

allowed propagation vectors are arranged so that their tails occupy a common point, the tips
of these wave-vectors will all lie on the surface of a hemisphere whose axis points in the z
direction.

62Recall that ny, (z,y, z) denotes the three-dimensional distribution of refractive index in the
scatterer, as a function of the spatial coordinates x,y, z, for a given angular frequency w of the
complex scalar X-ray wave-field.
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Let us take the Fourier transform of 1 — n2 (z,y, z) with respect to z,y, and
z, denoting this transform by §(ks, ky, k»):

y 1 o .
Gk, ky, ko) = W //L [1 - ni(x,y,z)] exp[—i(kzx +kyy+k.2)]|dedydz.

(2.151)
Set k, = 0 in the above expression, and then make use of the fact that 1 —
n2 (z,y, z) vanishes unless zg < z < 29 + A, to see that:

V27 Gk, iy ke = 0) (2.152)

sl 0t ot st

The quantity in braces is the z projection of 1 —n?(x,y, 2), which features in
eqn (2.105) for the exit-surface wave-field, under the projection approximation.
The right-side of the above equation is equal to the two-dimensional Fourier
transform of this z projection, with respect to z and y. Bearing the left side
of the above equation in mind, we have now proven the central-slice theorem:
the Fourier transform (with respect to  and y) of the z projection of a given
localized three-dimensional function, is equal to the three-dimensional Fourier
transform of that function, evaluated over a plane (‘central slice’) k, = 0 in the
three-dimensional Fourier space, multiplied by /2.

Once again, we see the two-dimensional nature of the wave-field at the exit
surface of the scattering volume. However, armed with the central-slice theorem,
we can now construct a means for obtaining three-dimensional information re-
garding the scattering volume. Consider a series of scattering experiments, in
which the sample is rotated through a large number of equally spaced angles
between 0 and 180 degrees, with respect to a given axis (say, the y axis). Via the
central-slice theorem, the sum total of the scattered wave-fields, from this series
of experiments, furnishes information along a series of planes, each of which pass
through the k, axis of the Fourier space. Provided that the number of experi-
ments is sufficiently large, the volume of Fourier space swept out by these planes
can be used to build up an estimate for the three-dimensional Fourier transform
of the scattering potential. By inverse Fourier transformation, this can then be
used to estimate the three-dimensional distribution of refractive index in the
scatterer. For further information on tomographic imaging, see, for example,
Natterer (1986).

2.11.1.2  First Born approximation Having briefly discussed the information
content of elastically scattered monochromatic scalar electromagnetic fields un-
der the projection approximation, let us consider this same question in the con-
text of the first Born approximation. Unlike the former case, this latter case
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admits the possibility of a back-scattered field, namely a non-zero scattered field
over the entrance surface of the scattering volume.%?

Consider the Ewald sphere construction in Fig. 2.6(a). Developed under the
first Born approximation for scattered wave-fields with a planar incident wave,
this construction states that the difference between incident and scattered wave-
vectors must connect two points located on the Ewald sphere. More precisely,
the origin O of reciprocal space is placed at the tip of the incident wave-vector
ko, with the tail of the scattered wave-vector kX coinciding with the tail of the
incident vector. With the scattered wave-vector so placed in reciprocal space,
scattering will only occur if the vector lies on the surface of the Ewald sphere.
When incident and allowed scattered wave-vectors have an angle between them
that is less than 90 degrees in magnitude, the scattered radiation will be forward
scattered into the half-space downstream of the scattering volume.%* Otherwise,
allowed scattered wave-vectors correspond to back-scattered radiation.

Evidently, there is a two-dimensional continuum of allowed scattered wave-
vectors, in the first Born approximation. Once again, we note the two-dimensional
information contained within the scattered wave-field. Bearing eqns (2.77) through
(2.79) in mind, and for a single scattering experiment with a given incident plane
wave, only a two-dimensional closed surface of the Fourier representation of the
scattering potential is probed, under the first Born approximation for planar
incident radiation.

As was the case in our earlier discussions on three-dimensional imaging un-
der the projection approximation, one may rotate the object in order to obtain
three-dimensional information regarding the scattering potential. This possibil-
ity is illustrated in Fig. 2.6(c). Rotation of the object evidently corresponds to
rotating the Ewald sphere, with four such Ewald spheres—marked D, E, F, and
G—Dbeing sketched in the figure. If one rotates the object through all possible
orientations, a three-dimensional volume of Fourier space will be swept out. This
volume, bounded by a surface known as the ‘limiting Ewald sphere’, is denoted
by the dotted sphere H shown in the figure. This sphere has a radius equal to
twice that of any given Ewald sphere.

The finite size of the limiting Ewald sphere implies a resolution limit to the
three-dimensional information regarding the scatterer, which is contained in the
totality of all possible elastic scattering experiments that can be performed, using
incident plane waves of a given frequency, under the first Born approximation.®®
The question of how to recover the three-dimensional scattering potential, from

63As an example of this possibility, we cite the so-called Laue back-reflection method, in
which the back-scattered X-ray field from a small crystal is measured in an X-ray diffractometer.
For examples of X-ray diffraction patterns obtained using this method, see, for example, Warren
(1969) or Hammond (2001).

64Note that our use of the term ‘forward scattering’ is relative to an optic axis aligned with
the propagation direction of the incident plane wave.

65See, however, the use of the method of analytic extension discussed in both Habashy and
Wolf (1994) and Born and Wolf (1999).
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such a series of images, is the subject of diffraction tomography.®® Following
on from the seminal paper by Wolf (1969), this subject has generated a vast
literature. For more information on diffraction tomography, we refer the reader
to the excellent accounts in Nieto-Vesperinas (1991) and Born and Wolf (1999),
together with references to the primary literature which are contained therein.

2.11.2  Information content of scattered polychromatic fields

We have discussed the essentially two-dimensional nature of the information that
is contained within coherent scalar wave-fields, irrespective of whether or not they
are scattered by a given sample of interest. As a corollary to these discussions, we
have seen that—under both the projection and first Born approximations—only
a subset of the information, contained within a given three-dimensional distribu-
tion of scattering potential, can be obtained from a single scattering experiment
involving a plane wave incident on the scatterer. This observation naturally led
to the question of strategies for reconstructing three-dimensional information
regarding the scatterer. One such strategy, that of performing scattering experi-
ments with a single frequency of incident plane waves but for a number of differ-
ent orientations of the object, was discussed in the previous sub-section. Here we
discuss an alternative strategy, which keeps the orientation of the object fixed,
but uses a range of incident wavelengths in the incident planar radiation.

Consider the scattering geometry described in the first paragraph of Section
2.11.1, with the exception that the incident z-directed monochromatic scalar
plane wave is replaced with an incident z-directed polychromatic plane wave.
Bearing the spectral decomposition (2.23) in mind, the incident polychromatic
plane wave WPW)(z 4, 2 1) is given by the following linear combination of mono-
chromatic plane waves:

OEW) (g, 2 < 20,t) = \/% /s(w)exp[i(kz —wh)]dw, z<zy. (2.153)
™

Here, s(w) is a specified complex function of angular frequency w, the squared
modulus of which is proportional to the intensity of a given monochromatic
component of the incident polychromatic plane wave. The phase of s(w) specifies
the phase relationship between different frequencies of the incident plane wave.
Note that the temporal development of the incident polychromatic plane wave
will in general be rather complicated, due to the ‘beating’ of different plane-
wave frequencies against one another. Note, also, that only non-negative angular
frequencies w are included in the above integral (see Section 1.2).

When this field is incident upon an arbitrary scatterer contained within the
slab zp < z < zg + A, the different frequencies will in general be mixed with

66The term ‘diffraction tomography’ distinguishes this field from that of computed tomogra-
phy, which makes use of the projection approximation, as sketched in the previous sub-section.



128 X-ray interactions with matter

one another.%” This possibility, namely that of inelastic scattering, will be al-
lowed for the moment. The time-dependent forward-scattered scalar disturbance
US(z,y, z,t), in the half-space z > 2y + A downstream of the exit-surface of the
scattering volume, is given by the following polychromatic generalization of eqn
(2.150):

1 o
\Ils(x,y,z,t): (27‘-)3/2// wg(kzvkyvz:ZO+A)

X exp [z(z — 20— A) /K% — k2 — k;ﬂ (2.154)
x exp [i(kyx + kyy — wt)] dkydkydw, 2z > 29+ A.

Here, JJS(kr, ky,z = zo+ A) is the Fourier transform, with respect to z and y, of
the spatial part of a given monochromatic component of the forward scattered
field over the exit surface z = zy + A. As was the case for the corresponding
analysis of monochromatic fields, the information content of each monochro-
matic component is: (i) two-dimensional in nature; (ii) unable to propagate sub-
wavelength information through distances of more than a few wavelengths of the
given monochromatic component. Similar considerations apply to the angular-
spectrum decomposition of the scattered polychromatic field over the entrance
surface z = zg of the scattering volume, with the disturbance propagating into
the half-space z < zg.

However, there is a third dimension of information present in the scattered
polychromatic field, given that there is a continuum of frequencies w present.%8
Following Gabor (1961), each monochromatic field may be viewed as a separate
information channel, each of which will in general contain different information
regarding the scatterer. This observation leads us to consider the question of
how much three-dimensional information, regarding the scatterer, is contained
within the scattered polychromatic field. To parallel the treatment given for the
same question in the case of monochromatic incident fields, we will separately
treat this question under the projection and first Born approximations.

Before launching into a discussion of each of these sub-cases, in the following
sub-sections, we note that the question is considerably complicated by the fact
that the refractive index n,, (z,y, z) will in general have a complicated dependence
on the angular frequency w of the incident radiation. Accordingly, for the sake
of simplicity in the presentation, we will make the additional strong assumption
that the scattering medium is composed of a known single material of variable
density. Further, we will also assume that the X-ray refractive index is very close
to unity, so that eqn (2.38) holds.

67That is, a single frequency of incident wave may lead to a range of frequencies in the
scattered wave.

681f the polychromatic field exists for all time, this statement is correct. If the field only
exists for a finite time, however, then there will in general be a countable infinity of different
monochromatic components in the polychromatic field.
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2.11.2.1  Projection approximation Since we have made the assumption that
the scatterer is composed of a single known material, we can write both the
real and imaginary parts of the refractive index distribution, at any angular
frequency, as the product of the unknown position-dependent density p(z,y, 2)
of the material, and known functions of angular frequency. Thus we have the
scaling relations:

bu(2,y,2) = DW)p(z,y,2),  Bulz,y,2) = Bw)p(x,y,2), (2.155)

where D(w) and B(w) are known material-dependent real functions of w. There-
fore the three-dimensional distribution of complex refractive index, at any an-
gular frequency, has a one-to-one relationship with the density p(z,y, z) of the
sample. Since the refractive index has been taken to be very close to unity, we
may make use of both (2.38) and the above scaling relations, so that:

1—nf(2,y,2) ~ 2[0u(2,y, 2) — iBu(z,y, 2)]
~ 2[D(w) — iB(w)]p(z,y, 2). (2.156)

Substituting into eqn (2.105), and performing some simple algebraic manipula-
tions, we see that:

Yo (T,y,2=20)
dz ~ . 2.1

\/Z_ZO"FA (Z/k’) loge [w} + A
z=2z0

If one knows the monochromatic components of the entrance and exit-surface
wave-fields at a particular angular frequency, together with the functions D(w)
and B(w) and the distance A between the entrance and exit surfaces of the
slab containing the single-material scattering sample, then the right side of the
above expression will be known. One is thereby able to determine the left side of
the above equation, yielding two-dimensional (projection) information regarding
the three-dimensional distribution of density in the sample. No additional infor-
mation is provided by the entrance-surface and exit-surface wave-fields at other
angular frequencies, under the projection approximation. We conclude that, for
the present case of a static single-material sample, which is illuminated by a
polychromatic scalar plane wave under the projection approximation, the use
of polychromatic rather than monochromatic incident plane waves provides no
additional information regarding the three-dimensional distribution of density in
the scatterer.

2.11.2.2  First Born approximation Consider the generalization of the Ewald
sphere construction to the case of polychromatic scalar plane-wave illumination
of a static non-magnetic sample. In expression (2.153) for the incident polychro-
matic plane wave, let us assume that |s(w)| is non-negligible only for angular
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frequencies w that lie in a given range, and that the first Born approximation is
valid for all of these frequencies. Associated with each monochromatic compo-
nent, of the incident polychromatic plane wave, will be an Ewald sphere of a given
radius. See Fig. 2.6(b), where three such Ewald spheres are sketched. Spheres
A and C are respectively associated with the minimum and maximum angular
frequency for which |s(w)| is non-negligible, with sphere B corresponding to a
frequency lying between these extremes. The set of Ewald spheres, corresponding
to the non-negligible spectral components of the incident polychromatic plane
wave, occupies the volume of Fourier space given by the intersection of the ex-
terior to sphere A with the interior to sphere C. This ‘onion-like’ set of Ewald
spheres is sometimes spoken of as a ‘nest’ of Ewald spheres. Note, also, that
as was the case in the monochromatic version of the present analysis, both for-
ward-scattered and back-scattered radiation is being considered.

If the refractive index of the scatterer could be taken to be independent of
the angular frequency of the incident radiation, then we could conclude that the
scattered polychromatic field contains information regarding the Fourier coeffi-
cients of the scattering potential that lie between the Ewald spheres A and C.
The refractive index does depend on frequency, however, so let us make use of
the single-material assumption, as embodied in eqns (2.155) and (2.156). Thus
the scattering amplitude f in eqn (2.78) obeys:

70 (2 W)f _A@Z / / / ) exp(—iAk - x)dx (2.158)

One can therefore determine the three-dimensional Fourier transform f(Ak)
of the density p(z,y, z) of the single-material sample, as a function of all Four-
ier-space vectors Ak within the Ewald nest. This is done using a single polychro-
matic plane wave illuminating the single-material sample of interest, under the
first Born approximation. The Ewald nest covers a certain volume of reciprocal
space, this being indicative of the three-dimensional nature of the information
contained within the scattered polychromatic field. The thinness of the Ewald
nest, in the forward-scattering direction, limits the depth information in samples
which may be obtained using radiation scattered through small angles. Again,
one may rotate the sample, in order to ‘fill out’ the missing values of f(Ak).
Note also that the previously discussed notion, of a limiting Ewald sphere, has
a direct analogue in the present context.

2.12 Summary

The present chapter was devoted to a study of the interactions of X-rays with
matter, developing techniques that will be built upon in later chapters.

We opened with a derivation of certain wave equations governing the evolu-
tion of electromagnetic fields in the presence of scatterers. Such wave equations
constitute a generalization of the vacuum wave equations obtained in the open-
ing pages of the first chapter. As was the case there, we then effected a transition
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from a vector to a scalar theory of the electromagnetic field, this time in the pres-
ence of scatterers. The resulting complex scalar field (analytic signal) was seen
to obey an inhomogeneous d’Alembert equation, with each spectral component
of the field being governed by an inhomogeneous form of the Helmholtz equa-
tion. This last-mentioned equation, in which the effects of scatterers is quantified
through a frequency-dependent refractive index that varies with spatial position,
was seen to be a central result of the present chapter. Further, we note that the
just-summarized discussions elucidated the manner in which the notion of refrac-
tive index arises from the Maxwell equations, by making an explicit connection
between this quantity and the electrical permittivity and magnetic permeability.

We discussed several means of approximately treating the interactions of
x-rays with matter, taking the inhomogeneous Helmholtz equation as a starting
point. The first of these, namely the projection approximation, allowed us to
deduce rather simple expressions for the field at the exit surface of a scattering
volume, in terms of line integrals of the complex refractive index. These line
integrals are carried out along paths corresponding to the classical ray paths of
the unscattered radiation. When this approximation is valid, which will be the
case when the classical ray paths within the volume of the scatterer are only
slightly different from those which would have existed in the same volume in
the absence of the scatterer, it provides a very simple means for quantifying the
interactions of X-rays with a sample. Accordingly, the projection approximation
will be used on many occasions in later chapters.

We then developed an integral form of the inhomogeneous Helmholtz equa-
tion. As we saw, this integral equation is equivalent to the original differential
equation, together with both (i) knowledge of the incident wave-field and (ii) in-
corporation of the boundary condition that the scattered field be outgoing at
infinity. In the context of developing this integral equation, we gave two explicit
derivations of the free-space Green function for the complex scalar electromag-
netic field. We were then able to derive an approximate solution, known as the
first Born approximation, to the scattering problem based on the integral equa-
tion mentioned earlier. This was seen to be a single-scattering (kinematical)
approximation. The first Born approximation was then related to our earlier
studies on both the Fraunhofer approximation and the angular spectrum. Hav-
ing done this, we then proceeded to demonstrate how the famous Ewald sphere
naturally emerges from the first Born approximation, whether or not the scatter-
ing distributions are crystalline. Second and higher-order Born approximations
were briefly considered, leading to the notion of multiple (dynamical) scattering.

We then made another point of connection, between the single-scattering
picture of the first Born approximation, and the notion of refractive index which
was developed earlier in the chapter. In making this connection, we obtained
a useful approximate expression relating the real part of the refractive index
of a material to its electron number density. We argued that this expression is
often a good approximation, if one is sufficiently far from absorption edges of
the material.
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Further methods of approximation, regarding the elastic scattering of coher-
ent scalar X-rays from static non-magnetic media, included the multislice and
eikonal approximations. This latter approximation also served to elucidate some
of the connections between the wave and ray pictures of electromagnetic radia-
tion.

We closed the chapter with a discussion of various mechanisms for the in-
elastic scattering of X-rays, of which Compton and photoelectric scattering were
considered to be the most important, together with some discussions on the
information content of scattered fields.

Further reading

For further information on the scattering theory outlined in this chapter, see
Nieto-Vesperinas (1991) and Born and Wolf (1999). Note, in this regard, that the
integral-equation treatment of scattering, together with the first and higher-order
Born approximations, is very closely related to the problem of potential scatter-
ing in non-relativistic quantum mechanics. Useful references, in this respect, in-
clude Messiah (1961) and Merzbacher (1970). Scattering by magnetic materials,
which was not covered here, is treated in Lovesy and Collins (1996). Regarding
the use of complex analysis made in text, see, for example, Morse and Fesh-
bach (1953), Spiegel (1964), and Markusevich (1983). For further information
on the Ewald sphere, the reader may consult Warren (1969), Ashcroft and Mer-
min (1976), Kittel (1986), and Cowley (1995). Many important topics, on the
dynamical diffraction of X-rays, have been omitted from this chapter. For an
authoritative treatment, see Authier (2001). Elements of this chapter have made
use of the theory of special relativity, excellent accounts of which are given in the
texts of French (1968) and Rindler (1991). Tabulations of quantities, which may
be related to the real and imaginary parts of the complex refractive index used
in the present chapter, together with descriptions of the underlying physics, are
given in Henke et al. (1993) and Chantler (1995, 2000). Note, also, that much of
this information is now available online—see, for example, the internet website
of the National Institute of Standards and Technology (NIST). Lastly, we note
the very useful ‘X-ray data booklet’, the most recent version of which is available
through the internet website of the Lawrence Berkeley National Laboratory.
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3

X-ray sources, optical elements, and detectors

X-ray sources, optical elements, and detectors are the subject of this chapter.
Each of these three topics will be treated in turn, with some emphasis placed on
their role in the science of coherent X-ray optics.

The first part of the chapter treats X-ray sources. As a simple means for
quantifying the quality of radiation from such sources, the notions of brightness
and emittance are introduced. We then outline several classes of X-ray source.
The first such class, which includes X-ray tubes and rotating anode sources,
is the least coherent of those to be treated. Synchrotron sources occupy the
majority of our discussion on the means of X-ray generation, as the bulk of
present-day work in coherent X-ray optics is undertaken at such facilities. Finally,
we consider three newer classes of X-ray source, whose properties are in many
respects complementary to those of synchrotron radiation: free-electron lasers,
energy-recovering linear accelerator sources, and soft X-ray lasers. Such newer
sources, all of which are at an advanced stage of development, are likely to assume
increased prominence in future research involving coherent X-ray optics.

In the second part of the chapter we turn our attention to X-ray optical el-
ements, many of which are rather dissimilar to their visible-light counterparts.
Such optics may be classified as ‘absorptive’, ‘diffractive’; ‘reflective’ and ‘re-
fractive’. We will not discuss the simple absorptive optical elements such as
shutters, slits, pinholes, knife edges, and anti-scatter grids. Optical elements to
be considered include diffraction gratings, Fresnel zone plates, monochromators,
analyser crystals, interferometers, Bragg—Fresnel crystal optics, capillaries, mir-
rors, square-channel arrays, prisms, and compound refractive lenses. The role
of virtual optical elements, in which the computer forms an integral part of an
optical imaging system, is also treated.

In the third and final part of the chapter, we treat X-ray detectors. Their
key parameters are discussed, before outlining several commonly used varieties
of detector. Broadly, these devices may be split into two categories: integrating
detectors and counting detectors. The former, which typically have better spatial
resolution but poorer dynamic range, measure a signal integrated over many X-
ray photons. Conversely, the latter are capable of counting individual photons.
A comparison will be given, of the relative merits of counting and integrating
detectors. Lastly, we offer some comments on the relationship between detectors
and coherence.

136



Sources 137

3.1 Sources
3.1.1 Brightness and emittance

Simple means for quantifying the quality of an X-ray source, in the context of
coherent X-ray optics, are often useful. Such simple measures include the notions
of ‘brightness’ and ‘emittance’, to which we now turn.

Erect a Cartesian xy coordinate system in a plane perpendicular to a given
optic axis z, with x and y respectively coinciding with the horizontal and vertical
directions. Let o, and o, denote the root-mean-square width and height of a
given X-ray beam (in millimetres), with g, and oy, respectively denoting the
divergence in the horizontal and vertical directions (measured in milliradians).
Finally, let ®(F) denote the X-ray flux (in photons per second) at a specified
energy F, within a 0.1% bandwidth centred at this energy.

Given the above definitions, we may write down the following formula for
spectral brightness Z(FE) (see, for example, Kim (2001)):

#(5) = — 25

"~ An20,0409,09,

(3.1)

Brightness—which is maximized by making the beam size and divergence as
small as possible, and the photon flux as large as possible—is the first of the
promised simple measures of source quality in the context of coherent X-ray
optics.

The second such measure is known as the emittance, which may defined in
both the horizontal and vertical directions by the respective equations (see, for
example, Kim (2001)):

Ex = 0409, £y = 0y09,, . (3.2)

This allows us to write eqn (3.1) in the alternative form:

#(m) = 22

= — 3.3
dnleze, (3.3)

We can now give a simple answer to the question of what constitutes a
high-quality source for experiments in coherent X-ray optics: high brightness
and low emittance. For a more detailed description in the context of a particular
optical scenario, one may choose to work with the mutual coherence function
and its variants, as introduced in the first chapter.®® Notwithstanding this, for
the purposes of the present chapter we shall work with the simpler measures of
brightness and emittance, in order to quantify the quality of an X-ray source in
the context of experiments in coherent X-ray optics.

69Note that the brightness—considered as a function of both real and reciprocal space coor-
dinates, rather than as a single number—may be obtained from the mutual coherence function
(see, for example, Kim (1986)). This brightness function is closely related to the Wigner dis-
tribution. See also the review by Wolf (1978), and references therein.



138 X-ray sources, optical elements, and detectors

3.1.2 Fized-anode and rotating-anode sources

Consider a free electron which is travelling through vacuum at a given speed,
corresponding to a particular momentum p. This electron has kinetic energy K,
this being the difference between its total energy E and its rest mass energy
mec?. Here, m, is the rest mass of the electron and c is the speed of light in
vacuum. Invoking the relativistic energy—momentum—mass relation, as given in
eqn (2.139) of the previous chapter, we see that the kinetic energy of the electron
iS70'

K = E —mec® = /m2c* + |p|2c2 — mec?. (3.4)

Now suppose that our electron is abruptly decelerated to rest. The electron’s
kinetic energy K is thereby transferred to the energy of the electromagnetic field,
which is radiated by the electron in the process of coming to rest. Such radiation
is known as ‘bremsstrahlung’, after the German for ‘braking radiation’. The
theory of bremsstrahlung will not be given here, as it is treated in many advanced
texts on electrodynamics, such as that of Jackson (1999). For relativistic electrons
such braking radiation has a broad spectrum, ranging from the lowest energies
through to a cutoff wavelength whose energy corresponds to the initial kinetic
energy K of the electron.

A convenient means of decelerating the electron is to cause it to strike a suit-
able fixed target, which is typically made of materials such as copper or molyb-
denum. In decelerating within the target material, bremsstrahlung is emitted.
Upon observing the spectrum of X-rays that is thereby produced, one typically
notes the presence of spikes at energies which depend upon the material used
for the target. Such spikes, which overlay the broad bremsstrahlung spectrum,
are known as ‘characteristic lines’. They arise due to the fact that the incident
electrons may knock out core electrons from the material of the target, with
‘fluorescent’ X-rays being emitted when these energy levels are filled as the per-
turbed atom relaxes to its ground state. The energy of the fluorescent X-rays
is therefore a characteristic of the atomic energy levels of the material used to
construct the target.”

The above two processes, namely bremsstrahlung and the production of char-
acteristic lines, are the two dominant mechanisms which result in X-ray produc-
tion by fixed-anode and rotating-anode sources. Fixed-anode sources, such as the

7T0Note that this reduces to the familiar Newtonian expression for the kinetic energy, in
the non-relativistic limit where the total energy is dominated by the rest-mass energy. To see
this, remove a factor of mec? from the square root, and then perform a first-order binomial
expansion: K = mec?(1 + |p2me2c72)2 — mec® & mec?(1 + %|p\2m§2072) — mec? =
Ip|*/(2me).

711f the fluoresced X-ray is due to the relaxation of an atomic electron from the L to the K
shell, then the associated peak in the X-ray spectrum is termed a ‘K, peak’. Similarly, if the
fluoresced X-ray is due to the relaxation of an atomic electron from the M to the K shell, then
the associated peak in the X-ray spectrum is termed a ‘Kg peak’. The L, peaks, and so on,
are similarly defined.
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Hittorf, Lenard, and Crookes tubes used by Rontgen in his discovery of X-ray
radiation (Rontgen 1896), are so called because the target material comprises
the stationary (‘fixed’) anode of a pair of electrodes through which an electrical
discharge is passed. When electrons from the discharge strike the anode they are
rapidly decelerated, yielding both bremsstrahlung and characteristic radiation.
The modern Coolidge X-ray tube still works on this principle, albeit with a hot
cathode and a cooled anode.

Fixed-anode sources have the lowest brightness of those that shall be con-
sidered in this text. While it is difficult to give specific numbers on account of
the variability which exists between sources, together with the conditions under
which they operate, the peak brightnesses of bremsstrahlung from modern X-
ray tubes are on the order of 105 photons s~ 'mm™2mrad ™2 per 0.1% bandwidth
(see, for example, Kim (2001)). The strongest characteristic lines, from targets
such as copper and molybdenum, have a brightness which is two to three orders
of magnitude larger than that of the bremsstrahlung.

One major limitation, on the brightness achievable with fixed-anode sources,
is the rate at which heat can be removed from the anode. The greater the heat
load that can be dissipated from the target, per unit time, the greater will be
the electron currents which can be tolerated and the greater the flux of X-ray
photons which are emitted. Rotating-anode sources, in which a cooled anode is
made to rotate, are able to more efficiently remove heat and thereby sustain
higher fluxes of X-ray photons. Such sources gain roughly an order of magnitude
in brightness, compared to their fixed-anode counterparts, for both the charac-
teristic and bremsstrahlung components of the X-ray spectrum.

A further order-of-magnitude gain in brightness can be achieved with the
so-called ‘microfocus’ rotating-anode sources, in which a focused electron beam
can be used to achieve a smaller source size for the emitted X-ray radiation.
Enhanced brightness can also be achieved in fixed-anode machines, by using the
focusing technology of an electron microscope to achieve very small spot sizes
on the target (von Ardenne 1939; Marton 1939; von Ardenne 1940; Cosslett and
Nixon 1951, 1952, 1953, 1960; see also Mayo et al. 2002, and references therein).

3.1.3  Synchrotron sources

‘Synchrotron light’ may be defined as the electromagnetic radiation emitted by
relativistic charged particles that are accelerated along curved trajectories. Such
radiation predates human technology, being naturally produced by astrophysical
sources in which highly energetic electrons are accelerated along helical paths in
the presence of magnetic fields. Our emphasis, of course, is on the development of
terrestrial sources of synchrotron radiation. We begin our account with a sketch
of some of the earliest theoretical and experimental investigations in this area,
before passing onto a description of modern synchrotron facilities.

3.1.3.1 Early researches on synchrotron radiation One of the earliest investi-
gations on the theory of synchrotron radiation is due to Liénard (1898), who
developed an expression for the electromagnetic field radiated by a point charge
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moving along an arbitrary path. As a special case, Liénard derived an expres-
sion for the energy loss of a point charge due to the synchrotron radiation
it gives off when following a circular path. Liénard’s work was extended by
Schott (1912), who obtained formulae for the spectral, polarization, and an-
gular properties of synchrotron radiation. Later theoretical works include those
of Pomeranchuk (1940), Iwanenko and Pomeranchuk (1944), Arzimovich and
Pomeranchuk (1945), and Schwinger (1949). These investigations led to the fol-
lowing key results: (i) the synchrotron radiation, emitted by a relativistic classical
point charge which travels around a circle at constant speed, has a radiated en-
ergy per orbit that is proportional to both the square of the electric charge of
the particle and the fourth power of the energy of the particle, while being in-
versely proportional to the fourth power of the rest mass of the particle; (ii) the
synchrotron radiation is strongly concentrated in the direction of the charge’s
velocity v, in a forward-pointing cone of half-angle

M
which is equal to the ratio of the rest-mass energy of the charged particle, to the
total energy E of the particle; (iii) the broad spectrum of synchrotron radiation

has a critical wavelength”? of:

4 2\ 3
A= WTR (mf; ) : (3.6)

where R is the radius of curvature of the circle traversed by the point charge of
rest mass mg.

The above theoretical developments overlap with the history of experimental
efforts which resulted in the production of synchrotron radiation. While electron
accelerators were developed in the early 1920s, it was not until much later that
consideration was given to the production of synchrotron radiation by such de-
vices. Indeed, such radiation was considered to be a nuisance, resulting as it did in
energy losses from the accelerated electrons.” Following the near miss described
by Blewett (1946), synchrotron radiation was first observed in 1947 (Elder et al.
1947a,b). This synchrotron light was in the visible range of the spectrum, being
obtained using the 70 MeV synchrotron at the General Electric Research Labo-
ratory in Schenectady, New York. Note that the radius, of the circular electron

72By definition, half of the emitted power lies at wavelengths below the critical wavelength.

73Three examples epitomizing this negative attitude: (i) The paper by Iwanenko and Pomer-
anchuk (1944) concerns the ‘limitation for maximal energy attainable’ in a circular accelerator
for relativistic electrons, due to ‘radiative dissipation of energy of electrons moving in a mag-
netic field’. (ii) Similarly, the paper by Blewett (1946) is firmly focussed on the detrimental
effect of radiation losses on electron accelerators due to synchrotron radiation. (iii) The open-
ing paragraph, of Schwinger’s famous paper (Schwinger 1949), speaks of ‘limitations to the
attainment of high energy electrons imposed by the radiative energy loss of the accelerated
electrons’. None of these papers mention the possible positive use of synchrotron radiation.
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orbit in this machine, was rather small by most modern standards, at 29.3 cm.
Further researches, during these earliest years, include those reported by Elder
et al. (1948) and Tomboulian and Hartman (1956). For further information re-
garding the history of the development of synchrotron radiation, together with
references to the primary literature, we refer the reader to the review article by
Lea (1978). For a first-hand account of the early days of synchrotron radiation,
see Blewett (1998).

3.1.3.2 The three generations of synchrotron light source Broadly speaking,
the history of synchrotron radiation sources may be classified into three phases,
commonly termed ‘generations’. We examine each of these in turn.

‘First-generation’ sources, which include those employed in the experimen-
tal work outlined in the previous sub-section, may be defined as those facilities
that produce synchrotron radiation as a by product, but which are not specif-
ically designed for the production of such radiation. The primary purpose of
first-generation sources was as accelerators for experiments in high-energy par-
ticle physics.

‘Second-generation’ sources refer to the first machines purpose built for, and
solely dedicated to, the production and use of synchrotron radiation. The first
such facility, the Daresbury Synchrotron Radiation Source, became operational
in 1981. Rather than being based on machines (e.g. betatrons and synchrotrons)
whose function was to accelerate electrons or positrons, the second generation of
sources were based on ‘storage rings’, these being designed to store electrons or
positrons in a closed circular orbit at a fixed energy. Such fixed-energy charged-
particle storage is maintained by having suitable radio-frequency cavities, at
appropriate points along the orbit of the storage ring, which serve to replenish the
energy that is lost through synchrotron radiation. Rather than being optimized
for the acceleration of particles, as was the case with the first generation of
synchrotron sources, second-generation sources were optimized with respect to
the production of synchrotron light.

The primary source of radiation, in a second-generation source, arises from
‘bending magnets’—see Fig. 3.1. Here, we see an electron bunch™ at A which
is travelling along a straight section of an electron storage ring. Upon passing
through the bending magnet B, within which there is an approximately uniform
magnetic field pointing into the plane of the page, the associated Lorentz force
will cause the electrons to move in a circle of radius R. This circle is about
the point O, which lies in the plane of the storage ring. In accelerating the
electrons within the bending magnet, a tightly collimated cone C' of synchrotron
radiation is produced. Finally, after traversing the bending magnet, the electrons
will have been deflected, subsequently travelling along the straight segment D of
the storage ring. The peak brightness of the radiation, produced by a bending
magnet, is on the order of 10! photons s~ 'mm~2mrad =2 per 0.1% bandwidth.

74This term reflects the fact that the electrons are localized in small clumps about the
circumference of the ring.
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O

C

Fig. 3.1. Bending magnet as a source of synchrotron radiation. A relativistic
electron bunch at A passes through a bending magnet B with approximately
uniform magnetic field pointing into the plane of the page. This causes the
electrons to traverse an arc with radius R. At each point within the bending
magnet, the accelerated electrons emit a narrow cone of synchrotron radiation
C, before emerging from the magnet to travel along the straight path D.

This is some ten orders of magnitude larger than the peak brightness associated
with fixed-anode X-ray sources (see, for example, Kim (2001)).

This remarkable increase in brightness is further improved upon, in the ‘third-
generation’ synchrotron facilities to which we now turn. These differ from their
predecessors in two principal respects. First, a good deal of experience was gained
from the development and operation of second-generation sources, which was
incorporated into improved machine designs with a view to increasing brightness
and decreasing emittance. Second, and perhaps more distinctly, the bending
magnets were augmented with ‘insertion devices’ as the main means of producing
synchrotron radiation.

Modern insertion devices may be broken into two classes, whimsically known
as ‘wigglers’ and ‘undulators’. These devices are inserted into the straight sec-
tions of the storage ring. They have the common feature of producing synchrotron
radiation by passing relativistic electron bunches through periodic magnetic
structures (Motz 1951), such as that shown in Fig. 3.2. Here, we see an elec-
tron bunch at A entering a periodic array of magnetic dipoles, producing a
periodic magnetic field that causes the electrons to follow an approximately si-
nusoidal path. This may be contrasted with the circular arc traced by electrons
traversing bending magnets.

An insertion device may be spoken of as either a ‘wiggler’ or an ‘undulator’,
depending upon the parameter regime in which it operates. With a view to eluci-
dating this distinction, consider Fig. 3.3. Here, we see a sinusoidal electron path
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Fig. 3.2. Schematic of an insertion device, which may be a wiggler or an undu-
lator. A relativistic electron bunch at A enters an array of magnetic dipoles,
causing it to follow an approximately sinusoidal trajectory in the plane of the
storage ring. North and south ends, of the magnetic dipoles, are respectively
denoted by ‘N’ and ‘S’.

corresponding to the wiggler regime. The narrow cones of synchrotron radiation,
emitted from the points B, C, and D on the electron trajectory, are respectively
indicated by E, F, and G. As suggested by the diagram, the defining character-
istic of the wiggler regime is that the various synchrotron-radiation cones do not
all have a significant degree of overlap. Notwithstanding this fact, there will ev-
idently be a series of forward-pointing cones (such as F') which will overlap, the
number of which depends on the number of periods in the insertion device. The
fields of each overlapping forward-pointing cone (even if they are due to the same
electron traversing subsequent periods of the magnetic lattice of the wiggler) add
incoherently, with a resulting spectrum which is smooth and broad. The more
periods in the wiggler, the greater will be the number of forward-directed X-ray
cones which overlap, and the more intense will be the resulting synchrotron radi-
ation. Typically, the brightness achievable with a wiggler is one to two orders of
magnitude larger than that obtained using bending magnets (see, for example,
Kim (2001)).

Next, suppose that the peak magnetic field of the wiggler is chosen to be suf-
ficiently weak, and the period of the magnetic array sufficiently small, that the
cones F, F, and G, in Fig. 3.3, have a significant degree of overlap. The insertion
device would now be referred to as an ‘undulator’. The associated X-ray spec-
trum is no longer smooth, being sharply peaked at the harmonics of the device,
which are approximately equally spaced with respect to energy. The radiation
from a single electron, which radiates from consecutive periods of the undula-
tor’s magnetic lattice, adds coherently for radiation wavelengths corresponding
to one of the previously mentioned harmonics; however, the radiation from differ-
ent electrons adds incoherently, as does radiation from any given electron which
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Fig. 3.3. Wiggler as a source of synchrotron radiation. A relativistic electron
bunch at A passes through an array of magnets of alternating polarity (not
shown), causing it to travel along an approximately sinusoidal path. The
narrow cones of synchrotron radiation, emitted from the points B, C, and D,
are respectively indicated by F, F, and G. After Margaritondo (2002).

does not correspond to one of the harmonics of the device. Due to the construc-
tive interference mentioned above, the peak brightness of undulator radiation is
typically three to four orders of magnitude greater than that of bending magnets
(see, for example, Kim (2001)).

On account of their high brightness and low emittance, undulators are the
workhorses of third-generation storage-ring facilities for the production of syn-
chrotron radiation. A simplified schematic, of such a facility, is given in Fig. 3.4.
Here, energetic electron bunches enter the storage ring via an injector A. Note
that these injected electrons are typically accelerated, prior to injection, using
both a linear accelerator and a so-called booster synchrotron (not shown). In or-
der to pass from the injector to the storage ring, a bending magnet B is required.
Bending magnets C' and D are shown, leading to bending-magnet radiation such
as that denoted by F. However, as stated earlier, third-generation sources are
designed to have a large number of straight sections, into which insertion devices
such as F' may be placed. While these insertion devices may be either wigglers
or undulators, the latter are usually preferred, on account of the superior bright-
ness of the radiation that they produce. A beam G of insertion-device radiation
is indicated in the diagram, together with a radio-frequency cavity H used to
replenish the electron energy lost due to synchrotron radiation.

Associated with each of the synchrotron beams produced by the storage-ring
facility, is a so-called ‘beamline’. These typically contain a variety of specialized
equipment suited to a particular class of experiments. For example, one often
encounters beamlines dedicated to crystallography, diffraction from powdered
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Fig. 3.4. Schematic of a third-generation storage ring for the production of syn-
chrotron radiation. Injector, A; injector bending magnet, B; bending mag-
nets, C, D; synchrotron radiation from bending magnet, F; insertion device,
F; synchrotron radiation from insertion device, G; radio-frequency cavity, H.
After Lewis (1997).

crystals, surface studies, infrared spectroscopy, X-ray microscopy, topography,
lithography, small-angle scattering, and X-ray absorption fine structure, to name
but a few.

3.1.4  Free-electron lasers

Recall the discussions of Section 2.10.2 on photon absorption, in which we
saw that an absorbed photon’s energy may promote an atomic electron from
a lower-energy state to a higher-energy state (possibly in the continuum, re-
sulting in ionization of the atom). If a plane-wave beam of photons is normally
incident upon a single-material slab of constant thickness T, then, in the X-ray
regime, such a mechanism for photon absorption (‘photo-absorption’) typically
gives a dominant contribution to the linear attenuation coefficient p, which re-
sults in the intensity of the exit beam being attenuated with respect to that of
the incident beam, by a factor of exp(—uT') (Beer’s Law, cf. eqn (2.43)).

Now suppose that at least some of the atoms, in the illuminated slab, are
in an excited state. In addition to the photon-absorption mechanism described
above, there will now be the possibility for photons to be emitted by atoms in
the slab. Two such mechanisms, known as ‘spontaneous emission’ and ‘stimu-
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lated emission’, will now be described. (i) Spontaneous emission occurs when an
excited atomic state emits a photon, in the absence of other photons of the same
type, as an atomic electron relaxes from a higher-energy state to a lower-energy
state. Such spontaneously emitted photons bear no fixed phase relationship with
respect to one another, and therefore constitute an incoherent source of light. The
characteristic lines, discussed in Section 3.1.2, are an example of such a source
of X-ray photons. (ii) Stimulated emission (Einstein 1917) refers to photon emis-
sion which is induced by virtue of the excited atom being immersed in a photon
field. From a classical point of view, one might view the pre-existing electromag-
netic field as causing the electron to oscillate, and thereby emit electromagnetic
radiation at the same frequency as that which stimulated the emission. Using an
argument based on the quantum-mechanical first-order time-dependent pertur-
bation theory of the photon—atom interaction (see, for example, Sakurai (1967)),
one can show that the probability amplitude, for an excited atom to emit a pho-
ton of a given type (i.e. with a particular wavelength, propagation direction, and
polarization), increases with the number of photons, of the same type, which are
already present. Thus, the more photons of a given type are present, the greater
is the chance that more such photons will be created through the mechanism
of stimulated emission. Further, when stimulated photon emission is effected by
pre-existing photons of a given type, the emitted photons have the same wave-
length, propagation direction, and polarization as the photon or photons which
stimulated the emission.

Stimulated emission is the process which underpins the conventional laser,
this being an acronym for ‘light amplification by stimulated emission of radia-
tion’. Such light amplification may be contrasted with the previously discussed
light attenuation via photon absorption. Rather than the photons giving en-
ergy to the medium via processes such as photo-absorption, the mechanism of
stimulated emission raises the possibility that the medium may transfer energy
to the light field in which it is immersed. This process underpins visible-light
lasers, the generic features of which are sketched in Fig. 3.5. Light amplification
by stimulated emission is achieved by creating a so-called ‘population inversion’
in the lasing medium. This refers to a state of the lasing medium in which an
excited atomic level (often a meta-stable excited state) is more greatly popu-
lated than a lower-energy level. The injection of energy, required to create such
a population inversion in the lasing medium, is termed ‘pumping’. The popu-
lation inversion serves to increase the probability of stimulated emission, while
reducing the probability of photon absorption. The condition for lasing is that
the light amplification, by stimulated emission of radiation, be greater than the
light attenuation by absorption. Conditions for lasing are typically strengthened
by placing the lasing medium C in an optical cavity, which often comprises a
fully silvered mirror A at one end and a partially silvered mirror B at the other
end. Particular modes of the cavity may be excited by the process of spontaneous
emission, with one or more such modes subsequently being amplified, until satu-
ration is reached, by the process of stimulated emission. Under these conditions,
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Fig. 3.5. Schematic of features common to many visible-light lasers. An optical
cavity is formed by a fully silvered mirror A and a partially silvered mirror B.
Within this cavity is a lasing medium C, in which population inversion may
be achieved by pumping with a suitable energy source. If the lasing condition
is fulfilled, laser light D will exit from the cavity.

Injector  Linear accelerator | S | N| S |N| S |N| S | N| S |N|
> >
[~]s|nfs|n]s [n]s[n]s |
Undulator

Fig. 3.6. Generic setup for a free-electron laser. ‘Free’ electrons, so called be-
cause they are not bound to atoms in a lasing medium, are injected into a
linear accelerator. This provides a low-emittance source of energetic electrons
which subsequently enters an undulator.

a laser beam D may be caused to exit from the cavity.

Having covered the above preliminaries, we are now ready to consider the
free-electron laser (Madey 1971). Figure 3.6 shows an injector-fed linear accelera-
tor, which provides a source of energetic electrons that subsequently pass through
an undulator. Evidently, this setup can function as an ‘ordinary’ undulator, as
described in the previous sub-section. In this undulator regime, photons emitted
by different electrons, via spontaneous emission of synchrotron radiation, add in-
coherently. However, if the emittance of the electrons from the linear accelerator
is sufficiently small, and the undulator sufficiently long, then appropriate choices
for the remaining experimental parameters (such as the undulator period and
field strength) allow a qualitatively new regime of undulator operation. In this
‘free-electron laser’ regime one can realize coherent addition of photons emitted
from a large number of electrons within the electron bunch passing through the
undulator.

Let us explore this idea in a little more detail. Suppose a linear accelerator
injects a low-emittance relativistic electron bunch into an undulator, as shown
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in Fig. 3.6. As the bunch travels through the periods of the magnetic lattice at
the start of the undulator, photons will be spontaneously emitted as synchrotron
radiation. The electromagnetic field, felt by the electrons in the bunch, will then
be a combination of that due to the undulator, that due to any spontaneously
emitted photons which are present, and that due to the electrons themselves.”®
With this electromagnetic field may be associated a potential, known as the ‘pon-
deromotive potential’,”® the presence of which leads to a collective instability of
the electron—photon system (Bonifacio et al. 1984). This instability causes the
electrons to form a one-dimensional crystalline structure within the bunch, trans-
versely slicing it up into a number of thin discs of equal thickness (‘microbunch-
ing’). This structure has a period that is equal to the wavelength of a certain
longitudinally travelling photon mode, which may be amplified through stimu-
lated emission. For this amplification to occur, a resonance condition must be
met—namely that the microbunched electron pulse should fall one microbunch-
period behind the z-directed photon plane-wave, when one period of the magnetic
array is traversed. Under this condition, there can be a net transfer of energy,
from the microbunched electrons to the photon beam. This net transfer occurs
through the process of stimulated emission, as described earlier. The resulting
photon beam becomes exponentially amplified as it passes through the undula-
tor, which is why we mentioned earlier that the undulator must be sufficiently

75In the laboratory reference frame, the undulator creates a static magnetic field. However,
in a frame of reference which moves with the mean velocity of the electrons in the undulator,
the undulator field is both electric and magnetic in nature. Note in this context that neither the
electric nor the magnetic fields have any absolute meaning in the context of special relativity,
the axioms of which are consistent with the Maxwell equations (see, for example, Jackson
(1999)). Note, also, that since the photon field is identified with the electromagnetic field in
quantum mechanics (see, for example, Sakurai (1967)), we can meaningfully speak of the net
electromagnetic field due to the photons, the undulator, and the electron bunch.

76The existence of such a potential is rather natural, as we shall now argue. In the previous
chapter, on the interactions of X-rays with matter, we discussed how light is influenced by
its interactions with matter (e.g. via scattering, diffraction, or refraction). The existence, of
such an interaction, is indicative of a coupling between light and matter. On a classical level,
this coupling is quantified by the presence of source terms (charge and current densities)
in the Maxwell equations, together with macroscopic properties of material media such as
electrical permittivity and magnetic permeability. On a quantum-mechanical level, the coupling
of electromagnetic and matter fields is quantified by the coupling of the Dirac and Maxwell
equations in quantum electrodynamics. Now, if the electron and photon fields are coupled to
one another, thereby allowing matter to ‘push light around’, then the converse must also be
true: light ‘pushes matter around’. Rather than viewing the photon field as being manipulated
by the potential created by the matter field, which is the starting point for radiation-field optics
in which radiation is manipulated using optical elements made from matter, one can view the
matter field as being manipulated by the potential created by the photon field. This is the
starting point for matter-field optics in which matter fields are manipulated using optics made
from photons. A common example of this is the magnetic lenses in an electron microscope.
Another example is the Kapitza-Dirac effect, in which a beam of electrons is diffracted from
the ponderomotive potential due to a ‘grating’ of light which is composed of the interference
pattern produced by counter-propagating electromagnetic plane waves. A third example is
the effect of the photon field, on the electron bunch travelling through the undulator of a
free-electron laser, as described in the main text.
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long for free-electron lasing to occur. After the period of exponential growth in
intensity, saturation of the photon beam is reached, and the free-electron laser
beam emerges from the end of the undulator. The process, described above, is
known as ‘self amplified spontaneous emission’ (SASE) (see, for example, Pelle-
grini (2001), and references therein).

For an early experimental demonstration of the free-electron laser, in the
infrared regime, see Elias et al. (1976). In the infrared to visible regions of the
electromagnetic spectrum, SASE free-electron lasing has been experimentally
demonstrated for some time (see, for example, references 36-46 of Pellegrini
(2001)). Indeed, many free-electron laser facilities are currently operational at
infrared wavelengths. Further, SASE free-electron lasing has been achieved at
vacuum ultraviolet wavelengths (see, for example, Andruszkow et al. (2000)). At
the time of this writing no SASE free-electron lasers are operational in the hard
X-ray regime, although there are such facilities currently at an advanced stage of
development. The Linac”” Coherent Light Source (LCLS), at the Stanford Linear
Accelerator Center (SLAC), is likely to be one of the first hard X-ray free-electron
lasers to come online (Tatchyn et al. 1996; Cornacchia et al. 2004). Scheduled to
be operational by 2009, this SASE facility plans to lase at wavelengths down to
0.15 nm, yielding X-ray pulses down to 230 fs in duration. Another future facility
is the European X-Ray Laser Project (XFEL). This SASE facility, scheduled to
be operating by 2012, will be housed at the Deutsches Elektronen-Synchrotron
(DESY) in Hamburg. It is planned to lase at wavelengths down to 0.085 nm, with
pulse lengths of 100 fs or less. Other X-ray SASE free-electron lasers are also
under development, including the SPring-87® Compact SASE Source (SCSS) in
Japan (Shintake et al. 2004), and the Fourth Generation Light Source (4GLS)
at Daresbury Laboratory in the United Kingdom (Quinn et al. 2004).

The peak brightness, of such SASE X-ray free-electron laser facilities as LCLS
and XFEL, is expected to be some ten orders of magnitude larger than that
of undulator radiation at a contemporary third-generation source. The average
brightness is expected to be roughly two orders of magnitude larger, and the
emittance to be around two orders of magnitude smaller (Pellegrini and Stéhr
2003). It is to be anticipated that these remarkable advances, in source coherence,
will open up many new avenues for scientific research which cannot be realized
at present facilities.

3.1.5  Energy-recovering linear accelerators

Storage rings remain the dominant contemporary source of high-brightness X-ray
radiation. Such rings are typically designed to contain electron bunches which
circulate for the order of tens of hours, or more, this being the expected duration
of continuous beam-time for X-ray users.

However, this design criterion restricts the smallness of the electron-bunch
emittance (and therefore the greatness of the source brightness) that can be

7"Note that this is a contraction of ‘linear accelerator’.
78This is a contraction of ‘Super Photon Ring — 8 GeV’.
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sustained by the facility. Indeed, consider the various vicissitudes which the
electron bunch encounters as it repeatedly circulates within the storage ring:
insertion devices, bending and focusing magnets, aberration-correcting magnets,
electron—electron interactions, dispersion and perturbation due to the radio-
frequency cavities which replenish lost energy, and emission of synchrotron ra-
diation. Such factors both determine and limit the equilibrium properties of the
electron bunch in the storage ring. Typical electron-bunch equilibration times
are on the order of milliseconds, corresponding to thousands of orbits around
the storage ring (Gruner 2004).

In the previous sub-section, we discussed what can now be re-interpreted
as one means of addressing this limitation of electron-bunch equilibration: the
free-electron laser. Since this is a single-pass device, bunch equilibration does
not have time to eventuate, permitting electron emittances which are sufficiently
high for SASE to occur. Having said this, we note that the process is inherently
inefficient, as the spent electrons are passed into a beam dump once they have
traversed the undulator. This wastes a large amount of energy, as less than 10%
(and often less than 5%) of the energy of the electrons is converted into photons
in the free-electron laser (Kurennoy et al. 2004).

There is an evident tradeoff here: the storage ring achieves beam longevity,
energy efficiency, and high repetition rates at the expense of brightness, while
the single-pass free-electron laser compromises beam longevity, efficiency, and
high repetition rates in the pursuit of brightness.

Between these extremes lies the notion of an energy-recovering linear acceler-
ator (ERL), developed by Tigner (1965) in the context of high-energy physics ap-
plications. The photon-producing variant of this idea, with which we are here con-
cerned, is sketched in Fig. 3.7. This shows an injector A that feeds low-emittance
electron bunches into a linear accelerator B, which energizes the bunches without
overly compromising their emittance. The energized bunches then pass around a
ring, containing both bending magnets C' and insertion devices D, thereby pro-
ducing synchrotron radiation for the users of the facility. Having passed around
the ring once, the ERL is designed such that the ‘used’ bunches re-enter the
linear accelerator 180° out of phase with the ‘fresh’ bunches from the injector.
Thus, while the linear accelerator serves to accelerate the fresh bunches, it serves
to decelerate the used bunches. The used bunches thereby transfer much of their
energy back to the radio-frequency cavities in the accelerator, with this energy
being available for the acceleration of fresh electron bunches from the injector.
Having returned a substantial fraction of their energy for subsequent re-use, the
spent low-energy electrons are then directed to a beam dump E.

The central idea of the ERL, therefore, is to recycle the energy of the electron
bunches, rather than recycling the electron bunches themselves. Since individ-
ual electron bunches are used only once, the previously mentioned equilibration
effects (whose millisecond timescales are typically around three orders of magni-
tude longer than the ring orbit time) do not pose a limitation. Notwithstanding
this, the brightness available from these machines is not likely to be as high as
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E

Fig. 3.7. ERL facility. Injector, A; linear accelerator, B; bending magnets, C
insertion devices, D; beam dump, F.

that obtained with single-pass free-electron lasers, at least in existing designs.
However, ERLs have the advantage of higher repetition rates than single-pass
free-electron lasers—in this respect, they are rather closer to modern storage
rings than single-pass free-electron lasers. Further, we note that in many respects
the planned and proposed ERLs will be able to support many of the experiments
that are currently undertaken at third-generation sources, while providing the
higher brightness and shorter pulses that will enable new experiments not feasible
at the current facilities.

Early experimental demonstrations, of the ERL concept at sub-optical fre-
quencies, include those of Smith et al. (1987) and Neil et al. (2000). As is the case
with hard-X-ray free-electron lasers, however, hard-X-ray energy-recirculating
technology has yet to become operational, at the time of this writing. Current
ERL plans and proposals in the X-ray regime include a facility at Cornell Univer-
sity (Bilderback et al. 2003), the 4GLS suite of sources at Daresbury Laboratory
(Quinn et al. 2004), the Multiturn Accelerator-Recuperator Source (MARS) at
the Budker Institute of Nuclear Physics at Novosibirsk (Kulipanov et al. 1998),
together with ERL sources at the Photon Factory in Tsukuba and the University
of Erlangen.

3.1.6  Soft X-ray lasers

We close this section by very briefly treating soft X-ray lasers. As is the case for
the free-electron lasers described in Section 3.1.4, soft X-ray lasers transfer energy
from matter to photons via stimulated emission. A point of difference, however,
is that the soft X-ray sources considered here are ‘bound-electron lasers’; in the
sense that their electrons are contained within a lasing medium.

As is the case with visible-light lasers containing a lasing medium, the X-ray
lasing medium must be ‘pumped’ in order to achieve a population inversion. Such
inversion is a necessary condition for lasing to occur, as described in the opening
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paragraphs of Section 3.1.4. In soft X-ray lasers, pumping to population inversion
may be achieved in a number of ways. These include: (i) illuminating the lasing
medium with a sufficiently powerful pulsed laser operating at a longer wavelength
(e.g. infrared or optical wavelengths) than that desired of the resulting laser
beam; (ii) bombarding the medium with a rapid electric discharge.

Typically, such pumping ionizes the atoms in the lasing medium, yielding
a plasma. Note that this ionization is a consequence of the facts that: (i) the
excitation energy of the electrons should be on the order of the energy corre-
sponding to the lasing wavelength; (ii) X-ray wavelengths are often sufficiently
strong to ionize many atoms. This has led to some difficulty in allowing las-
ing-medium-based lasers to pass the threshold from the soft-X-ray to the hard-
X-ray regime. Notwithstanding this, soft X-ray lasers are the subject of much
ongoing research and development, with many researchers striving to push this
technology into the hard X-ray domain.

3.2 Diffractive optical elements

Here, we discuss several commonly used diffractive optical elements for coher-
ent X-ray optics. We sequentially treat diffraction gratings, Fresnel zone plates,
analyser crystals, monochromators, crystal beam-splitters, interferometers, and
Bragg—Fresnel crystal optics. We also consider slabs of free space to comprise a
diffractive optical element.

3.2.1 Diffraction gratings

Consider the binary transmission grating, sketched in cross section in Fig. 3.8.
The maximum and minimum projected thicknesses of the grating are taken to
be A and B, respectively, with the grating period being equal to L. Note that,
for simplicity, we have taken the width of the grooves to be equal to the spacing
between the grooves (i.e. both quantities are equal to %L) With these assump-
tions, and adopting (z,y) Cartesian coordinates in the plane of the grating, we
can write its projected thickness T'(z,y) as:

T(z,y) = {A, if s1n(2.7mc/L) >0, (3.7)

B, otherwise.

Assume the grating to be made of a single homogeneous isotropic non-mag-
netic material of known complex refractive index n,,, where (see eqn (2.37)):

ny, =1—10, +i0,. (3.8)

The real numbers 6, and 3, respectively quantify the refractive and absorptive
properties of the material, as a function of the angular frequency w of the X-rays.
Note that (3, is related to the linear attenuation coefficient u,, which appears in
Beer’s law of absorption (eqn (2.43)), by the relation p,, = 2k, (see eqn (2.44)).
Next, suppose that a z-directed monochromatic scalar X-ray plane wave

2 exp(ikz) is normally incident upon our single-material grating, with z be-
ing a nominal optic axis perpendicular to the zy plane. Here, & is a complex
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Fig. 3.8. Simple two-level binary diffraction grating, in side view. Maximum
and minimum projected thicknesses are given by A and B, respectively. The
grating period is L, with the width of grooves and peaks being equal.

constant whose squared modulus is equal to the intensity of the incident plane
wave, and k = 27/ is the usual wave-number associated with monochromatic
scalar radiation of wavelength \. Let the plane z = 0 coincide with the exit sur-
face of the grating. Assume the grating to be sufficiently thin, and the grating
period to be sufficiently long with respect to the wavelength of the radiation, for
the projection approximation to be valid (see Section 2.2). Then the spatial part
Yo (z,y,2 = 0) of the complex disturbance, at the exit surface of the grating,
will have both an amplitude and phase that is proportional to the projected
thickness T'(z,y):

Yo(x,y,2 =0) = D/ exp|—p,T (z,y)] exp[—ikd, T (x, y)]. (3.9)

The right side, of the above equation, is a product of three quantities: (i) 2
reflects the fact that the exit-surface wave-field is proportional to the complex
amplitude of the incident plane wave; (ii) \/exp[—poT(x,y)] is indicative of
Beer’s law of absorption, in the projection approximation, with the square root
being present because we are here working with amplitudes rather than with
intensities (the reader will recall that the latter is identified with the squared
modulus of the former); (iii) the phase —kd,T'(x,y) of the third term, which for
convenience is taken relative to the uniform exit-surface phase that would have
existed had no grating been present, is given by eqn (2.41).
Making use of eqns (2.44) and (3.7), we see that eqn (3.9) becomes:

P exp[—kA(B., +id,)], if sin(2rz/L) > 0,

3.10
9 exp[—kB(B., +1d,)], otherwise. (3.10)

Yo (z,y,2=0) = {

At this point, it serves us to recall the Fourier-series decomposition of a square
wave. This square wave Y(x), of period L, may be defined by:

o)< i (25)], oy
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where the sign function ‘sgn’ returns a value of +1 if its argument is positive
or zero, and —1 if its argument is negative. The Fourier-series decomposition of
this square wave, derived in most elementary texts on Fourier analysis, is:

_ 4 Z n[2m 2m—1)w/L] (3.12)
™= 2m —1

The above Fourier series takes on the value +1 when sin(27rz/L) > 0, being

equal to —1 otherwise. Now, the ordered pair {—1, 1} is changed into the ordered

pair {c1,ca}, where ¢; and ¢y are arbitrary complex numbers, if one applies the

following sequence of operations to each member of the first pair: add 1, multiply

by 3(c2 — c1), then add ¢;. We conclude that:

{[T(x) +1] x %(62 - cl)} +c = % [(ca —e1)Y(x) + 1 + ¢

:{02, if sin(2ma/L) 2 0 (313)
c1, otherwise.

After our diversion on the Fourier series of square waves, we are ready to
return to the main thread of the argument. To this end, note that if we choose:

c1 = D exp[—kB(Buw + id,)], ca = Dexp[—kA(B, +idy)], (3.14)

then the right-hand sides of eqns (3.10) and (3.13) are identical. Therefore, their
left sides are identical, so that:

Yo(x,y,2=0) = %[(02 —c1)Y(z) +c1 + o). (3.15)

Making use of eqn (3.12), the above equation becomes the following Fourier-series
decomposition for the wave-field at the exit surface of our grating:

o0

cl+02 2(cg — 1) Z sin[27(2m — 1)x /L)
2 2m —1 ’

Yo(z,y,2=0) = (3.16)

=1

with ¢; and ¢y being given by eqn (3.14). Next, recall the complex representation
of the sine function:

sin(z) = %[exp(ix) — exp(—i)], (3.17)

allowing us to re-write eqn (3.16) as
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Yo (z,y,2=0) _ate a-a Z exp[2im(2m — 1)z /L]
T

2 2m -1

m=1

B 027;01 i exp|—2im(2m — 1)x/L]' (3.18)

— 2m — 1
Having obtained the above expression, for the complex amplitude of the opti-
cal wave-field at the exit surface z = 0 of the grating, our next task is to propagate
this solution into the vacuum-filled half-space z > 0 downstream of the grating.
This propagated solution must obey the Helmholtz equation (1.16), in that half
space. To evaluate the propagated field, we use a method that is directly re-
lated to the discussions of Section 1.3, in which we treated the angular-spectrum
formalism for the propagation of monochromatic complex scalar wave-fields.
The elementary plane wave expli(kyx + k.z)|, with wave-vector (kg,k, =
0, k), solves the Helmholtz equation if:

k2 4+ k2 = k2. (3.19)

This equation can be solved for k,, with the positive square root being chosen
on account of the fact that there are no sources in the half space into which the
field propagates. Therefore:

k. = /K2 — k2, (3.20)

so that our elementary plane wave becomes exp|i(k,z+2z+/k? — k2)]. The bound-
ary value of this elementary plane wave, over the surface z = 0, is exp(ik,x); to
propagate the boundary value into the half-space z > 0, one need only multiply
by the free-space propagator’?:

exp(ik,z) = expliz/ k% — k2]. (3.21)

Now, eqn (3.18) expresses the exit-surface wave-field of the grating as a linear
superposition of such boundary values (i.e. over the surface z = 0) of the ele-
mentary plane waves expli(k,z + k.z)]. Since the Helmholtz equation is linear,
we may propagate ¥, (x,y,z = 0) into the vacuum-filled half-space z > 0 by
multiplying each of the summed boundary values by the appropriate propaga-
tor. Bearing all of this in mind, one may immediately write down the following
formula for the propagated field ¥, (z,y,z > 0) in the half-space downstream of
the illuminated diffraction grating:

7 See the lines of text immediately after eqn (1.21), noting that ky = 0 in the present context.
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(c1 + c2) exp(ikz)

¢w($7y7220): 2
e , 2
co— 1 exp|2im(2m — 1)a /L] ) 2m —1
E : k2 _ 42
* i —~ 2m —1 R g L
o0 . 2
co— 1 exp[—2im(2m — 1)x /L] ) 2m —1
_ E k2 — 472
m — 2m —1 R i L

(3.22)

Known as the ‘zeroth-order diffracted beam’, the first term on the right side
of this equation represents an attenuated and phase-delayed form of the incident
plane wave. Note that this zeroth-order beam will vanish if ¢; 4+ ¢o = 0, a point
we shall return to later in the context of grating efficiency.

The second term, on the right side of eqn (3.22), represents a series of plane
waves which are mutually inclined with respect to one another. Each such plane
wave corresponds to a particular positive diffracted order, labelled by one of the
integers m = 1,2,3,--- in the summation.

Consider the m = 1 term, namely the first diffracted order. This is given by

the plane wave:
— 21 1 1
o - c1 exp (Z;m) exp <2m'zu Vil LQ> ) (3.23)

where we have made use of the fact that k = 27 /A, with A equal to the radiation
wavelength. This m = 1 order will be a propagating (rather than an evanescent)
plane wave if the argument of the above square root is positive, which will be the
case if the grating period L is longer than the wavelength of the radiation. Since
we assumed L >> )\ in making the projection approximation near the beginning
of this calculation, the m = 1 order will be propagating. This diffracted order
propagates with respect to the optic axis at an angle 0,,—1 given by:

0 = tan~ ! </<:1;) = tan~! (%/L> = tan~! <A>
m ki orVA 2 — L2 Viz-x)’
(3.24)
Note, also, that L > X implies that eqn (3.24) has the approximate form:

A
~ T
Thus, the diffraction angle of the first order is very small compared to unity, if

the period of the diffraction grating is very much longer than the wavelength of
the illuminating radiation.

Opme1 L> A (3.25)
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Fig. 3.9. When monochromatic plane waves are incident upon a ruled trans-
mission grating, a series of diffracted orders results.

The angles 6,,—2,0,,—3, -+, made by the other propagating positive-order
diffracted beams with respect to the optic axis, can be determined in a similar
manner to that employed in the previous paragraph. As the reader can eas-
ily show, the propagating negative diffracted orders—as given by each of the
summed terms in the bottom line of eqn (3.22), with m being sufficiently small
in modulus for the argument of the square root to be real—have propagation
angles which are the negative of those for the corresponding positive diffracted
orders, so that 6_,, = —0,,,. Specifically, one has the following generalization of
eqn (3.24), for the angles 6,,, made by the various diffracted orders with respect
to the zeroth-order beam:

(2lm| = DA
VL% — (2[m] — 1)2)2

0, = sgn(m) tan~! ( ) , m==1,£2,---,

L > (2lm| — 1)A. (3.26)

In light of the preceding analysis, it is clear that the diffraction grating can
function as a beam splitter, as indicated in Fig. 3.9. Here, we see the normally
incident monochromatic beam being split into the various diffracted orders, upon
passage through the grating.

In addition to functioning as a beam splitter, eqn (3.26) implies that the
transmission grating can function as a spectrometer. This is because the angle,
which a given order of diffraction makes with the optic axis, depends on the
wavelength (and therefore upon the energy) of the radiation diffracted into that
order. Note that such grating-based X-ray spectroscopy is typically restricted
to the soft end of the X-ray spectrum, using reflection rather than transmission



158 X-ray sources, optical elements, and detectors

geometries, with crystals typically being used for spectroscopy at the harder
energies.

Next, let us examine the relative intensities of the various diffracted orders,
produced when monochromatic scalar plane waves normally illuminate the sim-
ple transmission grating sketched in Fig. 3.8. In this context, we introduce the
efficiency x,, of the grating in diffracting the incident plane wave into the mth or-
der. This efficiency is defined as the ratio of the squared modulus of the complex
amplitude of the mth diffracted order, to the squared modulus of the complex
amplitude of the incident beam. For our grating, eqn (3.22) allows us to write
down the efficiency:

2 2
- ez —
m=| =29 gl = , 3.27
A [T T @ml ~ )P 20
where m = £1,42,---, and the condition L > (2|m| — 1)A restricts the above

formula to propagating diffracted orders. Making use of eqn (3.14), the above
result becomes:

_ |exp[—kA(By +6.)] — exp[—kB (B + i6,,)]|?
B m2(2|m| — 1) ’
m==+1,42,---, L> (2lm| - DA (3.28)

m

For our simple two-level ruled grating, the most intense of the diffracted orders
occurs for m = £1.

Having introduced the notion of diffraction efficiency x,,, and analytically
evaluated it for the simple grating model being considered here, it is natural to
enquire as to how this quantity can be maximized. With reference to eqn (3.28),
we see that the relevant variables in the required optimization are A, B,d,,
and 3,,.%° Let us give a geometric argument for how this optimization may be
achieved.

For any given m, the numerator of eqn (3.28) tells us that we need to maxi-
mize the modulus of the difference between the complex numbers exp[—kA(S,, +
1d,,)] and exp[—kB(B, + 1d.)]. Note that each of these complex numbers has a
modulus which is less than or equal to unity. As can be readily seen by drawing
these complex numbers as points in the complex plane, each of which must lie

80The grating period L is only of implicit relevance, insofar as it must be sufficiently large
with respect to the radiation wavelength A, for a given diffracted order to exist as a prop-
agating rather than as an evanescent wave. Since the m = =+1 diffracted orders contain the
most energy in the model being considered here, it suffices to ensure that L is sufficiently
large that these first orders be propagating rather than evanescent. The condition for this, as
we saw earlier, is that the grating period be longer than the wavelength of the illuminating
radiation. This is consistent with the requirement that L > A, upon which was predicated
the projection-approximation expression (3.9) for the exit-surface wave-field of the normally
illuminated grating.
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within a circle of unit radius, the modulus of the difference will be maximized
if the following two conditions simultaneously hold: (i) the modulus of both
exp[—kA(B., + id.)] and exp[—kB(f., + id.)] should be maximal, and therefore
each of these moduli should be equal to unity; (ii) the phase of exp[—kA(8,+idw)]
and exp[—kB(f, + 1d,)] should differ by an odd integer multiple of 7, so that
the corresponding position vectors (phasors) in the complex plane are pointing
in opposite directions. The first condition implies that:

kAB, = kBB, = 0. (3.29)

Since we cannot have A = B = 0, which would imply the absence of grooves in
the grating, we must have:

Buw = 0. (3.30)

This implies the grating to be non-absorbing. Such a grating is known as a ‘phase
grating’. The second condition for maximum efficiency can be written as:

—kAé, = —kBd, + (2n + 1), (3.31)

where n is some integer. Bearing eqn (2.41) in mind, we see that this has a
simple physical interpretation: the phase shift of the X-rays on passing through
the thin part of the grating, and the phase shift on passing through the thick
part of the grating, should differ by an odd multiple of 7. With both of the above
conditions met, the numerator of eqn (3.28) is equal to |1 — (—1)|> = 4, yielding
the maximal efficiency:

4
MAX) _ =+ =41, 42, ---. L>(2m| =1\ 3.32
m 7r2(2|m| 7 1)27 m I ’ ) ( ‘m‘ ) ( )

For the m = +1 orders, this efficiency obtains its maximum value of 4/72, which
is about 41%. Further, the zeroth order vanishes when this maximum efficiency
is attained, as can be seen by substituting eqns (3.30) and (3.31) into (3.14), and
then inserting the result into (3.22).

Having seen that maximal efficiency is obtained for the case of a phase grat-
ing, we briefly consider the maximal efficiency which can be obtained for an
absorptive grating, under the simple model being considered here. Such a grat-
ing is, by definition, one in which B = 0, with A being sufficiently thick—and
the material being sufficiently absorbing—that we can approximate it as be-
ing completely absorbing. Using a simple variation on the geometric argument
given above, one can show that the maximal efficiency is one-quarter of that for
the corresponding phase grating case. In particular, the maximal efficiency, for
diffraction into the m = £1 orders, is now 1/72 ~ 10%.

Some remarks: (i) We have considered the question of maximal efficiency
within the simple model for a single-material two-level grating as sketched in
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Fig. 3.8, under the projection approximation. Less-restrictive models permit ef-
ficiencies in excess of those discussed here. For example, the efficiency can be
improved by having more than two levels in the grating. As a popular example
of this, due to Rayleigh, one can have so-called ‘blazed’ gratings whose projected
thickness has a saw-tooth shape rather than that of a square wave. (ii) For
normally incident plane-wave illumination, the location of the various diffracted
orders is unchanged by changing the profile of the periodic grating, while keeping
the period fixed, whether or not the projection approximation is valid. (iii) Grat-
ings can also be operated in reflection rather than transmission, using glancing
angles of incidence. (iv) For non-plane-wave monochromatic incident waves, the
above formulae can be suitably modified by first considering their generalization
to the case of non-normal plane-wave incidence, and then expressing the incident
field as a suitable Fourier integral. The case of polychromatic illumination, in-
cluding pulsed beams which are sufficiently weak to not appreciably modify the
structure of the grating, can also be treated upon the introduction of suitable
spectral sums. (v) For a recent study of a soft X-ray transmission grating, which
may be read as an experimental case study highlighting several of the concepts
discussed in this section, see, for example, Desauté et al. (2000).

3.2.2  Fresnel zone plates

With a view to designing a diffractive lens for focussing X-rays, consider the
construction shown in Fig. 3.10. Here, we see a thin diffractive optical element
which is illuminated by normally incident monochromatic scalar plane waves. We
wish this device, known as a Fresnel zone plate, to focus the incident radiation
to a point C that lies at a distance f downstream of it.

Before proceeding with the analysis, let us make an educated guess as to
what this device should look like. Under normal plane-wave incidence, we wish
the diffracted field to have rotational symmetry; therefore, the element itself
should be rotationally symmetric.8! Also, in the simplest incarnation of these
devices, let us assume them to be: (i) composed of a single non-magnetic isotropic
material of constant density; (ii) binary in structure, so that only two values for
the projected thickness are allowed. Thus, we may take our simple zone plate to
be characterized by its projected thickness T'(r), which is a binary function of
the radial distance r from the centre of the plate.

At this point, let us recall the discussions of the previous sub-section. There
we saw that the simple linear diffraction grating, sketched in Fig. 3.9, was able to
diffract incident plane waves through a variety of different angles. The diffraction
angle 6,,,—1, of the first diffracted order under illumination by a normally incident
plane-wave beam of wavelength )\, was seen to increase as the period L of the
grating decreases; specifically, we saw that 6,,—1 &~ \/L, when L > A. Returning
to Fig. 3.10 once more, we see that the zone plate deflects X-rays through different
angles, depending on their distance r from the optic axis. This immediately
suggests that the zone plate will be a rotationally symmetric grating whose

81 Compare, however, the discussion on ‘photon sieves’ near the end of this sub-section.
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?
:

>B
z=0

Fig. 3.10. A Fresnel zone plate AB lies in the plane z = 0. This thin diffractive
optical element is rotationally symmetric about the optic axis z. It is de-
signed to focus X-rays to a point C', when illuminated with normally incident
monochromatic plane waves. The focal length of the zone plate is the distance
f between C and the centre of the zone plate. Additional foci lie at distances
+f/3, £f/5, etc. Two such real foci are shown at D and FE, together with
three virtual foci at C*, D*, and E*.

period decreases with increasing r, so that rays that are further from the optic
axis are diffracted through larger angles. These diffraction angles should be such
that X-rays are brought to a focus at C. Further, this circular diffraction grating
should be such that the focussed radiation constructively interferes at C.

The above essential features of zone plates—mnamely that they are rotationally
symmetric circular diffraction gratings whose period decreases with increasing
radial distance from the centre of the device, such that they are able to function
as a focussing element for electromagnetic radiation—should be borne in mind
during the development which follows. Our analysis is somewhat unorthodox,
insofar as it relies on what is essentially a holographic argument (cf. Rogers
(1950)), although we shall not assume any prior knowledge of in-line hologra-
phy.82 This treatment may be contrasted with the more usual development based
on the notion of Fresnel zones, about which more will be said later.

Consider Fig. 3.10 once more, but with the zone plate removed. Suppose that
a point scatterer is placed at C*, this being the mirror image of the desired focal
point C', obtained by reflecting the latter point through the plane z = 0. With the
exception of the scatterer at C*, the space is considered to be filled with vacuum.

82Having said this, we note that in-line holography is treated in Section 4.3.1.
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When z-directed plane waves 2 exp(ikz) illuminate the point scatterer, spherical
waves emerging from C* will result (cf. Fig. 2.3). Denote these scattered waves
by & exp(ikR)/R, where & is a complex constant whose modulus is indicative
of the strength of the scatterer, R denotes radial distance from the point C*,
and k is the usual wave-number corresponding to X-ray radiation of wavelength
A and angular frequency w. The resulting wave-field, ¢, (x, y, z), is given by the
coherent superposition of the incident plane wave and the scattered spherical
wave (cf. eqn (2.123)):

exp{ik{R(z,9,2) + =(£)])

Yo (z,y, 2) = Dexp(ikz) + |&| Rz.v.2) (3.33)
Here, we have written the scattering amplitude & as:
& = |&| explikw (&), (3.34)

serving to define w(&’) as the phase of &, divided by k.

Let » = /22 + y? denote radial distance in cylindrical polar coordinates,
measured from an optic axis that pierces the centre of the zone plate. In the
plane z = 0 the disturbance may then be written as:

(il T+ 7 + w(&)]}

The corresponding intensity I,,(r,z = 0), over the plane z = 0, is obtained by
taking the squared modulus of the above expression. Thus:

Yo(r,z=0)= 2+ |&] (3.35)

£ 2|98
_|_
2?22

where we have introduced the following constant, which is indicative of the phase
difference between the incident plane wave and the scattered spherical wave:

I,(r,z=0)= |2+ cosk(v/ f2 4+ 12 4+ w)], (3.36)

w=w(f)— ArgT(@) (3.37)
The function I,(r) may be interpreted as the interference pattern formed
due to the coherent superposition of the incident plane wave % exp(ikz) and the
scattered spherical wave & exp(ikR)/R. In the language of holography, we would
speak of this intensity distribution as the ‘in-line hologram’ which results when
the planar ‘reference wave’ interferes with the ‘object wave’ scattered by the
point lying at C*. For more on this subject, we refer the reader to the discussion
on holography in the next chapter.
We may now note the following remarkable fact, which shall emerge from
the analysis of the following paragraphs: if one creates a thin transmissive mask,
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based on a binarized version of the interferogram in eqn (3.36), subsequently
illuminating this mask with normally incident plane waves of the same wave-
length as was used to compute the interferogram, then the resulting wave-field
will form a real image of the scatterer at the mirror-image point C. This real
image—of the spherical wave expanding away from the point C* in Fig. 3.10—is
evidently a spherical wave collapsing upon the point C. Stated differently, the
aforementioned transmissive mask is a diffractive lens that focuses incident plane
waves to the point C. It therefore coincides with the desired Fresnel zone plate,
the profile of which it is the object of these discussions to determine.

Bearing the above ideas in mind, let us binarize the interferogram in eqn
(3.36). The first two terms, on the right side of this expression, will be considered
to be sufficiently slowly varying that they may be safely ignored. We therefore
need only binarize the third term on the right side of this equation, so that the
projected thickness T'(r) of the desired zone plate is equal to either A or B,
according to the following prescription:

. (3.38)
B, otherwise.

T(r) = {A, if cos[k(\/f?+124+w)] >0,
Next, we suppose this binarized zone plate to lie in the plane z = 0 in Fig.
3.10, being illuminated by the normally incident plane wave Zexp(ikz). As-
sume the zone plate to be sufficiently thin and slowly varying for the projection
approximation (see Section 2.2) to hold good. Then the complex disturbance
Yo (z,y,2z = 0), at the exit surface of the illuminated zone plate, will have both
an amplitude and phase which is proportional to its projected thickness T'(z,y):

—0) = D exp|—kA(By + 10,)] = 2, if cosk(\/f2+ 712+ @)] >0,
Vulrz=0)= P exp|—kB(f,, +1d,)] = c1, otherwise.
(3.39)
Note that the definitions for ¢; and co are the same as those that appear in eqn
(3.14), in the context of linear diffraction gratings.

Our next step is to decompose the exit-surface wave-field in the above expres-
sion, in a manner corresponding to the various diffracted orders which emerge
from the zone plate. To this end, compare the above formula to eqn (3.10) of the
previous sub-section, to see that the latter may be converted into the former via
the replacement:

EL(\/f?+r?+w) L

Taking eqn (3.18), and making the above replacement on the right hand side,
we obtain the desired decomposition of the wave-field 1, (r,z = 0), at the exit-
surface of the illuminated zone plate:
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bo(r 2 = 0) = (1) ; c2
ey — ¢1 w= exp{i(2m — 1)[k 24 r2 4w /2
o S el VT o) 7))
€y — €] ~— exp{—i(2m — )[k(\/f2+ 12+ w) + (7/2)]}
— () 27rz' 1; om — 1 ‘

(3.41)

In writing down this expression, we have introduced the aperture function &7 (r),
to take into account the finite radius ryax of the zone plate. By definition, this
aperture function is equal to unity if r < ryiax, being equal to zero otherwise.

We now separately consider each of the three terms on the right side of the
above equation. (i) The first such term is the zeroth diffracted order of the zone
plate. This corresponds to an attenuated version of the plane wave which is
incident upon it. (ii) The second term consists of a sum of diffracted orders. The
first of these, namely:

() (c2—c1 )EXp(ikW) explik/F2 +12), (3.42)

is an expanding truncated spherical wavefront, evaluated over the plane z =
0 and apparently emanating from the point C* in Fig. 3.10. The remaining
terms, in the first summation on the right-hand side of eqn (3.41), correspond to
distorted truncated spherical waves apparently emerging from the points D*, E*
etc., in the figure. (iii) Like the second term, various diffracted orders are present
in the third term on the right side of eqn (3.41). The first of these is:

(ca — 1) exp(—ikw)

(1) exp(—ik+/ f2 +12), (3.43)

™

this being an apertured collapsing spherical wavefront converging towards the
point C'. It is this diffracted order which indicates that the zone plate performs
its desired function as a diffractive X-ray lens of focal length f. The remain-
ing diffracted orders, in the third term on the right-hand side of eqn (3.41),
correspond to higher-order foci, namely distorted apertured spherical waves con-
verging on the points D, FE, etc.

In most contexts involving X-ray focussing by zone plates, the focal length f
will be much larger than the radius ryiax of the plate. This permits the following
binomial approximation, to the complex exponentials appearing in eqn (3.41):

2 2
oo () =13

2

t+tw= ﬁ—i—f—s—w

(3.44)
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Now, there is evidently some freedom in the choice for @w. To keep our formulae
as simple as possible, we take:
w=—f. (3.45)

Inserting this choice into the binomial approximation (3.44), we see that the
paraxial form of eqn (3.41) is:

¢ +c —C1 = i2ml . kr?
Volr 2 = 0) = ()= + o (r )= — Z:: leeXp{’Q[f/@ml)]}
C2 — C1 - (— Z)Qm ! . kr?
— ()= Y T eXp{_l2[f/(2m—1)]}’

m=1
> rvmax. (3.46)

Thus, the zone plate has foci at odd-integer multiples of the first-order focal
length f, at the following points on the optic axis:

z==f, w1 ig (3.47)

Next we pass onto questions of efficiency, in a discussion which very closely
parallels that given in our earlier treatment of linear diffraction gratings. As was
the case there, we define the efficiency x,,, of the mth order of the zone plate, to
be the ratio of the squared modulus of the mth diffracted order of the beam, to
the squared modulus of the incident beam. In the calculation of such efficiencies,
the squared moduli of the diffracted beams are calculated over the exit surface of
the zone plate. The resulting efficiencies may be written down upon inspection
of eqn (3.41), these being identical to those which were obtained earlier, based
on eqn (3.27). In particular, we see that the efficiency, of diffraction into the first
order (m = 1) of the zone plate, can be maximized using an identical geometric
argument to that given previously. The efficiency again attains the maximum
value of 4/m2 ~ 40%, if the following two conditions hold: (i) the zone-plate is
non-absorbing; (ii) the phase difference, between radiation traversing the thick
and thin parts of the zone plate, is an odd integer multiple of 7 radians.??
For such zone plates, which are known as ‘Rayleigh—Wood’ zone plates, the
diffraction efficiency for the mth order is 4/[72(2|m| — 1)?] (see eqn (3.32)). All

83This observation is closely related to the notion of ‘Fresnel zones’. Such zones are formed
by the concentric rings of the zone plate, together with the central disc. This central disc is
the first zone, the surrounding ring is the second zone, and so forth. Note that many workers
consider the thick and thin parts of the zone plate to be counted separately, as will be the
case here. As can be readily shown using a simple ray-based picture, the second condition (as
stated in the main text) ensures that there is no destructive interference between the radiation
emerging from the various zones, at the location of the desired focal spot.
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of these efficiencies are reduced by a factor of 4, for two-level ‘absorption’ zone
plates whose minimum thickness is zero, and whose maximum thickness may be
taken to completely absorb the incident radiation. In particular, for absorption
zone plates the efficiency, for diffraction into the first-order focus, is 1/72 ~ 10%.

These efficiencies can be further improved if one goes beyond the simple
two-level model adopted here, for example, via multi-level or blazed zone plates.
Indeed, it is rather simple—in principle, but not in practice—to design a zone
plate with perfect efficiency, under the projection approximation.®* Such a ‘ki-
noform’ zone plate® (see, for example, Nazmov et al. (2004), and references
therein) is composed of a negligibly absorbing material, of projected thickness
T(r) given by (cf. eqn (3.97)):

T(r) = <”€2§T2f> . (3.48)
modTo,

w

Here, ‘mod T5,’ indicates that the thickness should be taken modulo the thick-
ness of material T5,, which imparts a phase shift of 27 on monochromatic X-rays
passing through it.86 Indeed, the Rayleigh-Wood zone plate may be seen as a
two-level approximation to the above formula, an approximation which carries
the twin corollaries of introducing additional diffracted orders, and reducing the
efficiency with which radiation is directed into the nominal focus of the device.

X-ray zone plates may be fabricated using a variety of materials including
gold, nickel, carbon, silicon, molybdenum, and aluminium. As an example of a
modern device, consider the gold Fresnel zone plate shown in Fig. 3.11, taken
from the study by Di Fabrizio and colleagues (Di Fabrizio et al. 1999). Fabricated
using electron-beam lithography, this four-level zone plate focuses X-rays in the
range from 5-8 keV. It has a diameter of 150 pm, with the width of the outermost
ring being 500 nm. At 8 keV, the focal length of the zone plate is 1 m. The
efficiency, for diffraction into the first order by the gold four-level zone plate, was
measured to be 38%. Using a nickel four-level zone plate with identical diameter
and zone boundaries to the gold plate, an efficiency of 55% was measured, for
diffraction into the first-order focus. Note that the latter figure is higher than
the theoretical maximum of 4/72 ~ 40%, which we calculated for the two-level
phase zone plate.

Some remarks: (i) Fresnel zone plates, as described here, are evidently de-
signed to work with radiation whose spectral bandwidth is sufficiently narrow.
If the incident radiation is polychromatic then these devices will suffer from
chromatic aberration, that is, the focal length will depend upon wavelength. A

84Note that the projection approximation will break down at the infinitely sharp edges of
the mask given in eqn (3.48).

85Note that this is also known as a ‘Fresnel lens’. See, for example, Miyamoto (1961).

861f one removes the ‘modulo T»,’ from the above equation, it becomes the projected thick-
ness distribution for a simple refractive lens. Unfortunately, this is very often unsatisfactory for
the focusing of X-rays, as the resulting projected thicknesses are typically too large. Compare,
however, our later discussions on compound refractive lenses in Section 3.4.2.
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Fig. 3.11. Two views of a four-level gold Fresnel zone plate for focussing X-rays
in the range 5-8 keV. Scale bar in (a) is 25 um, with scale bar in (b) at 10
pum. Images taken from Di Fabrizio et al. (1999). Width of outermost level is
500 nm. Used with permission.
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means, for considerably increasing the spectral bandwidth which can be effi-
ciently focused by Fresnel zone-plate optics, has been developed by Wang et al.
(2003). The essence of this idea is to have a thin uniform-thickness membrane,
on one side of which is a conventional two-level zone plate, with a Fresnel lens
(see eqn (3.48)) on the other side. The zone plate and the Fresnel lens, which are
co-axial with one another, should be made of different materials. At the mean
wavelength to be focussed, one of the materials should have a refractive index
which increases with increasing X-ray energy,®” with the other material having
a refractive index which decreases with increasing X-ray energy. If the relevant
parameters are chosen properly, then the resulting optical element has a focal
length that has a much weaker dependence on the wavelength of the illuminating
radiation, when compared to the simpler zone plate described earlier in the text.
(ii) The analytical calculations, of this sub-section, are all predicated on the pro-
jection approximation. When the Fresnel zone plate has very fine zones, and/or
if these zones have a sufficiently high aspect ratio, then this approximation will
begin to break down. One will then need to invoke a wave theory for calculating
the wave-field at the exit surface of the zone plate, which explicitly accounts for
the diffraction that occurs within the zone plate. Such a wave theory may be
based, for example, on the inhomogeneous paraxial equation (2.33) discussed in
the previous chapter (see, for example, Kurokhtin and Popov (2002), and refer-
ences therein, for the solution of this equation in the context of the theory of
zone plates). If the scattering is sufficiently strong for paraxiality to be violated,
then the analysis may instead proceed via the inhomogeneous Helmholtz equa-
tion (see eqn (2.28)). Finally, if the scattering within the element is so strong
that the scalar theory breaks down, a treatment based on Maxwell’s equations
is required. (iii) In the preceding development we used the interference pattern,
between a plane wave and a spherical wave, as part of the logic leading to the
design of two-level zone plates. More generally, one can consider the interfer-
ence pattern between spherical waves in designing Fresnel zone plates (see, for
example, Erko et al. (1996)). Such an argument is not restricted to the theory
of zone-plate design—it can also be actively used in their fabrication. Indeed,
the interference of two spherical waves—which may themselves be generated by
zone plates, although this need not be the case—may be used in the holographic
production of Fresnel zone plates. For an entry point into the literature on this
subject, see, for example, Solak et al. (2004). (iv) In coherent X-ray imaging, it is
often the case that zone-plate-like structures appear in one’s images. These may
be produced by interference between the incident wave, and the distorted spher-
ical wave scattered from small particles upstream of the image plane. Again, we
note that this observation is consistent with the notion of a zone plate as an
in-line hologram of a point scatterer. (v) To obtain a Fresnel zone plate with a
point focus, one may binarize the interference pattern formed by superposing a

87This often occurs in the so-called ‘anomalous dispersion’ regime in the vicinity of a photo-
electric absorption edge.
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plane wave and the wave scattered by a point (i.e. a spherical wave). To obtain
a Fresnel zone plate with a line focus, one may binarize the interference pattern
formed by superposing a plane wave and the wave scattered by a line (i.e. a cylin-
drical wave). To obtain a Fresnel zone plate with an arbitrary focus (which may
be two- or three-dimensional), one may binarize the interference pattern formed
by superposing a plane wave and the wave scattered from a scatterer with a den-
sity distribution of the same functional form as the desired focal distribution.
Under the first Born approximation, this scenario could be modelled using eqn
(2.84). Alternatively, see Di Fabrizio et al. (2003) for a different means of design-
ing Fresnel zone plates with custom-designed focal-plane patterns. (vi) Fresnel
zone plates can work in reflection, as well as in transmission (see, for example,
Basov et al. (1995)). Such reflective zone plates may be designed by considering
the interference pattern between a spherical wave, and a plane wave which is
tilted with respect to a nominal optic axis (see, for example, Erko et al. (1996)).
(vii) Thus far, we have assumed our single-level and multi-level on-axis zone
plates to possess rotational symmetry, on account of the evident rotational sym-
metry of the optical setup sketched in Fig. 3.10. This symmetry is broken in the
so-called ‘photon sieves’, proposed by Kipp et al. (2001). These are a variant on
the absorptive Fresnel zone plate, in which an element of randomness is intro-
duced into the mask, which consists of a series of randomly sized pinholes whose
locations are clustered about the transparent zones of a traditional absorptive
zone plate. While these ‘sieves’ have the disadvantage of being more absorptive
than traditional zone plates, they have the advantage of a tighter first-order fo-
cus (in both the transverse and longitudinal directions), suppression of side lobes
in the first-order focal plane, and suppression of higher-order foci.

3.2.3  Analyser crystals

In the previous pair of sub-sections, we treated two-dimensional gratings as
diffractive optical elements for X-rays. The next four sub-sections hop up a di-
mension, considering the use of certain three-dimensional diffraction gratings as
X-ray optical elements. If the periodicity of such gratings exists at the atomic
level, then these structures are crystalline, by definition. This is fortuitous,
from a practical point of view—rather than attempting to piecemeal construct
three-dimensional gratings to serve as diffractive optical elements for X-rays, one
may exploit the remarkable self-organizing process of crystal formation to the
same end. The associated length scales must be appropriate, of course—in order
for crystals to diffract X-rays through appreciable angles, their periods (lattice
constants) should be comparable to the wavelength of the radiation. This is
indeed the case for hard X-rays, provided that the crystal’s unit cell does not
contain too many atoms, as both length scales (i.e. the crystal’s lattice constants
and the radiation wavelength) will then typically be on the order of angstroms.

In the present sub-section, we focus on what it perhaps the simplest crystal-
based X-ray optical element—a strain-free slab of near-perfect crystal. Such slabs
are known as ‘analyser crystals’, for reasons to be revealed several paragraphs
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hence. These crystal optics are typically made from silicon, but may also be
fabricated from other materials such as diamond or germanium.

Before proceeding with a discussion of analyser crystals, it may be useful to
briefly summarize certain salient results, from the previous chapter’s discussions
on both (i) crystals and (ii) the scattering of X-rays by crystals (see Section
2.5.3.2). (i) In a perfect crystal, any microscopic scalar material property IT(x)
will be a periodic function of position x in three-dimensional space, so that (see
eqn (2.87)):

II(x 4+ ua + vb + wc) = II(x). (3.49)

Here, a, b, and c are the three linearly independent vectors which constitute the
axes for the unit cell of the crystal, and u, v, w are integers. Given the above con-
dition on three-dimensional periodicity, II(x) admits the following Fourier-series
decomposition (see eqn (2.88)):

H(X) = Z Z Z IIpx exp (ighkl . X) ,  Bhkl = ha* + kb* + lc*. (350)
h k l

The Fourier coefficients Il are indexed by the integers h, k, [, with gpx; being
reciprocal-lattice vectors dual to the real-space lattice of the crystal. As indi-
cated above, the reciprocal-lattice vectors gnx; may be written in terms of the
reciprocal-lattice basis vectors a*, b*,c*, which are related to the real-space-
lattice basis a, b, ¢ via eqn (2.89):

ot — 27Tb><C’ b — 27rc><a, ot — 27ra><b' (3.51)
a-(bxc) a-(bxc) a-(bxc)

(ii) If one is sufficiently far from an illuminated crystalline scatterer so as to be
in the far-field (Fraunhofer) regime, with the crystal assumed to be sufficiently
weak for the first Born approximation to hold, then an incident monochromatic
scalar plane wave, with wave-vector kg, will only be scattered in the direction
specified by the unit vector %, if the von Laue diffraction condition holds (see
eqn (2.96)):

kx — ko = Ak = ghkl- (352)

Here, Ak is defined to be the difference between the wave-vectors of the incident
and scattered plane waves, k = |ko| ensures that the scattering is elastic, and
gril is any reciprocal-lattice vector associated with the crystal.

Next, recall the Fourier-series decomposition of the one-dimensional square-
wave grating, based on eqn (3.12). This decomposition may be viewed as ex-
pressing the square-wave grating, of period L, as a sum of sinusoidal gratings
of periods L, %L, %L, etc. More generally, the Fourier-series expression for the
projected thickness of an arbitrary one-dimensional periodic grating, of period
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L, would comprise a linear superposition of sinusoidal gratings with periods
L, %L, %L, etc. Thus, while the arbitrary one-dimensional grating has period L,
one can mentally decompose it into a sinusoidal grating with the same period,
together with a sum of sinusoidal gratings with periods equal to L divided by
any of the integers 2,3,---.

This notion of a ‘sum of sinusoidal gratings’ generalizes to three-dimensional
gratings such as perfect crystals. With this in mind, we again consider the
Fourier-series expansion in eqn (3.50), together with the sketch in Fig. 3.12.
In this figure, the regular series of dots is a two-dimensional representation of
the real-space lattice of a given three-dimensional crystal. Three sets of equally
spaced parallel planes, each of which are considered to extend through the en-
tirety of the near-perfect crystal, are shown in the diagram. The first and second
sets of such crystal planes, labelled A and B, both have the property that: (i) each
lattice point is pierced by one crystal plane; (ii) each crystal plane passes through
the same number of lattice points. However, the planes C do not fulfil the sec-
ond property above. Rather, it is only every second plane that contains lattice
points. More generally, one may consider sets of parallel planes for which it is
only every mth plane that contains lattice points, where m is an integer; the set
of planes C is then the special case for m = 2. Any given set of such planes may
be described by a vector whose magnitude is equal to 27 divided by the spacing
d between the crystal planes, and whose direction is perpendicular to the crystal
planes.® This vector may be identified with the reciprocal lattice vector g
Conceptually, this amounts to decomposing the crystal as a sum of sinusoidal
three-dimensional gratings, each of which is characterized by its period, together
with the normal to its planar ‘surfaces of constant phase’. Mathematically, each
sinusoidal grating corresponds to a particular Fourier harmonic in the decompo-
sition of eqn (3.50). The period dj; of a given sinusoidal grating, corresponding
to the reciprocal lattice vector gnr; in eqn (3.50), is:

2

_ 3.53
|ghkl| ( )

dpi =

We are now ready to recast the von Laue diffraction condition (3.52) in an
alternative form. To this end, take the squared modulus of this condition and
then make use of the above equation. This gives:

(ko) 05 k) = e = () (3.5)

Expand the scalar product on the left side, and then make use of the trigono-
metric identity:

88 This construction is analogous to the wave-vector k associated with a coherent plane wave,
if one replaces parallel crystal planes with surfaces of constant specified phase (modulo 27).
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Fig. 3.12. Three sets of crystal planes, labelled A, B, and C. These planes are
associated with the points in a crystal lattice, which are represented by dots.
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1 — cos(20p) = 2sin? O. (3.55)

One thereby arrives at:

thkl sin (9]3 =\ (356)

Here, as shown in Fig. 3.13, 6 denotes the angle between the wave-vector kg of
the incident plane wave, and the set of equally spaced planes (DD’, EE’, FF’,
GG, ete.) corresponding to the reciprocal-lattice vector gpx; through which the
incident wave is scattered.?? The spacing between these planes, namely dpy;, is
given by eqn (3.53).

Now, for reasons outlined earlier, one may need to multiply dyx; by an integer
m, in order to obtain the spacing d between the corresponding atomic planes in
the crystal. Substituting mdur; = d into the previous equation, we obtain the
famous Bragg Law:

2d sin g = mA. (3.57)

With a view to interpreting this equation, which was obtained as a direct
consequence of the von Laue diffraction condition in eqn (3.52), consider the
construction sketched in Fig. 3.14. This is a real-space construction correspond-
ing to the Fourier-space construction shown in the previous figure. We see two
streamlines of the incident plane wave, labelled HI and JK. Two streamlines
of the scattered plane wave, labelled IL and KM, are also shown. The paral-
lel planes DD', EE', FF',GG', - - -, associated with the reciprocal lattice vector

89This angle is known as the ‘Bragg angle’, in view of the Bragg interpretation of the scat-
tering process which is given later in the present sub-section. Hence the subscript on 6gp.
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Fig. 3.13. Reciprocal-space picture corresponding to the von Laue diffraction
condition in eqn (3.52). An incident plane wave, with wave-vector kg, is
scattered by a crystalline sample so as to yield the scattered plane wave with
wave-vector kX. Here, X is a unit vector in the direction of the scattered
plane wave, and k = |ko| is the wave-number of both incident and scattered
plane waves. Associated with the reciprocal-lattice vector gpg;, is the set of
parallel planes DD', EE', FF',GG’', etc., each of which are equally spaced
by a distance dpx; = 27/|ghki| (note that these planes exist in real space,
rather than reciprocal space). The angle, between the incident wave-vector
ko and the set of planes corresponding to the reciprocal-lattice vector g,
is denoted by #g. Lastly, the circle centred at A is the Ewald sphere.

ghil, are considered to be planes from which the incident beam is reflected (with
m = 1) in order to form the diffracted beam. Remembering that the wave-fronts
are perpendicular to the streamlines, we require that the path difference 2z,
between the streamlines JKM and HIL, be equal to the wavelength A of the
incident radiation. Thus:

2 = . (3.58)

To proceed further, we note from the triangle K NI that:

s x m d .
cos (5 — HB) = % = = = dp COS (5 - 03) = m sin 0, (3.59)

which may be substituted into eqn (3.58) to recover the Bragg Law (3.57).

The interpretation, of X-ray scattering as occurring from so-called Bragg
planes within the crystal, is a powerful real-space conceptualization which com-
plements the reciprocal-space picture of kinematical crystal scattering based on
the Ewald sphere. While we have derived the associated Bragg Law (eqn (3.57))
through a chain of argument which proceeds from the first Born approximation
via the reciprocal-space equation (3.52), we note that the Braggs’ derivation
of their famous law proceeded using the real-space geometric argument of the
previous paragraph.



174 X-ray sources, optical elements, and detectors

E F G

| | |

I I I

] ] ]

] ] ]

] ] ]
hd | |
Ao s
AR
> 4--—-- > ----- >
! dy dy
E' F’ G’

Fig. 3.14. Real-space picture corresponding to the diffraction condition in eqn
(3.52). Two streamlines of the incident wave-field are shown as HI and JK;
IL and KM are two streamlines of the scattered plane wave. Associated with
the reciprocal-lattice vector gpx;, namely the difference between the scattered
and incident wave-vectors, is the set of parallel planes DD’ EE', FF' GG’
etc. These planes are equally spaced by a distance dpx; = 27/|ghki|- The
angle, between the incident wave-vector and any member of this set of parallel
planes, is denoted by fp. The path difference, between the streamline JK M
and HIL, is equal to twice the distance = from N to K.

Both the reciprocal-space and real-space viewpoints have been used to go
beyond the kinematical theory of scattering, upon which the analyses of the
preceding paragraphs are predicated. Indeed, the kinematical approximation is
often inadequate when one considers X-ray reflections® from large perfect crys-
tals, such as the analyser crystals with which we are here concerned. One then
needs to invoke a dynamical diffraction theory in which the possibility of mul-
tiple scattering is accounted for (cf. Section 2.6). Notwithstanding this, in the
dynamical theory of X-ray diffraction from perfect crystals many of the concepts
of the kinematic theory retain their utility. For example, in Darwin’s real-space
theory of dynamical diffraction (Darwin 1914a,b; see also Warren 1969), the
simple Bragg notion of mirror-like reflecting atomic planes is retained. The re-
sulting theory is perhaps the simplest variant of dynamical diffraction theory for
X-rays, but is limited in scope. A more sophisticated dynamical diffraction the-
ory is furnished by Ewald’s reciprocal-space formulation (Ewald 1916a,b, 1917),
as extended by von Laue (1931) (see also Authier 2001). In this formulation the
reciprocal lattice remains of central importance, as does the von Laue diffrac-
tion condition, with the Ewald sphere being considered as a limiting case of the
so-called ‘dispersion surface’.

We shall not go into the details of dynamical crystal diffraction theory for
X-rays. Rather, we refer the reader to the excellent texts by Pinsker (1978) and
Authier (2001), together with the review by Batterman and Cole (1964). In the

90Gtrictly speaking, we should speak of ‘diffracting’ rather than ‘reflecting’ crystal planes.
However, the latter terminology is in common use.
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Fig. 3.15. (a) Symmetric reflection of an incident plane wave A from an analyser
crystal, yielding the diffracted plane wave B. The angle fp corresponds to
a Bragg angle, with respect to the Bragg planes indicated in the diagram.
Both incident and diffracted plane waves make the same angle with respect
to the surface of the crystal, which is parallel to the active Bragg planes.
(b) Asymmetric reflection of incident plane wave C' from an analyser crystal,
yielding the scattered plane wave D. Incident and scattered plane waves no
longer make the same angle with respect to the surface of the crystal, which is
not parallel to the active set of Bragg planes. However, incident and scattered
plane waves do make the same angle with respect to the active Bragg planes.
(c) The reflectivity R(f), of a plane wave incident on an analyser crystal at
angle 6, is sharply peaked at the Bragg angle 6 corresponding to a given
reflection. Such a plot is known as a ‘rocking curve’.

present context of analyser crystals, we merely note that a dynamical theory is
required to correctly model the shape of the so-called ‘rocking curve’ associated
with such a crystal. It is to this subject that we now turn.

Consider the sketch in Fig. 3.15. Both (a) and (b) show our analyser, this
being a slab of near-perfect crystal that is used to filter (‘analyse’) the X-ray
radiation incident upon it. In each of these figures, a certain set of active crys-
tal/Bragg planes has been indicated by a series of parallel lines. Fig. 3.15(a)
shows a ‘symmetric reflection’ from these Bragg planes, so termed because the
angle of incidence g, of the incident plane wave A with respect to the surface
of the crystal, is the same as the angle made by the diffracted plane wave B
with respect to the surface of the crystal. This is a consequence of the fact that
the crystal surface is parallel to the Bragg planes contributing to the reflection.
This scenario may be contrasted with the ‘asymmetric reflection’, shown in Fig.
3.15(b). Here, the angles of incidence and diffraction differ, on account of the
fact that the Bragg planes are not parallel to the surface of the crystal. Note,
however, that the incident and diffracted plane waves make the same angle 6g
with respect to the reflecting crystal planes.

According to the von Laue diffraction condition (3.52), together with its
alternative form given by the Bragg Law (3.57), the analyser crystal will only
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reflect if the angle of incidence (between the wave-vector of the incident plane
wave and a specified set of Bragg planes) lies at exactly the Bragg angle 6p.
However, what happens if the angle of incidence, of a given plane wave striking
the surface of the analyser crystal, is very close to a Bragg angle? Evidently, there
will be some non-trivial structure to the degree to which the analyser reflects
plane waves, in the vicinity of the Bragg angle. To more precisely quantify this
notion, define the reflectivity R of the crystal to be the ratio of the squared
modulus of the reflected plane wave, to the squared modulus of the incident
plane wave. This reflectivity will be a function of the polarization of the incident
plane wave, but we shall ignore this complication in the present simple discussion.

An indicative plot, of the reflectivity versus the angle of incidence 6, is shown
in Fig. 3.15(c). This is known as the ‘rocking curve’ of the crystal, for a given
Bragg reflection. We see that the reflectivity is sharply peaked about the Bragg
angle Op, but does not have the zero width predicted by the simple kinematic
theory. As mentioned earlier, the dynamical theory of X-ray diffraction must be
invoked to correctly model the rocking curve for large near-perfect crystals.

Noting that the width of a hard-X-ray perfect-crystal rocking curve is typ-
ically on the order of seconds of arc, it is evident that it may be used as an
exquisitely sensitive angular filter for X-rays. As such, it can ‘analyse’ an incident
wavefront by filtering all but those plane waves whose propagation directions lie
in a tightly constrained range of directions passed by the crystal.

Crystal analysers can be split into two classes, known as ‘Bragg analysers’ and
‘Laue analysers’. The former refers to the case where the incident and diffracted
X-rays pass through the same surface of the analyser (see, for example, Fig.
3.15(a)). On the other hand, one could have the plane wave incident upon one
surface of a slab of analyser crystal, with both transmitted and diffracted beams
emerging from the opposite face of the analyser. In such a case, which will be
considered in our later discussions on X-ray interferometers, one speaks of ‘Laue
analysers’. Similarly, one may refer to the distinction between ‘Bragg reflections’
and ‘Laue reflections’, together with ‘Bragg geometry’ and ‘Laue geometry’. For
example, the reflections in Figs 3.15(a) and (b) would be respectively referred to
as symmetric and asymmetric Bragg reflections from the crystal analyser.

3.2.4  Crystal monochromators

Rather than considering a slab of near-perfect crystal as an angular filter, as was
the case in the previous sub-section, we here consider the crystal as a spectral
filter—that is, as a ‘monochromator’. As its name implies, the purpose of a
monochromator crystal is to only allow a small range of X-ray wavelengths to pass
through it, thereby increasing the degree of monochromaticity of the transmitted
beam in comparison to the incident beam. Such spectrum-narrowing elements
are crucial in many experiments in coherent X-ray optics, very often serving as
the first X-ray optic encountered by a synchrotron beam as it passes from the
storage ring to the experimental station.

There are a great many different designs for monochromator crystals. As a
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Fig. 3.16. Double-bounce monochromator, comprised of a pair of crystals A
and B. These two slabs are such that the Bragg planes of each are aligned as
indicated. Polychromatic radiation C' has its spectral spread reduced upon
being successively Bragg diffracted into the beams D and FE.

commonly encountered example, consider the ‘double-bounce’ monochromator
sketched in Fig. 3.16. Here, we see two crystals A and B, upon which is incident
a polychromatic beam C. As suggested by the sets of parallel lines running
through both A and B, the same Bragg planes are active in both crystals, which
are aligned such that the corresponding crystal planes are parallel to one another.

Note that the incident beam C'is often the ‘white’ (i.e. broad-spectrum poly-
chromatic) beam of synchrotron radiation emitted by electrons in a storage ring.
In modern third-generation facilities, such white synchrotron beams typically
have power densities of tens or hundreds of watts per square millimetre. Such
power densities are enormous, and pose a significant challenge for the engineering
of crystal monochromators.

The heat-load problem is most severe for the first crystal encountering the
white beam from the synchrotron. Any non-negligible thermally induced dis-
tortions of this first crystal (e.g. crystal B in the figure) will alter its rocking
curve, adversely affecting the performance of the monochromator. This natu-
rally leads to the question of how extreme heat loads may be accounted for in
monochromator design.

The performance of a monochromator can be improved via one or more of the
following: (i) a decrease in the coefficient of thermal expansion, of the crystal from
which the monochromator is composed; (ii) a means of removing energy that is
deposited by the X-rays in the monochromator; (iii) an increase in the thermal
conductivity of the monochromator material; (iv) reducing the rate at which en-
ergy is absorbed by the monochromator (see, for example, Mills (2002a)). There
are many means by which the issues raised in this list may be addressed. For ex-
ample, points (i) and (ii) can be simultaneously effected by cryogenically cooling
a silicon monochromator with liquid nitrogen (Bilderback 1986). Such cooling
may be either indirect (e.g. by attaching the crystal to a metal block that is
cooled by liquid nitrogen), or direct (by having channels cut in the monochro-
mator crystal itself, through which the cooling fluid passes). Alternatively, points
(i), (iii), and (iv) may be addressed by replacing silicon with diamond—at room
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temperature, diamond has a coefficient of thermal expansion that is about 40%
of that of silicon, with a thermal conductivity that is approximately 6-13 times
higher (depending on any impurities which may be present), augmented by a
reduction in linear attenuation coefficient on account of the fact that carbon is
lighter than silicon (see, for example, Mills (2002a)).

In addition to the problem of heat load, the broad-spectrum polychromatic
nature of an incident X-ray beam may lead to what is known as ‘harmonic
contamination’ in the beam emerging from the monochromator. This term refers
to the presence of frequency pass-bands that are equal to an integer multiple of
the radiation frequency which one would like to be passed by the monochromator.
While dynamical diffraction theory is required for a quantitative analysis of the
problem of harmonic contamination, the geometric origin of the problem may be
more readily appreciated using the simple kinematic argument to which we now
turn.

Consider, once more, the von Laue diffraction condition in eqn (3.52). Mul-
tiply this equation by any integer m, so that:

mkx — mko = MBhki- (3.60)

Suppose, further, that the m = 1 case of the above equation holds, so that
the kinematic theory predicts a non-forbidden reflection®! from the set of Bragg
planes corresponding to the reciprocal-lattice vector gpx;. Noting that mgy,x; will
be a reciprocal-lattice vector if gpx; is a reciprocal-lattice vector, we reach the
following conclusion: if the m = 1 case of the above equation holds, then this
equation holds for any m. Thus, if the radiation wavelength A\ corresponds to re-
flection from the Bragg planes described by gk, then the radiation wavelength
A/m will be reflected from the Bragg planes corresponding to mgpx (provided
that this higher-order reflection is not forbidden). If such wavelengths are present
in the incident polychromatic beam, they will be observed as higher-order ‘har-
monics’ in the beam passed by the monochromator.

There are many means for suppressing such higher-order harmonics—for ex-
ample, in the double-bounce monochromator sketched in Fig. 3.16, one may
slightly rotate crystal A with respect to crystal B, leading to strong suppression
of the higher-order harmonics at the expense of reducing the throughput of the
monochromator for the desired lowest-order harmonic.

3.2.5  Crystal beam-splitters and interferometers

As we have already seen, near-perfect crystalline slabs can function as both
angular filters (crystal analysers) and spectral filters (monochromators) for X-
ray radiation. These two applications head a long list of other means in which
such slabs may be used as optical elements for X-ray radiation. Here, we outline

91When the von Laue diffraction condition is fulfilled, the kinematical theory may never-
theless predict that no X-ray reflection is present. Such reflections are known as ‘forbidden
reflections’.
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Fig. 3.17. (a) A thick near-perfect crystalline slab A is illuminated by a
monochromatic plane wave B, whose propagation direction makes a Bragg
angle fg with respect to Bragg planes which are perpendicular to the surface
of the crystal. The thickness T of the crystal is such that T > 1, where pu is
the linear attenuation coefficient of the crystal material. (b) The Borrmann
effect, also known as anomalous transmission, refers to the non-negligible
transmission coefficients T¢ p, for the beams C' and D, respectively. These
transmission coeflicients are sharply peaked when the angle of plane-wave
incidence 6 coincides with the Bragg angle. Otherwise, the transmission co-
efficients are negligible.

their use as beam splitters, in the context of the famous Bonse-Hart X-ray
interferometer (Bonse and Hart 1965).

We begin our account with the so-called ‘Borrmann effect’, also known as
‘anomalous transmission’. Consider the symmetric-reflection Laue diffraction ge-
ometry in Fig. 3.17(a), which shows an X-ray plane wave incident upon a thick
crystal at a Bragg angle . The corresponding Bragg planes are perpendicular
to the face of the crystalline slab, as suggested by the series of parallel lines near
the bottom of the crystal. Further, when we speak of the crystal slab as ‘thick’,
we refer to the condition:

wT > 1. (3.61)

Here, p is the linear attenuation coefficient of the material from which the slab
is composed, and T is the thickness of the slab. According to Beer’s law of
absorption (see eqn (2.43)), the crystal slab should allow no incident radiation
to be transmitted through it, since:

exp(—uT) ~ 0, pT > 1. (3.62)

However, experiment teaches that this is not the case. Rather, Borrmann
observed that the thick crystalline slab’s otherwise negligible transmission may
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become non-zero at the Bragg angle corresponding to a symmetric Laue reflection
(Borrmann 1941). This intriguing angle-specific transparency, now known as the
‘Borrmann effect’, is sketched in Fig. 3.17(b). Here, we see an indicative plot of
the transmission coefficients corresponding to the beams C and D in part (a) of
the diagram, as a function of the angle of incidence 6 for the plane wave entering
the crystal. These transmission coefficients are equal to the ratio of the squared
modulus of the transmitted beam, to the squared modulus of the incident beam.

Dynamical diffraction theory is required to quantitatively model the Bor-
rmann effect. We shall not give such a development here, referring the reader
to the classic accounts of Batterman and Cole (1964), Pinsker (1978), and Au-
thier (2001). Rather, let us spend a paragraph in highlighting some of the salient
features of the theory underlying the Borrmann effect.

To begin with, we note that a scalar theory is inadequate for a description
of the Borrmann effect, as the polarization of the electromagnetic field must
be taken into account. Only two of the three polarization vectors are relevant,
namely those orthogonal vectors that are perpendicular to the wave-vector of
the incident plane wave. Within the crystal, the electric displacement D obeys a
wave equation which may be directly obtained from the Maxwell equations. In
this wave equation, the effect of the crystal is quantified by its electron density,
which may be expanded as a Fourier series over the reciprocal lattice vectors
(cf. eqn (3.50)). Within the crystal, the electric displacement is modelled by a
‘Bloch-wave expansion’,”? in which the displacement is written as a product of
the incident plane wave, and a function that has the same periodicity as the
crystal lattice. This function, like the electron density, may be expressed as a
Fourier series over the reciprocal lattice vectors of the crystal. Next, a key as-
sumption is made, that only two plane waves exist within the lattice (for each
polarization). One of these plane waves corresponds to the incident plane wave
(whose wave-vector is corrected for the mean refractive index within the crys-
tal), with the second corresponding to a scattered plane wave which obeys the
von Laue diffraction condition (3.52). This is the dynamical-theory analogue of
the kinematical-theory description in which the surface of the Ewald sphere is
touched by only two points of the reciprocal lattice. Since the scattered plane
wave obeys the von Laue diffraction condition, its wave-vector is equal to the
sum of the wave-vector of the incident field, and a reciprocal-lattice vector gpx;
corresponding to a particular reflection in the kinematical theory. With the un-
derstanding that one must account for the mean refractive index n of the crystal,
one may then calculate the optical energy density of each of the two indepen-
dent polarizations as being proportional to the squared modulus of the electric
displacement. The resulting expression for the energy density has the same peri-
odicity as the Bragg crystal planes corresponding to the reciprocal-lattice vector
gri (cf. Fig. 3.13). This periodicity may be viewed as due to the interference of
the plane waves, namely the incident and scattered plane waves, existing within

92This is somewhat unfairly named, since the idea is due to Ewald.
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the crystal. However, unlike the case of plane waves interfering in free space,
the plane waves in the crystal may not be varied independently—indeed, they
are coupled to one another through the wave equation mentioned earlier in this
paragraph, and should therefore be considered as one entity. Of more impor-
tance, in the present context, is the fact that the above observation contains the
key to the Borrmann effect. Specifically, since the energy density &(x) has the
periodicity of a certain set of Bragg planes in the crystal, the possibility arises
that the minima of the energy density may be made to coincide with the planes
of atoms in the crystal. When this condition is fulfilled the X-ray wave-field is
able to ‘avoid the atoms’, thereby greatly reducing photo-electric absorption by
the crystal. The associated decrease, in the attenuation coefficient of the crystal,
results in the ‘anomalous transmission’ of the Borrmann effect.

Having considered the Borrmann effect in the context of a symmetric Laue
reflection from a thick near-perfect crystalline slab, it is evident that such a slab
may function as a beam-splitter (i.e. an optical element which splits an incident
optical beam into two or more beams). In this context, refer to Fig. 3.17(a) once
more.

Now, beam-splitters are an essential component of separated-path interfer-
ometers, the common feature of which is as follows. A given incident beam is
split into two spatially separated components, known as ‘arms’, which are then
recombined to form an interference pattern. This interference pattern is sensitive
to phase shifts in either or both of the arms of the interferometer, such as may
be induced by placing a sample in one arm, and/or by distorting the interferom-
eter. Phase shifts on the order of tenths or hundredths of radians can be readily
detected in this manner, together with distortions of the interferometer itself
which are on the order of the wavelength of the radiation being used.

In a landmark paper, Bonse and Hart demonstrated separated-path X-ray
interferometry using the device sketched in Fig. 3.18 (Bonse and Hart 1965; see
also Hart and Bonse 1970, together with references therein). This comprises a
series of three equi-distant equal-thickness parallel slabs A, B, C, each of which
are cut from a single monolithic near-perfect crystal. Since it is cut from a single
crystalline block, with each blade being connected through the base of the device,
there is long-range crystalline order between the atoms in each of the blades.

An illuminated Bonse-Hart interferometer is shown in plane view, in Fig.
3.19. As indicated at the bottom of each of the blades A, B, C, the active Bragg
planes are considered to be perpendicular to the faces of each of the blades (cf.
Fig. 3.17(a)). Note that each of these blades is optically thick, in the sense given
by eqn (3.61). The incident plane wave D strikes the active planes at a Bragg
angle, with the setup being such that the Borrmann effect is operative. Thus,
notwithstanding the fact that blade A is optically thick, it acts as a beam-splitter
by producing strong diffracted beams F and F (cf. Fig. 3.17(a)). Symmetry
considerations make it evident that, if the conditions for anomalous transmission
are met for beam D striking blade A, then anomalous transmission will also be
observed for both beams E and F in striking blade B. Thus, beam E will exhibit
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Fig. 3.18. Bonse-Hart X-ray interferometer, with three thick blades A, B,C'
cut from a single monolithic block of near-perfect crystal.

the Borrmann effect in yielding beams G and H, with beam F' leading to beams
I and J. Beams G and J are not utilized, in the setup shown here. Beams H and
I overlap in the triangular region adjoining slab C'. Using the same argument
given in our qualitative discussion of the Borrmann effect, together with the fact
that beams H and [ differ by the same reciprocal lattice vector as the two beams
FE and F, it is evident that the interference fringe maxima, due to beams H and
I in their triangular region of overlap, will lie between the atomic planes of blade
C. The wave-field will thus be ‘anomalously’ transmitted, yielding beams L and
K. An interferogram may then be recorded over the plane M, as the wave-field
over this plane will be due to the coherent superposition of beams from the two
arms of the interferometer.

For a perfect Bonse-Hart crystal interferometer illuminated by coherent plane
waves at exactly the Bragg angle for a symmetric Laue reflection, the interfer-
ogram at M will be featureless. However, if there are any imperfections in the
crystal comprising the interferometer, such as those due to strains and disloca-
tions, then the conditions for anomalous transmission will be locally disrupted.
This local disruption leads to strong absorption of the wave in the thick crys-
tal, implying the existence of dark bands—mnamely interference fringes—in the
pattern recorded at M. If local phase shifts between beams H and I are an
odd integer multiple of 7 radians, interference minima will occur. On the other
hand, if these phase shifts are an even integer multiple of 7 radians—and one
may note that this includes no phase shift at all—then interference maxima will
occur. Such interferograms are of crystallographic interest, insofar as they ex-
hibit sensitivity to angstrom-scale lattice distortions in the crystal from which
the Bonse-Hart interferometer is composed.

In addition to interference fringes being influenced by imperfections in the
crystal, they also carry information regarding the phase shifts imparted upon
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Fig. 3.19. Plane view of Bonse-Hart interferometer in action. A, B, C are three
equal-thickness equi-distant crystalline slabs cut from the same crystalline
block. Blade A splits the incident beam D into the transmitted beams E and
F, via a symmetric Laue reflection. The second blade B further splits the
beams transmitted by the first blade A. Via the action of the third blade C,
beams L and K are both influenced by the interference of beams H and I.
An X-ray interferogram is recorded by the detector M.

X-rays by objects placed in the separated arms of the interferometer. For ex-
ample, one may place a transparent wedge (‘prism’) in one of the arms of the
interferometer, thereby introducing a linear phase ramp across the wave-field
transmitted by the wedge. This will result in a series of linear fringes in the
recorded interferogram (cf. Section 3.4.1, especially the paragraph following eqn
(3.82)). Such fringes were published in Bonse and Hart’s original paper (1965),
with these linear fringes being modulated by crystal imperfections in the inter-
ferometer. They also pointed out that small samples may be placed in one of the
interferometer arms, with the wedge in the other; the resulting interferogram
conveys information regarding the phase shift imparted by the sample on the
beam passing through it. This application will be studied in greater detail, in
Section 4.6.1.

3.2.6 Bragg-Fresnel crystal optics

In the past few sections, we have considered the use of atomic-scale three-dim-
ensional gratings (i.e. crystals) as non-focussing diffractive optical elements for
X-rays. Bearing in mind the preceding discussion on the use of two-dimensional
gratings for X-ray focusing (i.e. zone plates), one is naturally led to the ques-
tion of how to use crystals as three-dimensional diffractive focussing elements.
Perhaps the most obvious answer to this question is to appropriately curve the
crystal. Such a strategy, which dates back at least as far as the work of Johann,
Cauchois and Johansson in the early 1930s (see, for example, Snigirev (1995)),
will not be reviewed here. Rather, we consider an alternative way for crystals to
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B

Fig. 3.20. A Bragg-Fresnel crystal optic is a near-perfect crystal slab A, one
face of which has grooves B cut out in the shape of an off-axis reflective Fres-
nel zone plate. X-rays from a source C' are then simultaneously monochro-
mated and deviated via Bragg diffraction from the crystal, subsequently being
focussed towards D by the action of the zone plate.

focus X-rays: Bragg—Fresnel crystal optics.

Consider, once again, the process of Bragg diffraction by a crystal analyser, as
sketched in Figs 3.15(a) and (b). Whether the reflection be symmetric or asym-
metric, we have seen that the analyser may be viewed as a form of angle-specific
X-ray mirror, with reflection occurring from a given set of crystal planes (cf.
Fig. 3.12). The resulting optical element is not a focussing one, as incident plane
waves are transformed into diffracted plane waves. How, then, may the crystal
be converted into a focussing optical element? A means of effecting this is to take
one of the plane waves which are diffracted by the analyser crystal, subsequently
passing it through a Fresnel zone plate so that one of its diffracted orders serves
to focus the radiation to the desired point. A more sophisticated answer, which
leads us directly to the concept of the Bragg—Fresnel crystal optic, is to co-locate
the zone plate with the surface of the crystal. The Bragg planes of the crystal
are thereby able to deviate the incident plane wave through a large angle, with
the zone plate subsequently serving to focus the Bragg-diffracted beam down to
a point.

This concept, due to Aristov and colleagues (Aristov et al. 1986a,b, 1987; see
also Snigirev 1995) is sketched in Fig. 3.20. Here, we see a near-perfect crystal
A into which a binary zone-plate profile B has been created. For good efficiency
in a two-level zone-plate structure, the groove depth should be such that there
is a phase shift of 7 radians, between X-rays which are Bragg-reflected from the
upper surface and those reflected from the lower surface (cf. the discussion on
the efficiency of phase zone plates in Section 3.2.2).

For the focussing of hard X-rays, Bragg—Fresnel crystal optics have several
advantages compared to zone plates. As the energy of the radiation becomes
higher, reflective zone plates become more difficult to fabricate and operate, as
the angle (between the incident X-ray and the reflecting surface) required for
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total external reflection®® becomes progressively smaller. Increasing radiation
hardness also increases the difficulty of fabricating transmissive zone plates, as
the thickness of the zones needs to be increased, while decreasing the width
of the zones. This may lead to impracticably high aspect ratios in the required
transmissive zone plates. In comparison, Bragg—Fresnel optics have the advantage
of the high efficiency furnished by phase zone plates, without the aspect-ratio
problem of transmissive optics. In addition, a higher degree of mechanical and
thermal stability is provided by the fact that Bragg—Fresnel crystal optics are
grooved into a monolithic crystal block, which may be cooled, if necessary, using
the techniques for cryogenically cooled monochromators outlined in Section 3.2.4.

Two remarks: (i) Having considered Bragg—Fresnel crystal optics, in which
crystal planes are used to produce a Bragg reflection, we note that such a reflec-
tion can also be achieved using multi-layered mirrors in place of crystal planes
(cf. Section 3.3.4). The resulting Bragg—Fresnel multi-layer optics are extensively
discussed by Erko et al. (1996). (ii) In addition to engineering Bragg—Fresnel op-
tics which yield a point focus, whether they be based on crystals or multi-layers,
one can also have so-called ‘linear Bragg-Fresnel optics’ that produce a line fo-
cus. Indeed, one can engineer such optics to produce an arbitrary distribution of
intensity over their focal plane, for example, using the techniques discussed in
remark (v) at the end of Section 3.2.2.

3.2.7 Free space

At the risk of being chastised for stating the obvious, and tempered with the
pre-emptive retort that sometimes there is a fine line between the trivial and the
profound, one may note that free space constitutes a diffractive optical element
in the sense that X-rays diffract as they propagate through vacuum.

As a first example of this, recall the pattern of spots which constitutes the
diffraction pattern of a small crystal, such as that shown in Fig. 2.7. In forming
such a diffraction pattern, the illuminated crystal’s exit-surface wave-field must
propagate through a sufficiently large distance of free space, in order to evolve
into a Fraunhofer diffraction pattern of a convenient size for recording by a
two-dimensional imaging device. A second example is furnished by the zone
plate, which requires transmitted radiation to travel through a certain distance
from the plate’s exit surface, in order to converge upon a focus.

As a last example, recall the Young double-slit experiment using an extended
incoherent planar source, in which free space was seen to function as a diffractive
optical element in at least two respects: (i) Field correlations are enhanced as
partially coherent radiation propagates from a delta-correlated extended planar
source to the entrance surface of the Young double slit, as quantified by our
earlier discussions on the propagation of coherence functions and the van Cittert—
Zernike theorem (see Section 1.9). (ii) In order for interference to be observed

93Note that this is the counterpart of total internal reflection for visible light, with external
rather than internal reflection arising because the refractive index for X-rays is less than unity.
See Section 3.3.1 for more information.
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between the pair of spatially separated fields at the exit-surface of the double-slit
apparatus, propagation through a sufficient distance of free space was invoked,
such that the resulting pair of diffracted fields overlap with one another in the
interference region (see Fig. 1.5).

The viewpoint, of free space as a diffractive optical element, will receive
some prominence in the next chapter, in contexts such as the operator theory
of X-ray imaging using coherent and partially coherent radiation, holography,
propagation-based phase contrast, and phase retrieval. It will also figure in the
final chapter’s discussions on propagation-induced wave-field vortices.

3.3 Reflective optical elements

Reflective X-ray optics are the subject of this section. We begin with some general
remarks concerning the reflection of X-rays from surfaces, subsequently treating
capillaries, square-channel arrays, and mirrors.

3.3.1  X-ray reflection from surfaces

At an elementary level, the reflection of X-rays from smooth surfaces can be con-
sidered from the standpoint of geometric optics. In this context, consider Fig.
3.21(a). Here we see an X-ray A that is incident upon a flat surface BC, this be-
ing an interface between vacuum and a certain homogeneous isotropic medium.
Upon striking the surface at the point O, a refracted ray D may penetrate the
surface. Further, there will be a specularly reflected ray G. Quasi-monochromatic
radiation of angular frequency w will be assumed throughout. Functional depen-
dence of refractive indices on w will be understood as implied.

Notwithstanding the fact that we are primarily interested in reflection, let us
first consider the refracted ray D. In particular, we seek a relationship between
the angles #; and 6, which the incident and refracted rays respectively make
with the normal FF to the surface. While it is well known that such a relation-
ship is given by Snell’s Law, we choose to arrive at this conclusion from more
fundamental considerations.

Following the discussions on geometric optics in Section 2.8, the various rays
AO, OD, and OG may be viewed as streamlines of the quasi-monochromatic
scalar X-ray wave-field interacting with the medium. According to Fermat’s
variational principle, which we now invoke, the ray streamline connecting two
points—which lie within a volume of space filled with a static medium charac-
terized by a position-dependent refractive index—is such that an extremal value
for the phase is accumulated along the ray in travelling between the two points.
If the extremal value for the accumulated phase is a minimum (maximum), then
any fixed-endpoint infinitesimal continuous deformation of the true ray-path will
lead to an increase (decrease) in the phase accumulated between the two points.
Stated differently, the number of wavelengths that fit into a given ray trajec-
tory, connecting two points which lie within a static medium of non-uniform
refractive index, is either a local minimum or a local maximum with respect to
fixed-endpoint infinitesimal deformations of the true ray-path. While a formula
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(7
C
D
(@) (b)
Fig. 3.21. (a) The X-ray A strikes a point O on a flat interface BC', which
separates vacuum (refractive index n; = 1) from a uniform medium with

refractive index nsy, whose real part is equal to 1 — §. The refracted ray D,
if it exists, moves away from the normal EF to the surface. The specularly
reflected ray is denoted by G. (b) Diagram to aid in the derivation of Snell’s
Law for refraction of X-rays at interface BC of the previous figure. O, A, D, 61,
and 6y are as shown in (a). An zy Cartesian coordinate system has been
erected, with origin H, z-axis in the plane of the surface BC, and y-axis
normal to this surface and pointing into vacuum. Cartesian coordinates of
points A, O, and D are as indicated.

for the accumulated phase is given in eqn (2.119), resulting from an argument
which ultimately stemmed from the Maxwell equations, we prefer to give a simple
geometric argument here.

We begin with the fact that a straight line is formed by the ray connecting two
points in a volume filled with an isotropic medium of constant refractive index.
This conclusion may be reached via Fermat’s principle, as the least phase will
be accumulated along the path of shortest length which connects the two points,
this path being a straight line. Next, let us consider the path taken by the ray
connecting points A and D in Fig. 3.21(a), as re-sketched in part (b) of the same
figure. With the end-points A and D considered fixed, and equipped with the
knowledge that rays traversing through uniform-refractive-index volumes follow
straight-line paths, we conclude that the actual ray-path will be a straight line
from A to an as-yet undetermined point O on the surface of the medium, which
is then connected to D via another straight line. By symmetry, the points A, O,
and D must lie in a two-dimensional plane. Coordinatize this plane with the
Cartesian xy system shown in Fig. 3.21(b), with the z-axis in the plane of the
reflecting surface, the y-axis normal to the surface and pointing from the medium
to the vacuum, and origin H. In this system, the coordinates of points A, O, and
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D are respectively given by (z4,y4), (zo,y0 = 0), and (xp,yp). The phase
da0D, accumulated in traversing the indicated path from A to O to D, is given
by 27 multiplied by the number of wavelengths that fit into the path. Since the
wavelength of the radiation in a uniform medium is equal to A\/Re(n), where A
is the wavelength in vacuo and n is the complex refractive index, we have:

V(zp —20)? + v}
A/Re(ng)

Vi(za —x0)? + 5
A/Re(nq)

$a0p = [ZW X + |27 x

2

-5 {Re(nl)\/(:rA —20)2 + ¥} + Re(na)y/ (zp — 20)? + y%] . (3.63)

The only variable, in the above equation, is the x coordinate zo of the point
O. According to Fermat’s principle the accumulated phase ¢p40p is an extremal
value (‘extremum’), so that:

dpaop

=0 3.64
o0 g, (3.64)

which may be applied to eqn (3.63) to yield:

Re(ni)(za — z0) Re(nq)(zp — x0) _o (3.65)
Va—z0?+yi  V(zp—20)* +uh
Noting from Fig. 3.21(b) that:

Lo — LA D — Lo

sinf; = ) sinfy = ) (3.66)
V(wa—20) +y3 V(p —20)? +yp
we see that eqn (3.65) becomes Snell’s Law:
Re(n1)sin#; = Re(ng) sin 05. (3.67)

Five remarks: (i) We leave it as an exercise to show that Snell’s Law may
also be obtained by taking, as a starting point, the eikonal equation for the
wave-fronts of geometric optics (see eqn (2.117)). (ii) As covered in many elec-
trodynamics texts, Snell’s Law may also be derived by using Maxwell’s equations
to consider electric and magnetic plane waves incident upon flat boundaries be-
tween adjoining dielectric media (see, for example, Jackson (1999) or Attwood
(1999)). (iii) If we set Re(n1) = Re(nz) in Snell’s Law, it reduces to 01 = 0a,
yielding straight-line propagation once more. (iv) Via an evident modification
to the argument used to obtain Snell’s Law from Fermat’s principle, the law of
specular reflection may also be so obtained. (v) Adopting language more often
encountered in studies on general relativity than in X-ray optics, we note that
Fermat’s principle implies the ray paths to be geodesics with respect to a metric



Reflective optical elements 189

derived from the real part of the position-dependent refractive index for a static
medium.

Returning to the main thread of the argument, let us see what Snell’s Law
has to teach regarding X-ray refraction and reflection. Applying this equation to
the scenario sketched in Fig. 3.21(a), with n; =1 and no =1 — d 4+ 0 (see eqn
(2.37)), we see that:

sinf; = (1 — §) sin 5. (3.68)

Note that § is positive and small for X-ray energies of a few keV or higher,
implying that:

|02 > [61]. (3.69)

Therefore, as indicated in the figure, the refracted X-ray bends away from the
normal FF, in passing from vacuum into the medium. Next, with 6; such that
0y < %ﬂ', suppose that 6 is increased to a critical value denoted by 6"t, which
by definition corresponds to 0y = %77. At this critical incident angle, for which
the refracted ray D skirts the underside of the surface BC, we have:

sin(f%) = (1 — §) sin (g) =1-4. (3.70)
Rather than being measured with respect to the normal, the angle
it = g — p§it (3.71)

is more often used, this being the angle that the incident ray makes with the
surface it strikes. With the above change of variables, eqn (3.70) becomes:

cos(a™) =1 -, (3.72)

where use has been made of the fact that:

sin (g - acrit) = cos(at). (3.73)

Now, the right side of eqn (3.72) is only very slightly less than unity, implying
that the critical angle o is small compared to unity. Thus, we may employ a
second-order Taylor expansion, for the cosine function about zero angle, so that
eqn (3.72) becomes:

1 .
5(of“t)2 =1-6. (3.74)

Solving for the critical angle, we obtain:

cos(a®it) ~ 1 —

ot = /2. (3.75)

If the angle o (see Fig. 3.21(a)) between the incident ray and the surface is less
than this critical value, then no refracted ray can be supported and the ray will
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be reflected in its entirety. This X-ray phenomenon is known as ‘total external
reflection’, which may be compared to the visible-light phenomenon of ‘total
internal reflection’ which is covered in many elementary texts on light optics.
Importantly, if the angle « is too large for total external reflection to occur,
then the Fresnel reflectivity formula—obtained using a wave-optical treatment
based on the Maxwell equations—implies the reflectivity to be very small (see,
for example, Parratt (1954) or Attwood (1999)). Noting that the refractive index
decrement § is typically on the order of 10~° radians or smaller, for hard x-rays,
we see from eqn (3.75) that the critical angle is on the order of several milliradians
or less. Given that total external reflection is the principle which underlies most
single-surface reflective X-ray optical elements, we conclude that these optics
must be operated at very glancing angles of incidence.

In order to explore this point in a little more detail, recall the discussions of
Section 2.9. These culminated in the following approximate expression for the
refractive index decrement of a uniform isotropic material (eqn (2.134)):

e2p

- m. (376)

Here, e is the charge of an electron, p is the number of electrons per unit volume
in the material, g is the electrical permittivity of free space, m, is the rest mass
of the electron, c is the speed of light in vacuum, and k is the wave-number of
the X-ray radiation. Note that this expression is often a good approximation
if one is far from absorption edges, as assumed here. If the above formula is
substituted into eqn (3.75), and the wave-number k written in terms of the
radiation wavelength \ as k = 2w/, we obtain:

crit eA 14
=_—/ . 3.77
@ 2me \| egmee ( )

Thus, the critical angle o™ is proportional to the incident radiation wavelength
A, implying that single-surface X-ray reflective optics must work at progressively
more glancing angles of incidence, as the radiation wavelength decreases. Also,
we see that the critical angle increases as the square root of the number density
p of electrons in the material, implying that denser materials of higher atomic
number will have a higher critical angle, in comparison to less dense materials
of lower atomic number. Thus, single-surface reflective X-ray mirrors are often
coated with a material of high atomic number. For the same reason, multi-layer
reflecting structures (see Section 3.3.4) are often made with layers of two different
materials, one of which has a high atomic number and the other of which has a
low atomic number. Lastly we note that, since the photon energy FE is given by:

crit

E="= (3.78)
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eqn (3.77) implies the simple rule of thumb that the product of the photon
energy F, and the critical angle ai*, is a material-dependent constant (see, for
example, Bilderback (2003)):

(3.79)

3.3.2  Capillary optics

Single tapered capillaries, also known as ‘mono-capillaries’, constitute our first
example of an X-ray focusing optic employing total external reflection (Stern
et al. 1988; Yamamoto et al. 1988; Engstrom et al. 1989; Rindby et al. 1989;
Thiel et al. 1989). The tapered mono-capillary is typically either a parabola or
ellipse of revolution (i.e. a paraboloid or an ellipsoid), although conical and even
tube geometries have been employed in earlier investigations. Figure 3.22(a) is
indicative of the second of these four cases, with the lines A and B representing
the intersection of the reflecting surface of revolution with a plane containing
the axis of the optic. Such a surface of revolution is typically formed by the
inner surface of a hollow tapered tube, often made of glass. Sometimes, the
inner surface of the optic may be coated with a layer of material with high
atomic number, such as gold, so as to increase the critical angle for total external
reflection of X-rays. Two such reflected rays are shown in the diagram, including
the ray C which is reflected from the point D on the inner surface of the optic. A
focus is produced at the point E, which lies at a distance A from the exit hole of
the device. This length is known as the ‘working distance’ of the capillary. If the
device is to employ a single reflection, as sketched in Fig. 3.22(a), an ellipsoidal
profile is required for point-to-point focusing. If the incident radiation is parallel,
then a point focus may be achieved using a single-reflection paraboloidal optic
(see, for example, Hoffman et al. (1994)). The working distance for such single-
reflection optics can be on the order of millimetres or centimetres, with typical
focal-spot sizes on the order of several microns (Balaic et al. 1995).

Multiple-reflection mono-capillary optics, namely tapered capillaries in which
a given incident X-ray may suffer total external reflection on more than one
occasion prior to exiting the device, are also possible. Unlike single-bounce de-
vices, a true focus is not produced by multiple-reflection capillaries—as such,
they are often referred to as ‘concentrators’ rather than ‘focusers’. Multi-bounce
mono-capillaries are usually constrained to have a shorter working distance than
single-bounce focusing optics, with the exiting beam having its smallest diameter
at the exit-hole of the device (see, for example, Hoffman et al. (1994)). In some
sense, these multi-bounce optics may be viewed as an X-ray equivalent of an
optical fibre (Engstrom et al. 1991). These devices can achieve foci as small as
50 nm (Bilderback et al. 1994), although foci of several microns are more typical
(Bilderback 2003).

As one particular mode in which a multi-bounce capillary may operate, con-
sider Fig. 3.22(b). Here, only one part of the capillary’s inner surface is shown,
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Fig. 3.22. (a) Single-bounce mono-capillary optic; multiple-bounce

mono-capillary optic; (c) poly-capillary optic (* Kumakhov lens’).

labelled F. The incident ray G is then reflected three times from this surface,
at points H, I, and J; reflection could also occur from adjacent surfaces, a pos-
sibility not indicated in the diagram. In either case, the reflection points need
not all lie in a plane, notwithstanding the two-dimensional nature of our sketch.
Nevertheless, the salient point is clear: if an incident ray is reflected multiple
times, then the exit ray K may make an angle, with respect to the incident ray
G, that is many times larger than the critical angle for total external reflection.
Such ‘beam steering’ immediately leads to the following idea: to produce an
optic which accepts a much larger range of incident X-ray angles than the mono-
capillaries described earlier, one may bundle together many bent capillaries, as
indicated by structure M in Fig. 3.22(c). This poly-capillary optic is known as
a ‘Kumakhov lens’. The Kumakhov lens may be used to concentrate or focus
X-ray light from a source L, to a point N. For more information, and references
to the seminal papers, see the review articles by Kumakhov and Komarov (1990)
and Kumakhov (2000).

3.3.3  Square-channel arrays

The ‘square-channel array’ is an X-ray focusing device that may be regarded as
a very thin Kumakhov lens employing square-shaped capillaries. However, there
is the important qualitative difference that, rather than working on the ‘beam
steering’ principle employed in the Kumakhov lens, square-channel arrays are
typically sufficiently thin for most transmitted X-rays to be reflected no more
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than twice by each of the capillaries (‘channels’). They are therefore true focusing
elements, rather than radiation concentrators. For focusing applications, which
include X-ray astronomy, the arrays may be curved by ‘slumping’ sufficiently
hot elements over a spherical surface before allowing them to cool. Interestingly,
such curved square-channel arrays work on the same principle as the eye of
certain lobsters, with such elements often described as ‘lobster-eye optics’ in
the literature (Angel 1979). Other channel shapes, such as tubes, may also be
employed. For more information see, for example, Angel (1979), Wilkins et al.
(1989), Chapman et al. (1991), Fraser et al. (1993), Brunton et al. (1995), and
Peele et al. (1996), together with references therein.

3.3.4  X-ray mirrors

According to the simple ray picture given in Section 3.3.1, the total external
reflection of X-rays from a flat surface requires glancing angles of incidence that
are less than the critical angle given by eqn (3.75). This same analysis may
be used to treat the reflection of X-rays from smooth curved surfaces, as such
(idealized) surfaces may always be considered to be locally flat. The use of curved
reflecting surfaces opens the possibility for using reflective X-ray optics for beam
shaping, an idea that has already been explored in discussing focusing capillary
optics. Here, we consider a more mainstream application of this idea, in the
context of X-ray focusing mirrors.

As noted in Section 3.3.2, point-to-point focusing can be achieved using a
single elliptical reflecting surface. Such devices are often difficult to fabricate
with sufficient accuracy and smoothness. To remedy this, one often encounters
X-ray focusers known as Kirkpatrick—Baez mirrors, which comprise a crossed pair
of glancing-incidence mirrors that focus in orthogonal directions. Other designs,
such as those associated with the names of Wolter or Schwarzschild, are also
commonplace. In addition to machining curved mirror surfaces, one may also
use mechanical bending of mirrors. As an extreme case of this, which parallels
the so-called ‘deformable mirrors’ used in astronomical adaptive optics, X-ray
mirrors are currently under development whose shape is able to be dynamically
altered in real-time to adopt a given profile.

To the extent to which X-ray reflection from smooth curved surfaces can
be treated under the geometric-optics approximation, single-surface reflective X-
ray optics are non-dispersive/achromatic (i.e. their beam-shaping properties are
independent of X-ray wavelength).?* This advantage, which allows such optics
to work with radiation of a broader spectral bandwidth than associated crystal
optics, may be contrasted with the disadvantage of requiring glancing angles of
incidence for their operation. For example, in the hard X-ray regime, critical
angles on the order of several milliradians or less imply that single-surface re-

94More precisely, they are achromatic only for those energies that lie below the high-energy
cutoff for total external reflection. For a fixed angle of incidence 6, this cutoff energy Ecyt may
be obtained from eqn (3.79), by making the replacements at — @ and E — Ecut, before
solving for the cutoff energy.



194 X-ray sources, optical elements, and detectors

flective optics should be a few hundred times longer than the width of the X-ray
beam which they are required to shape. Thus a 1 mm wide beam will require a
mirror of at least a few tens of centimetres in length, in order to be shaped by
single-surface reflection. This imposes exacting requirements on the precision to
which the surface (‘figure’) of the mirror must be machined. In addition to these
stringent requirements on the figure of the mirror, the roughness of the reflecting
surface must be kept sufficiently small, if the performance of the mirror is not
to be overly compromised.

According to eqn (3.77), one may increase the critical angle for total external
reflection, by increasing the number density of electrons in the reflecting material.
Thus, one often encounters single-surface hard-X-ray reflective mirrors which
are coated with heavy-element materials such as gold, nickel, platinum, iridium,
or even depleted uranium oxide. Notwithstanding such a strategy, one is still
confined to relatively small critical angles on the order of several milliradians,
beyond which the X-ray reflectivity falls dramatically.

How can one transcend this limitation? Diffraction from near-perfect crystals,
described earlier in this chapter, immediately springs to mind. While such crystal
elements are commonly used in X-ray optics, let us here focus on what they have
to teach regarding X-ray mirrors. To this end we recall the notion of Bragg planes
in a crystal, as sketched in Fig. 3.14. In the accompanying description we saw
that the relatively weak wave-field amplitude reflected/diffracted from a single
atomic plane, may constructively interfere with and therefore be augmented by
those waves which are reflected/diffracted from parallel atomic planes, provided
that the Bragg condition is fulfilled (see eqn (3.57)). This same principle—and
the same diagram—can be applied to reflecting surfaces in a multi-layer mir-
ror, by replacing Fig. 3.14’s single-surface reflecting planes DD’ EE’, etc. with
multiple-layer reflecting surfaces of a given period. Rather than having reflection
from parallel atomic planes in a crystal, one can have reflection from a series of
amorphous layers in a so-called ‘multi-layer mirror’. Under the kinematic approx-
imation to X-ray diffraction from such amorphous surfaces, satisfaction of the
Bragg Law may be used to greatly increase the X-ray reflectivity in comparison
to that obtained from a single-layer reflecting surface. These Bragg angles may
be somewhat larger than the corresponding angles for total external reflection.
However, this increase in reflectivity comes at the cost of reducing the energy
bandwidth of the accepted radiation when compared to the corresponding single-
surface reflector. In this context, we recall the essentially achromatic nature of
single-reflection surfaces under the geometrical-optics approximation, at glanc-
ing angles of incidence that are sufficiently small for total external reflection to
be operative.

In multi-layer mirrors one often encounters alternating layers of a given heavy
and light element. In accord with the finding of eqn (3.77), this will work to in-
crease the overall reflectivity of the device. Further considerations, in the choice
of materials for the layers of the mirror, include: (a) the demand that the multi-
layer be chemically stable over timescales of several months or years; (b) thermal



Refractive optical elements 195

properties and stability of the multi-layer; (c) the ability to manufacture inter-
facial regions with roughness that is sufficiently small for the performance of the
device to not be overly compromised.

In introducing the notion of the multi-layered mirror, we drew a strong par-
allel with the notion of Bragg planes in the context of the kinematical theory of
X-ray diffraction. Such a simple kinematical analysis is often useful from both
the qualitative and quantitative points of view, as a first approximation, when
modelling the performance of multi-layer mirrors. However, the effect of multi-
ple reflections is often significant, and so a dynamical theory is often required
in order to properly model these optical elements. Indeed, dynamical diffraction
theory is very often employed in the design of multi-layer structures, in sophisti-
cated computer models which are used in order to optimize mirror performance.
In particular, such models may be used to determine optimal thicknesses for the
various layers in the mirror, and appropriate choices of layer materials, so as to
maximize reflectivity in a given regime. If one allows the period of the multi-layer
to vary with depth, computer modelling may be used to yield mirror designs that
possess a pre-specified reflectivity versus angle (rocking curve) or pre-specified
reflectivity versus energy for a given angle.

3.4 Refractive optical elements

Refractive optical elements such as prisms and lenses, which are two of the
workhorses of visible-light optics, have X-ray-optical counterparts which will be
respectively described in the following sub-sections.

3.4.1 Prisms

Consider the sketch in Fig. 3.23(a). Here, we see a prism OAB which is illu-
minated from the left by normally-incident monochromatic X-ray plane waves.
While the X-ray deflection by the prism may be studied from the viewpoint of
rays and Snell’s Law, we here treat the problem from the viewpoint of waves and
the projection approximation. In particular, under this approximation we wish
to determine the phase of the coherent radiation over the nominal exit surface
CD of the prism, thereby determining the deflection angle 8 shown in the figure.

As shown in Fig. 3.23(a), let « denote the distance between the ray striking
the point E(x) on the entrance face of the prism, and the optic axis z. The z-
dependent projected thickness T'(x) of material in the prism, in the z direction,
is given by:

T(x) =xtana, x>0, (3.80)

where « is the angle between the faces OA and OB of the prism. In what follows,
we shall assume this angle to be much smaller than unity.

By symmetry, it is clear that the incident ray is undeviated upon traversing
the point E on the entrance face of the prism. Rather, the ray is deviated at
the point F' on the exit face of the prism, to give the refracted ray G. The
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Fig. 3.23. (a) An X-ray prism OAB is illuminated from the left by normally
incident monochromatic X-ray plane waves. With a view to determining the
phase shift imparted by the prism over the exit surface CD, we consider a
given incident ray which enters the prism at the point E, at a distance x from
the optic axis z. The refracted ray G is bent through an angle 3. (b) Passing
from the ray to the wave picture, four parallel surfaces of constant phase are
shown, corresponding to the refracted planar wave-field in the vicinity of the
exit surface C'D of the prism. These wavefronts have a spacing equal to the
wavelength A of the radiation. G now gives the direction of the wave-vector
corresponding to the refracted plane wave. (c) Detail from (b), with deflection
angle [ as marked.

corresponding deflection angle is denoted by [, as marked. Since the real part
Re(n) = 1— 4 of the refractive index of the prism material is very close to unity,
this deflection angle will be very small.

With a view to determining this deflection angle from a wave-optical view-
point, let us determine the position-dependent phase ¢(x) over the nominal exit
surface C'D of the prism. Under the projection approximation, which we now
assume, transverse streamline/ray deviations within the prism may be ignored
(see Section 2.2). For normally incident plane-wave illumination, we may then
invoke eqns (2.41) and (3.80) to see that the desired exit-surface phase ¢(z) is:

o(x) = —kéT (z) = —kdrtana = —kéza, |a] <1, x> 0. (3.81)

Before proceeding to determine the associated deflection angle (3, let us do a
quick back-of-the-envelope calculation to get a feel for the order of magnitude in-
volved for X-ray phase shifts by a simple wedge. For angstrom-scale wavelengths,
k will be on the order of 10'° m~!; for wedge angles o on the order of several
degrees, a = 0.1 radians; lastly, the refractive index decrement may be estimated
as § ~ 1075, Equation (3.81) then gives:

d
"W)‘ ~ kad ~ 101 m~! x 107! rad x 1076 = 1000 —, (3.82)
X m
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corresponding to phase shifts on the order of a radian per millimetre.

This estimate harmonizes with our earlier discussions on the use of transpar-
ent wedges in Bonse-Hart X-ray interferometry, as described in Section 3.2.5. In
this context, let us recall Fig. 3.19, where we see an incident X-ray beam being
split into two ‘arms’ before being recombined to form an interferogram. In the
absence of a sample, and neglecting any strains or imperfections present in the
monolithic crystal from which the interferometer is cut, we argued that the in-
terferogram will be constant and featureless. If one then puts an X-ray prism in
the lower arm of the interferometer, say in the region marked I in the diagram,
then a transverse linear phase shift on the order of radians per millimetre will
be imparted to the beam in the lower arm. Given that a typical Bonse-Hart
interferometer is on the order of centimetres in size, the prism will evidently
lead to several tens of linear fringes in the resulting interferogram. These linear
features may be viewed as convenient ‘carrier fringes’, which may be distorted
by introducing a sample into the upper arm of the interferometer.

We pass onto a calculation of the deflection angle 8 imparted on the plane
wave traversing the prism in Fig. 3.23(a), from a wave-optical viewpoint. To this
end, consider the sketch in Fig. 3.23(b). Here we see adjacent planar wave crests
of the transmitted radiation, cutting the nominal exit surface C' D of the prism.
These adjacent wave-crests are separated by the wavelength A of the radiation, as
indicated in the diagram. Rather than representing the refracted ray, the vector
G now indicates the direction of propagation of the transmitted plane wave. This
vector, which is perpendicular to the planar wave-fronts, pierces a certain pair
of adjacent wave-crests at the points H and J; the same pair of wave-crests cuts
CD at the points H and I.

Form the right-angled triangle HIJ, an expanded view of which is given in
Fig. 3.23(c). It is easy to see that the vertex at I subtends an angle equal to the
desired deflection angle 3, as indicated. Now, the phase of the transmitted plane
wave changes by 27 radians as one passes from points H to J, as these are points
on adjacent wave-crests. Similarly, there is a phase difference of 27 between the
points H and I. Since the distance dgy; from H to I is given from Fig. 3.23(c)
as:

A
dpr = sin g’

we conclude that the magnitude of the phase gradient d¢(x)/dz in the plane C'D
is given by:

(3.83)

2r 2w
dH] o )\/ sinﬁ'
Equate the right side of this expression to the magnitude of the z-derivative of

eqn (3.81), before solving the resulting equation for the deflection angle 3. One
thereby arrives at:

(3.84)

‘d¢>(w)
da
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B =sin"!(ad) ~ ad, (3.85)

where use has been made of the fact that || < 1. Typical values for this
deflection angle will be on the order of micro-radians.

3.4.2  Compound refractive lenses

It is only comparatively recently that refractive X-ray lenses have begun to find
a place in the toolkit available to practitioners of coherent X-ray optics. Such
a delay may be attributed to the closeness of X-ray refractive indices to unity,
which imposes certain challenges on the fabrication of refractive X-ray focusing
elements, together with a certain degree of historical inertia whereby the possible
utility of refractive X-ray lenses was overlooked after having been dismissed as
unfeasible.

As one of the simplest incarnations of a refractive X-ray lens, consider the
sketch in Fig. 3.24(a). Here we see a cylindrical hole of radius R, which is drilled in
an amorphous slab of constant thickness D. This may be considered as the X-ray
equivalent of a cylindrical focusing lens for visible light, albeit an aberrated one,
with the important difference that a refractive index of less than unity implies
the need for a concave rather than a convex design at X-ray wavelengths.

Suppose our simple cylindrical lens to be illuminated from the left by a nor-
mally incident monochromatic scalar X-ray wave-field, as indicated by the series
of parallel arrows in the diagram. Invoking the projection approximation once
more, the phase ¢(x) of the wave-field at the exit-surface of the cylindrical lens is
proportional to the projected thickness T'(x) of lens material along the direction
of the optic axis z, as a function of the transverse position coordinate z (see eqn
(2.41) in Section 2.2):

o(x) = —kéT (). (3.86)

Here, k = 27/ is the usual wave-number corresponding to the wavelength A
of the illuminating radiation, and the real part of the refractive index n of the
material is given by Re(n) =1 — 0.

As suggested by Fig. 3.24(a), the axis of the cylindrical hole is assumed to be
perpendicular to both the z- and z-axes. Further, we assume that the cylinder’s
axis crosses the z-axis. Thus, the projected thickness T'(x) of material in the lens,
which is equal to the difference between the slab thickness D and the z-dependent
projected thickness 2v/ R2? — x2 of the cylindrical hole, is given by:

T(x)=D —2VR>—22, |z|<R. (3.87)

Substitute eqn (3.87) into eqn (3.86). In the square root which appears in the
resulting expression, make the binomial approximation:

- - 72 1/2 2 22
VR?2—22=R|(1-— ~R(1 :R_ﬁ’ |z] < R, (3.88)

R b
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Fig. 3.24. (a) A one-dimensional refractive focusing optic comprised of a cylin-
drical hole of radius R, drilled in an amorphous slab of thickness D. (b) Sketch
of a collapsing monochromatic cylindrical wave, the position-dependent phase
variation of which is to be determined over the plane AB. The cylindrical
waves converge on the line focus C. (¢) Simple compound refractive lens for
one-dimensional X-ray focusing, consisting of a cascaded series of cylindrical
holes in an amorphous slab. (d) Compound refractive lens for two-dimensional
focusing, consisting of a cascaded set of identical concave optical elements,
which possess rotational symmetry about the optic axis.

and discard additive constants so as to arrive at the following expression for the
phase of the wave-field over the exit surface of the refractive lens:

d(x) = ——a”. (3.89)

Let us put this expression to one side for the moment, shifting our attention
to the collapsing monochromatic scalar X-ray wave depicted in Fig. 3.24(b). In
particular, we wish to determine the phase variation ¢cyi(x) over the plane AB,
which corresponds to a cylindrical wave converging upon the line focus C with a
focal length of f. If we take the line focus to correspond to zero phase, then the
phase at any point D(z) in the plane AB will be equal to —2m, multiplied by
the number of radiation wavelengths A that fit into a straight line whose length
is equal to the distance dpc between D and C. Note that the negative sign is
present because the phase at D(z) must be smaller than that at C, while the
factor of 27 gives the phase change in radians between successive wave crests.
Thus:
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d k
de(2) = —2m—=C = —k\/f2 2~ —kf — ot < (390)

where use has been made of the binomial approximation.

With the interlude of the previous paragraph under our belts, we are ready
to determine the focal length f of the refractive cylindrical lens shown in Fig.
3.24(a). This may be obtained by first discarding the irrelevant additive constant
—kf on the right side of eqn (3.90), before equating the right-hand sides of eqns
(3.89) and (3.90), and then solving for the desired focal length f. We conclude
that the focal length of our cylindrical lens is proportional to the radius of
curvature R of the cylindrical hole drilled into the amorphous slab, and inversely
proportional to the refractive index decrement § for the slab:

R

f=55 (3.91)

To proceed further, we seek an estimate for the magnitude of the focal length
f associated with the above result. For hard X-rays, refractive index decrements
typically obey the inequality:

§<107°, (3.92)
so that eqn (3.91) becomes:

f>5x%x10*R, 6<107°. (3.93)

Thus, for example, a lens with a radius of curvature of 1 mm will have a focal
length of 50 m, which is unacceptably large for most practical purposes. To
achieve a focal length on the order of a metre or so, the lens radius required is
on the order of 10 um, which is too small for most purposes.®?

Historically, considerations such as those just outlined led to the conclu-
sion that refractive lenses were not particularly useful as X-ray optical elements
(Kirkpatrick and Baez 1948; Suehiro et al. 1991; Michette 1991; Yang 1993).
This conclusion has been overruled in recent years, by the so-called ‘compound
refractive lens’ sketched in Fig. 3.24(c) (Tomie 1994; Snigirev et al. 1996). Here,
we see the wonderfully simple idea of having a cascaded chain of X-ray refractive
lenses, which may then be illuminated from the left so as to produce a focal spot
at a specified distance downstream of the optic.”® With a total of M refractive

95For exceptions to this statement, see, for example, Zhang et al. (2001), Schroer et al. (2003),
and Mayo and Sexton (2004). In these papers, we see that modern micro-fabrication techniques
allow one to construct refractive lenses with radii of curvature on the order of microns. While
we shall not pursue this point further in the text, we emphasize that micron-scale hard-X-ray
refractive optical elements are a subject of continuing research. See the just-cited papers for
an entry point into the literature.

9Note that one may reverse the ray paths in the diagram, to conclude that compound
refractive lenses may also be used to collimate quasi-monochromatic radiation emerging from
a small source.
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lenses in series, we leave it as a simple exercise to show that the focal length f
is M times smaller than the single-lens result given in eqn (3.93):

R
-_ m. (3.94)

By having a few tens of refractive lenses in series, with radii on the order of
millimetres—which, importantly, is nicely matched to typical X-ray beam sizes
emerging from third-generation storage-ring sources—it becomes evident that
focal lengths f on the order of a metre can be achieved. Using this idea, Snigirev
and co-workers demonstrated focusing of 14 keV X-rays with an array of 30
cylindrical holes drilled into an aluminium slab (Snigirev et al. 1996). Given
that the radius of the holes was 0.3 mm and that aluminium’s refractive index
decrement for 14 keV X-rays is § = 2.8 x 1075, eqn (3.94) gives a focal length
of 1.8 m for the 30-element compound refractive lens. Using this device, one-
dimensional focusing was demonstrated into a focal line of width approximately
8 um.

To achieve two-dimensional focusing, one can align a pair of cylindrical com-
pound refractive lenses at right angles to one another. However, this simple
scenario will often lead to an unacceptable degree of distortion in the collapsing
wavefront emerging from the exit surface of the device. Accordingly, rather than
using crossed cylindrical compound refractive lenses to effect two-dimensional fo-
cusing, one more often encounters devices such as that sketched in Fig. 3.24(d).
Here, we see a series of identical concave refractive X-ray lenses arranged in se-
ries, with each lens being rotationally symmetric with respect to the optic axis.
This series of M optical elements is designed for two-dimensional focusing to the
point marked F in the diagram.

Next, let us determine the projected thickness of each of the elements in the
just-described compound refractive lens for two-dimensional focusing. Let r de-
note radial distance from the optic axis z. Using a trivial variant of the argument
that led to expression (3.90) for a collapsing cylindrical wave, one can write down
the following equation for the exit-surface phase ¢spn () corresponding to a col-
lapsing spherical wave, which one desires at the exit-surface of the device under
normal-incidence illumination by a plane monochromatic scalar X-ray wave-field:

Gsph (1) = =k f2+1r2 +kf. (3.95)

Note that we have added the arbitrary constant kf to the above expression, so
that ¢spn(r = 0) = 0. (As we shall see in a moment, this choice of constant fixes
the on-axis projected thickness of the optic to be equal to its smallest possible
value, namely zero, thereby minimizing the X-ray attenuation of the device.) Let
t(r) denote the projected thickness of any one of the M identical concave lenses
sketched in Fig. 3.24(d). Adopting the projection approximation, the phase ¢(r)
at the exit-surface of the normally illuminated optic is given by:

d(r) = —kdMt(r). (3.96)
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Equating the right sides of eqns (3.95) and (3.96), and then solving for ¢(r), we
arrive at the following expression for the projected thickness of each concave lens
in the aberration-free M-element rotationally symmetric compound refractive
lens for two-dimensional focusing (cf. eqn (3.48)):

Hr) = 7% (3.97)

This is a key result, which we now show to be very well-approximated by a
paraboloid. To this end, insert the following binomial-series expansion:

2 4 6

NIZER RN NS AR (3.98)

2f  8f3 165
into eqn (3.97), to see that:

2 2 ot
t(r)%QfM(s <14f2+8f4.“)' (3.99)

To first order in r/f, which is evidently an excellent approximation on account
of the fact that » < f, the bracketed series may be replaced by unity to give the
following paraboloidal profile for each element in the compound two-dimensional
X-ray refractive lens:

2

t(’/’) - 2fM(S’
For a survey of the development and application of paraboloidal compound re-
fractive lenses, see Lengeler et al. (2001), and references therein. A thorough
account, of the theory of image formation using such lenses, is given by Kohn
(2003).

Regarding the choice of material from which compound refractive lenses may
be fabricated, we note that such optics are often made from light elements such as
aluminium, beryllium, boron, and lithium, or organic materials such as acrylic,
polyethylene, polymethylmethacrylate, and mylar. Such light materials are cho-
sen so as to minimize the effects of X-ray absorption, a factor neglected in the
above simple analysis. Indeed, photoelectric absorption (see Section 2.10.2) will
lead to an apodization of the beam, namely an increasing attenuation with dis-
tance from the optic axis. Such absorption limits the performance of compound
refractive lenses at the low-energy end of the X-ray spectrum, with Compton
scattering (see Section 2.10.1) limiting their performance at the high-energy end.

In addition to considerations pertaining to absorption, other factors govern-
ing the choice of refractive-lens material may include one or more of the fol-
lowing: resilience to radiation damage, high thermal conductivity, low thermal
coefficient of expansion, chemical stability in air, ease of manufacture under the
requisite techniques (e.g. drilling, stamping, lithography followed by reactive ion
etching, etc.), ability to be polished to sufficient smoothness, monetary cost, and
non-toxicity.

r< f. (3.100)



Virtual optical elements 203

3.5 Virtual optical elements

In the previous chapter, we saw that kinematical X-ray diffraction by small
crystalline samples yields far-field intensity distributions consisting of a series
of spots (see Fig. 2.7). The science of X-ray crystallography aims to take one
or more such diffraction patterns and thereby infer the structure of the crystal.
Such a reconstruction may be properly spoken of as an atomic-scale ‘image’ of
the crystal, notwithstanding the fact that the image is indirectly obtained via
the analysis of diffraction spots that bear no direct resemblance to the crystal
structure.

X-ray optics, coherent or otherwise, offers many instances of such indirect
imaging methodologies. For example, the aim of X-ray tomography is to recon-
struct a three-dimensional representation of a sample, given a series of two-dim-
ensional projection images of the same. As another example, we note that inter-
ferometry seeks to reconstruct both the amplitude and phase of a given two-dim-
ensional coherent scalar wavefront, given one or more interferograms, which are
formed when the wavefront is made to interfere with a known reference wave
that is often plane. As a last example we note that, like interferometry, in-line
holography also seeks to reconstruct a given two-dimensional wavefront in both
amplitude and phase, given one or more diffraction patterns in either the Fresnel
or Fraunhofer regime.

What all of the above have in common is that imaging proceeds via a two-step
process—data recording followed by image reconstruction (cf. Gabor (1948)). In
the first step, data is obtained by using suitable detectors to record the inten-
sity distributions output from physical imaging systems composed of hardware
optical elements. Such optical elements are drawn from the previously described
X-ray toolkit which includes interferometers, mirrors, beam-splitters, analyser
crystals, and so forth. The recorded intensity data may comprise a single image,
or a series of images obtained using different states of the hardware optical system
(e.g. variable focus settings of an X-ray imaging system, varying sample-to-de-
tector propagation distances for in-line holography, varying orientations of the
object for tomography®?). In the second step, namely image reconstruction, one
takes the output data from the first step, together with any relevant a pri-
ort knowledge and pertinent assumptions, so as to computationally reconstruct
certain information regarding the sample under examination by the imaging de-
vice.?® Tt is this second stage, in which the computer forms an intrinsic part

970ne obtains the same image if the object is rotated and the imaging system is left un-
changed, or if the object remains static with the imaging system being rotated. In many
contexts, such as laboratory-source or synchrotron-source X-ray tomography, one usually ro-
tates the sample. Nevertheless, in view of the equivalence mentioned above, we will consider
such scenarios to correspond to different states of a given imaging system, as assumed in the
main text.

98 Characterization of the optical system itself is considered to be a special case of this state-
ment, in which sample and optical system are one and the same. Examples of such characteri-
zation may be a measurement of the aberrations of a coherent imaging system, determination
of the spatial distribution and/or coherence properties of the source which illuminates a par-
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of the imaging system (Lichte et al. 1992, 1993), which may be referred to as
‘virtual optics’ (Yaroslavsky and Eden 1996; Paganin et al. 2004).

Let us illustrate these notions, with reference to the four examples encoun-
tered in the opening paragraphs to this section. (i) In the object-reconstruction
problem of crystallography, one has the software equivalent of an X-ray lens,
which allows one to obtain the three-dimensional crystal structure that results
in a recorded series of diffraction patterns. Such a ‘software lens’ is employed
on account of the lack of suitable X-ray hardware that can perform the same
function, at the desired resolution. Note that the reconstruction is intimately re-
lated, whether implicitly or explicitly, to the question of determining the phase
of the registered Fraunhofer diffraction patterns of the sample, given that such
information is lost in recording the squared modulus (i.e. the intensity) of these
patterns. (ii) In the simplest incarnation of X-ray tomography, one seeks to re-
construct the three-dimensional distribution of the linear attenuation coefficient
of a sample given projection radiographs of the same, which are obtained for a
number of different sample orientations. Here, the virtual optics are provided by
the computer embodiment of the so-called inverse Radon transformation, which
allows one to transform the projection images into the desired three-dimensional
reconstruction of the sample. Unlike the other cases to be discussed in this para-
graph, the question of wave-field phase is irrelevant. (iii) In two-dimensional
interferometry using coherent X-ray radiation, the notion of wave-field phase is
paramount. Indeed, one typically first seeks to determine the two-dimensional
phase of the wave-field at the exit-surface of a thin object illuminated by X-ray
radiation of sufficient coherence for an interferogram to be formed. Having deter-
mined the phase of the exit-surface wave-field of the sample, one can then address
the inverse-scattering problem of determining the structure of the object itself. If
the projection approximation may be assumed, then the inverse scattering prob-
lem may be easily solved to yield projected information regarding the sample.
Specifically, the exit-surface phase and intensity maps serve as respective inputs
into eqns (2.40) and (2.42), each of which may be easily solved to respectively
yield the projected real and imaginary parts of the three-dimensional complex
refractive index of the sample. If three-dimensional information is required, and
the projection approximation is valid, then the previously mentioned methods of
tomography may subsequently be employed to reconstruct the three-dimensional
complex refractive index of the sample, given as input a number of interferograms
obtained for different sample orientations. (iv) Our remarks on holography are
the same as those for interferometry, with the exception that the means of phase
reconstruction are different.

For instances of virtual optics that involve reconstruction of both the intensity
and the phase of a coherent scalar disturbance at the entrance surface of an
imaging system, as is the case for interferometry and holography, one can go a

tially coherent optical system, measurement of the surface roughness of mirrors, determination
of the spectral distribution of the radiation striking the entrance surface of an optical system,
etc.
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step further. This two-dimensional coherent wave-field contains total knowledge
of the information imprinted upon the X-rays upon their passage through the
sample. Therefore, if one has determined both the intensity and phase of this
field, one may use software to emulate the subsequent action of an arbitrary
coherent imaging system which may take such a field as input.?® Such hybrid
physical-virtual optics may be dubbed ‘omni optics’ on account of their great
flexibility (Paganin et al. 2004). The virtual optics may be the computational
embodiment of optical elements which correspond to hardware optical elements,
although this need not necessarily be the case. Indeed, such virtual optics are of
particular utility in contexts where it is impracticable or impossible to employ
the corresponding hardware optics.

The main thrust of the preceding discussions is summarized in Fig. 3.25.
Here we see a source A illuminating a sample B, with the resulting field over the
sample’s exit surface C subsequently propagating to the entrance surface D of
a physical imaging system. One or more intensity distributions may be recorded
by this physical optical system, corresponding to different states of the system.
If one has both sufficient intensity data and the requisite algorithms, then one
can reconstruct both the intensity and phase of the radiation over the entrance
surface of the imaging system. One can then emulate, computationally, the sub-
sequent action of an arbitrary imaging system in a given state parameterized
by the set of real numbers 7 = {71, 72, - }. Such a virtual imaging system may
then yield an image over the virtual imaging plane E. Conversely, if one does
not reconstruct the intensity and phase of the entrance-surface wave-field, one
can nevertheless use virtual optics to computationally obtain a useful image, or
series of images, from the measured input data.

3.6 X-ray detectors

Having discussed X-ray sources and optical elements, we are ready to move on
to the third and final component which is key to all X-ray optical systems:
detectors. We begin our treatment with a listing of the critical detector param-
eters for experiments in coherent X-ray optics. We then introduce several of the
more important types of X-ray detector, briefly examining some of their relative
strengths and weaknesses. We close with a discussion of the relation between
detectors and coherence.

3.6.1 Crritical detector parameters for coherent X-ray optics

Below we enumerate certain key detector parameters for coherent X-ray optics:

1. Spatial resolution: If one wants to know positional information regarding
X-ray photons, either in one or two dimensions, then the spatial resolu-
tion of the detector should be sufficiently fine that the intensity of the

99 As an obvious caveat, the exit-surface wave-field will only be reconstructed up to a given
resolution limit. When emulating the subsequent action of a coherent imaging system, one will,
in general, not be able to access information at length scales finer than this resolution limit.
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Fig. 3.25. A source A of monochromatic radiation is elastically scattered by a

sample B to yield a given complex disturbance ¢ over the plane C. This
exit-surface disturbance, into which is imprinted partial information regard-
ing the sample, then propagates to the entrance surface D of a given imaging
system. Several images may then be registered, corresponding to different
states of the imaging system. If these images allow one to reconstruct both
the amplitude and phase of the complex disturbance ¢ over the plane C,
then one has total knowledge of the information encoded in the exit-surface
wave-field by the object. ‘Virtual optics’ refers to the use of software, that
emulates the subsequent action of any coherent imaging system, which takes
the reconstructed wave-function ¥ ¢ as input so as to yield the output image
over the virtual imaging plane E. The state of this virtual imaging system is
parameterized by the vector T = (11, 72,73, - - ) of real numbers 7y, 72,73, - .
After Paganin et al. (2004).

X-ray field is adequately sampled. For one-dimensional position-sensitive
detectors, arrays on the order of 1000 pixels or more are desirable; for
two-dimensional devices, arrays on the order of 1200 x 1200 pixels or more
are desirable. Useful pixel size can range from microns to tens of microns
or more, depending on the application. Note that, in principle at least, a
partially coherent X-ray wave-field carries information over length scales
that are as small as the shortest wavelength for which the X-ray spectrum
is non-negligible—thus there is ‘plenty of room at the bottom’ regarding
the finest desirable pixel size quoted above.!%9

2. Temporal resolution: In order to adequately sample an X-ray beam in the

context of time-resolved studies, the temporal resolution of the detector
must be sufficiently fine. As an extreme example, recall that free-electron
lasers are anticipated to yield hard-X-ray pulses with durations on the or-

100Having said this, we note that there appear to be fundamental physical limitations regard-
ing the finest pixel size attainable. Such limitations include those due to ejected photoelectrons

and

Compton scattering, which are associated with the photon detection process.
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der of hundreds of femtoseconds or less (see Section 3.1.4).101 Rather less
demanding is the question of performing time-resolved experiments us-
ing third-generation facilities, with storage-ring electron bunches emitting
pulsed X-rays with characteristic timescales on the order of several tens of
picoseconds or more. Much more modest time resolutions are often useful:
for example, temporal resolutions on the order of several hundredths of a
second are often adequate for the real-time imaging of biological systems
such as breathing lungs and beating hearts, or in obtaining time-resolved
far-field diffraction patterns of contracting muscle.

3. Spectral resolution: Spectral information, whether or not it be coupled
with position information, is often useful in the context of coherent X-ray
optics. Note that energy sensitivity in a detector may be viewed as a form
of monochromatization of the radiation, with the energy filtering being
performed by the detector rather than by an optical element such as a
crystal or a multi-layer mirror. Ideally, the spectral resolution should be
at least one or two orders of magnitude finer than the bandwidth of the
spectra under study, although useful information can nevertheless often be
gained if the spectral resolution does not meet this criterion.

4. Quantum efficiency: Whether or not one seeks to discriminate individual
X-ray photons, it is often desirable that: (i) a single photon should produce
a measurable signal in a given detector; and (ii) the measured signal should
be proportional to the number of photons that impinge upon the detector.
If both of these criteria are fulfilled, then the detector is said to have
unit quantum efficiency. Many common X-ray detectors have near-unit
quantum efficiency, or some appreciable fraction thereof, when operated
under appropriate conditions.

5. Detective quantum efficiency (DQE): The DQE of a detector may be de-
fined as the squared ratio, of the output signal-to-noise ratio (SNR) to the
input SNR, produced by a given detector under specified conditions. Typ-
ical detector DQEs, expressed as a percentage, lie in the range from 1% to
10%. The DQE will, in general, depend on a number of factors, including
the frequency (or mean frequency, as appropriate) of the X-ray photons
incident on the detector, together with the intensity of the field incident
on the detector.

6. Noise: Detector noise, which it is evidently desirable to minimize, is a
random perturbation in the detected X-ray signal which originates from
a variety of mechanisms. For detectors that require a signal to be read
out, there is an associated ‘read-out noise’. In the absence of any X-ray

101Note, however, that in view of the energy-time uncertainty principle—which implies a
reciprocal relation between pulse duration and the width of the associated spectrum—that
useful information regarding ultra-short X-ray pulses may be obtained from low-resolution
spectra of the same. Indeed, such a strategy is employed by experimental particle physicists,
in using invariant-mass histograms to measure lifetimes on the order of 10723 seconds for
short-lived hadrons.
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illumination, detectors will always produce a signal, known as ‘dark noise’.
Both read-out noise and dark noise may be reduced by cooling the detector,
where applicable. Lastly, there is a detector-independent source of noise
known as ‘photon shot noise’, which is a manifestation of the quantized
nature of the electromagnetic field.

. Dynamic range: The dynamic range of a detector, which may be defined as

the ratio of the largest detectable signal to the smallest detectable non-zero
signal, should be sufficiently large. Imaging experiments typically have
rather modest requirements on dynamic range, with 12-bit information of-
ten being adequate. Conversely, diffraction experiments typically demand
many decades of dynamic range from a detector.

. Size: Detector size should be appropriately matched to the application.

. Acceptable photon count-rate: For detectors which count individual X-ray

photons, the rate, at which photons pass through the detector, cannot
be too high. Sometimes it is necessary to attenuate an X-ray beam, if the
photon-counting detector is not able to cope with the rate at which incident
photons are incident upon it.

Stability: When two given X-ray inputs are close to identical, differing
only in the commencement time of the temporal interval during which
they are detected, and with all other relevant variables being kept fixed
(e.g. temperature and pressure), the resulting signal outputs should also
be close to identical.

Longevity: Some detectors have a limited lifetime on account of their sus-
ceptibility to radiation damage. If this is the case, the useful lifetime of the
detector must be acceptably long.

Cost: Monetary cost, for both detector development and for the purchase
of individual detectors, may be listed among the key detector parameters.
Note that costs may be reduced by adapting and/or co-developing detec-
tor technology, for example, with the high-energy-physics or astrophysics
communities.

3.6.2 Types of X-ray detector

X-ray detectors may be broadly classified into two groups, respectively known
as ‘counting detectors’ and ‘integrating detectors’. Counting detectors, as their
name implies, are able to detect and count individual X-ray photons. Integrating
detectors, on the other hand, do not seek to count individual photons but rather
accumulate a photon-induced signal for a given period of time, prior to the
integrated signal being read out.

Examples of both classes of detectors will be examined in the following sub-
sections. Section 3.6.2.1 treats three common types of integrating detector: film,
image plates and charge-coupled devices. Section 3.6.2.2 discusses several forms
of counting detector: proportional counters, multi-wire proportional counters,
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strip detectors, scintillators, and pixel detectors.'92 Lastly, Section 3.6.2.3 offers
a brief comparison of the relative merits of the two classes of detector.

3.6.2.1 Integrating detectors Film is our first example of an integrating de-
tector. This medium occupies a special place in the history of X-ray optics, for
at least two reasons: (i) It was key in the discovery of X-rays, it having being
recorded in Rontgen’s first X-ray paper that ‘Films can receive the impression’
of this radiation (Rontgen 1896); (ii) Until rather recently, X-ray film was the
detector of choice for two-dimensional imaging. Advantages of film include high
dynamic range, high sensitivity, large area, high resolution, low cost, and the
ability to be bent, together with an independence of the vicissitudes of evolv-
ing digital image formats and data-reading hardware. In addition, film performs
the dual functions of data storage and display, these functions being separated
in most other forms of detector. Disadvantages of film include a non-linear re-
sponse to the energy per unit area which is deposited by X-rays on the film,
the need to digitize the signal and correct for non-linear response if quantitative
analyses are to be undertaken, degradation of developed film with age, the time
delay between recording and development, and the inability to provide spectral
information.

Image plates, developed in the early 1980s, are an evolution of the film con-
cept. These plates, which may be several tens of centimetres or even metres in
size, record two-dimensional images via X-ray photons exciting atoms in grains
of their phosphor layer. Atoms in the phosphor are thereby rendered into a
long-lived excited state. Rather than being developed, as is the case with film,
image plates are subsequently read out by being digitized using a suitable scan-
ner. This scanner passes a small visible light beam over the metastable excited
atoms in the image plate, which subsequently release photons to provide a mea-
sure of the energy per unit area imparted to the plate. Having been read out,
the plate may be optically erased prior to re-use. Image plates have most of the
advantages listed above for film, together with the added advantages of linear
response over a wide dynamic range, the ability to provide digitized image data,
and re-usability. Disadvantages include the inability to work in real time!?® or
close to real time, together with the inability to provide spectra at each pixel.'04

Charge coupled devices (CCDs) are our third example of an integrating de-
tector. The X-ray equivalent of the imaging chip in a visible-light digital camera,

102Notable omissions, from the above list, include micro-channel plates, streak cameras, drift
chambers, TFT (‘thin-film transistor’) arrays, and CMOS (‘complementary metal-oxide semi-
conductor’) imagers.

103Note, however, that image plates may be used to achieve time-resolved (but not real-time)
imaging of signals that vary in one spatial dimension. This may be done by suitably scanning
the image plate during the detection process.

104Regarding this latter point, note that crude spectral information may be obtained by
sandwiching an absorbing sheet between two image plates, prior to simultaneously exposing
them. On account of the filtration of the X-ray spectrum in passing through the sheet from the
first plate to the second, a degree of position-sensitive spectral information may be obtained.
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the CCD is a two-dimensional array of square or rectangular pixels which is
typically on the order of 1000 x 1000 elements in size. CCDs are semi-conductor
based detectors, where each pixel accumulates electron charge in proportion to
the amount of photon energy passing through the pixel. The ‘buckets of charge’
in each pixel may then be read out, in a ‘bucket brigade’ whereby consecutive
pixels in a given row are read out one after the other. Advantages of CCDs in-
clude high spatial resolution, the ability to provide intrinsically digital data with
excellent linearity over a moderate dynamic range, the ability to provide close
to real-time imaging and re-usability. Disadvantages include a lower dynamic
range and smaller image area when compared to both film and image plates,
slow readout time and susceptibility to radiation damage.1%

3.6.2.2 Counting detectors Gas-based detectors are the first class of counting
detector to be considered here. (i) In a proportional counter, one has a gas-filled
chamber permeated by a non-uniform electric field. This field exists between pos-
itive and negative electrodes, respectively consisting of a wire and a surrounding
sheath, which are held at a constant potential difference with respect to one
another. When an X-ray photon traverses the gas-filled volume of this detector,
one or more of the gas atoms may be ionized via the photo-electric effect (see
Section 2.10.2). In the vicinity of the wire, towards which ejected photo-electrons
will be accelerated, the magnitude of the electric field increases as the recipro-
cal of the radial distance from the wire. Due to the sharp acceleration which
photo-electrons experience in the vicinity of the wire, the resulting avalanche
of knock-on electrons (i.e. electrons which are ejected from atoms as a result
of being struck by accelerating electrons in the detector) is sufficiently large for
individual X-ray photons to be detected. Importantly, the magnitude of the re-
sulting electric pulse often permits one to determine the energy of the incident
X-ray. Provided that the duration of the pulse is sufficiently small compared to
the mean time between photons, X-ray-photon energies may then be counted
one photon at a time. The energy resolution is typically rather poor, at around
the 10% level (i.e. the ratio of the uncertainty AFE in measured energy, to the
energy F itself, is on the order of 0.1). If the photon count-rate is too high, the
overlapping of various pulses will lead to a loss in the ability to determine the
energy and arrival time of each photon. (ii) The proportional counter gives no
positional information regarding the detected X-ray photons. This state of af-
fairs can be remedied using multi-wire proportional counters or strip detectors,

105Note that use can be made of so-called ‘image intensifiers’, to improve the sensitivity of
CCD cameras in the presence of low X-ray light levels. These amplifiers are analogous to
the phosphor screens one encounters in electron microscopes. X-ray image intensifiers emit
photons in the visible-light regime, in response to illumination by X-ray photons. The visible
light emitted by the screen may then be recorded in a number of ways, such as (i) use of a
visible-light optical system to produce a magnified or de-magnified image of the phosphorescent
screen which is matched to the chip size of a visible-light CCD camera; (ii) use of optical fibres
to direct the light from the phosphorescent screen to each of the pixels of a visible-light CCD
camera.
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in which positional information is obtained by respectively replacing the single
higher-potential wire by a series of parallel wires or strips. Like the proportional
counters, multi-wire proportional counters and strip detectors can provide crude
spectral information with AE/FE =~ 0.1.

Scintillators are another common class of counting detector. Scintillator ma-
terials, such as sodium iodide or caesium iodide, yield visible-light photons when
illuminated with X-ray photons. These visible-light photons may then be de-
tected via a photo-multiplier tube, using a ‘light pipe’ if necessary in order to
transfer the visible-light photons from the scintillator to the photomultiplier.
Energy resolution is typically very poor, with AE/FE on the order of 0.2.

Notwithstanding the fact that it has already been described as an integrating
detector, the CCD may also function as a counting detector. Indeed, consider
a CCD bathed in an X-ray beam for which the exposure time can be made
sufficiently short that during this period the CCD captures a number of photons
N, which is much less than the number of pixels in the detector. Ignoring all but
those events which illuminate a single pixel, and making the often rather good
assumption that the signal recorded by the pixel is proportional to the energy of
the photon that excited that pixel, one can then make an estimate for the energy
of the photon. If both the statistical properties of the beam and the illuminated
sample change little over timescales much longer than the exposure time for a
single frame, then many such exposures may be sequentially made so as to build
up a spectrum at each pixel of the CCD array. The energy resolution, achieved
with such a strategy, can approach AE/E = 0.01. Such spectral imaging, in
which one obtains both spectral and positional information, is evidently rather
desirable.

This desideratum leads to our final example, the ‘pixel detectors’, which are
currently under active development. Here, the basic idea is massive parallelism:
by having an energy-sensitive counting detector associated with each pixel of an
imaging device, which may be either one-dimensional or two-dimensional, one
can have both spectral and spatial sensitivity. While the idea is simple enough
in principle, in practice one must deal with the engineering complexity that it
entails. The requisite challenges are currently being addressed, promising the
advent of powerful new pixel detectors in the near future.

3.6.2.3 Comparison of counting and integrating detectors The following broad
remarks may be made in comparing counting detectors to integrating detectors:

1. Counting detectors typically have a greater dynamic range than integrating
detectors, often at the cost of reduced spatial resolution.

2. Integrating detectors typically have better spatial resolution than counting
detectors, often at the cost of reduced dynamic range.

3. Readout noise and dark noise are almost always higher for integrating
detectors than for counting detectors.

4. Counting detectors can only tolerate photon count rates that lie below a
certain threshold, as they require sufficient time between photon-induced
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signals in order for individual photons to be discriminated. Integrating
detectors are not limited by photon count-rate, and can therefore operate
in regimes where the count-rate is too high for counting detectors. However,
the exposure time must be able to be made sufficiently short that the
integrating detector is not saturated.

5. Emnergy resolution only exists for counting detectors. Energy resolution of
scintillation counters is rather poor (AE/E ~ 0.2). This energy resolution
may be improved by a factor of approximately 2 to 3, for proportional coun-
ters, multi-wire proportional counters, and strip detectors. Semi-conductor
counting detectors, including the photon-counting mode of the CCD, can
have energy resolutions on the order of AE/E = 0.01.

3.6.3 Detectors and coherence

At X-ray frequencies, the oscillation rates of electromagnetic fields are too fast
to be directly resolved by existing detectors, a limitation which appears unlikely
to change in the near future. Accordingly, the signals output by X-ray detectors
necessarily represent an average over many cycles of wave-field oscillation. This
observation, in the more general context of partially coherent electromagnetic
disturbances at visible and higher frequencies, was considered to be an appealing
factor in the development of the modern coherence theory based on correlation
functions (Wolf 1954). In this context, recall the first chapter’s discussions on
the mutual coherence function, which was seen to be a measurable function of
intensities that may be obtained via the Young’s double-slit experiment.

This is indicative of the intimate relationship that exists between coherence
and detectors, aspects of which it is the purpose of this section to elucidate. Be-
fore commencing, it serves us to summarize certain salient aspects of the theory
of partially coherent fields, some of which were examined in the second half of
the Chapter 1: (i) A given realization of a partially coherent field may be rep-
resented as a generalized Fourier integral, which decomposes the field as a sum
of monochromatic plane waves, of all possible directions, energies, and polar-
izations; (ii) By virtue of the linearity of the free-space Maxwell equations, the
various plane-wave components of a particular realization of a partially coherent
field will obey the superposition principle in vacuo—however, this superposition
principle will, in general, break down in the presence of a material medium such
as a detector; (iii) The spectral width of a partially coherent field is inversely
proportional to a characteristic time known as its ‘coherence time’!%6; (iv) While
the time-averaged intensity of a given partially coherent field may contain either
no diffraction fringes or fringes of negligibly low visibility, the instantaneous in-

106 More precisely, one has the energy-time uncertainty principle TAE = A, where AE is the
energy width of the spectrum, 7 is the coherence time, and % is the reduced Planck constant.
Dividing through by A, and making use of the fact that AF/h = Aw, where Aw is the spread
in angular frequencies of the radiation, we see that 7 & 1/Aw. Thus, roughly speaking, the
coherence time is equal to the reciprocal of the spread in angular frequencies of the partially
coherent field.
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tensity of a given realization of the field will typically be much more highly
structured; (v) While an infinite hierarchy of correlation functions is required to
describe an otherwise arbitrary statistically stationary partially coherent scalar
electromagnetic field, the second-order mutual coherence function is sufficient to
describe the statistical aspects of the field if its statistics are Gaussian. However,
the mutual coherence function does not contain enough information to describe
the instantaneous intensity of a particular realization of the field, nor does it
contain enough information to describe experiments in which optical intensities
are averaged over times that are shorter than the coherence time.

As a first example of the relation between detectors and coherence, let us
return to the quasi-monochromatic Young experiment as sketched in Fig. 1.5. In
this diagram, suppose that the distance dgx between the quasi-monochromatic
incoherent line source S and the pinhole-pierced screen X is reduced to zero,
with the source being made sufficiently wide to cover both pinholes. One would
then have a Young’s experiment in which light from two independent radiators
was superposed to form a pattern over the plane IT of observation. Typically, one
would record this pattern by using a position-sensitive integrating detector to
build up an image over timescales much longer than the coherence time of the ra-
diation. In this case, no interference fringes are observed. However, if one were to
employ a position-sensitive detector, with sufficient temporal resolution to record
an image with an exposure time somewhat less than the coherence time of the
field, then a non-zero fringe visibility will be observed. How does this arise, given
that it runs counter to the oft-repeated statement that ‘each photon ... only in-
terferes with itself” (Dirac 1958)7 With a view to answering this question, recall
that the quasi-monochromatic disturbances from each of the two independent
radiators will be approximately sinusoidal during an exposure whose duration is
much smaller than the coherence time of the field (see eqns (1.77) and (1.78)).
The relative phase of these two disturbances will be random but approximately
fixed during the short exposure, so that fringes will be formed upon superpos-
ing the fields. These fringes will randomly jitter over timescales larger than the
coherence time, which is why they are washed out if the exposure time is much
longer than the coherence time. The formation of interference fringes, by juxta-
posing light from two independent quasi-monochromatic sources and recording
the resulting pattern over a timescale sufficiently shorter than the coherence time
of the radiation, was demonstrated in the visible region by Magyar and Mandel
(1963). The same principle holds good for X-rays, notwithstanding the greater
difficulties of experimental implementation.

The above example demonstrates that sufficient temporal resolution in a
position-sensitive X-ray detector may open up qualitatively new areas of coher-
ent X-ray optics, which are not accessible when optical information is gathered by
averaging over timescales much longer than the coherence time of a partially co-
herent X-ray field. Note, in this context, that time-averaged or ensemble-averaged
correlation functions are inadequate for an analysis of optical experiments in-
volving exposure times shorter than the coherence time of the radiation (see, for



214 X-ray sources, optical elements, and detectors

example, Magyar and Mandel (1963)). Such analyses are perhaps most directly
obtained via a spectral decomposition of a particular realization of the partially
coherent field.

As a second example of the relationship between detectors and coherence
let us consider a counting detector, not necessarily position-sensitive, which has
a sufficiently fine temporal resolution to detect the arrival time of individual
photons. In being sensitive to the quanta of the electromagnetic field, namely
photons, new areas of coherent X-ray optics may be opened up. For a proper
analysis of such experiments, a quantum theory of coherence may be required
(for text-book accounts, with references to the primary literature, see, for exam-
ple, Mandel and Wolf (1995) and Loudon (2000)). Quantum coherence theory
includes as a limiting case the classical coherence theory outlined in Chapter 1.
Importantly, quantum coherence theory encompasses phenomena that cannot be
described using the classical theory.

In discussing the relationship between detectors and coherence, let us pass
from considerations of temporal resolution to those of spatial resolution, noise,
and dynamic range. As a simple albeit idealized example about which these dis-
cussions shall revolve, let us consider the interference of two planar monochro-
matic scalar electromagnetic waves v, and s, which are inclined with respect
to one another so as to produce a series of linear sinusoidal fringes over the
surface of a pixellated two-dimensional position-sensitive detector. Under these
approximations, the intensity I(z,y) over the imaging plane will be independent
of time, being given by the following expression:

I(z,y) = |11 + ¥a|* = [t01|* + [h2|* + Acos(Bzx + C). (3.101)

Here (z,y) are Cartesian coordinates in the image plane which are such that the
linear fringes are parallel to the y-axis, A = 2|¢113|, B is a positive real number
which is a function of the angle between the interfering plane waves, and C is a
real constant that is a function of the relative phase between the interfering plane
waves. The first two terms, on the right side of the above equation, represent
the uniform intensity predicted by the ray theory of light. The third term, which
gives linear sinusoidal fringes, is indicative of the interference between the two
coherent plane waves. Let us now bring a position-sensitive detector into the pic-
ture, respectively considering the effects of spatial resolution, noise, and dynamic
range in the following three different scenarios. (i) Suppose that the period 27/B
of the fringes is very much smaller than the pixel size of the position-sensitive
detector. Then, neglecting any subtleties due to aliasing, the detected intensity
will be insensitive to the interference term present in eqn (3.101). The detected
intensity will therefore be well approximated by the geometric theory, which
neglects any interference between the two plane waves. From a wave perspec-
tive, the coarse spatial resolution of the detector has not allowed it to sample
the field over a sufficiently fine length scale, to be sensitive to the interference
fringes present in the field. From a coherence-theory perspective, the effects of
field correlations are invisible to the detector in this instance. Regardless of the
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perspective adopted, in considering this idealized example, the point is clear:
spatial resolution of one’s detector may be a key factor in determining whether
or not an experiment is sensitive to the coherence properties of a given X-ray
wave-field. (ii) Suppose, instead, that the period of the fringes is on the order of a
few pixel widths, so that the interference pattern may be adequately sampled by
the detector. However, further suppose that the readout noise of the detector is
sufficiently high, adopting the idealization that the noise between adjacent pixels
is uncorrelated. The readout noise may then be described as ‘white’, meaning
that its two-dimensional Fourier transform has an approximately constant mod-
ulus for each of the spatial frequencies to which the detector is sensitive. If this
modulus is sufficiently large, that is the detector is too noisy, the signal due to
the sinusoidal fringes will not be resolvable. (iii) Suppose that |t1] > |)s], so
that one of the interfering plane waves is much weaker than the other. This im-
plies that the amplitude A = 2[1)115| of the sinusoidal interference fringes will
be much less than the mean intensity |¢1|? + |¢2|? ~ [11]? of the interference
pattern. One therefore has the problem of detecting a rather weak signal in the
presence of a strong one. If the dynamic range of the detector is not sufficiently
high, then these small-amplitude interference fringes will not be resolved against
the large uniform background intensity.

Having separately considered the roles of temporal and spatial resolution in
detectors for coherent X-ray optics,'7 together with noise and dynamic range,
let us turn to the question of energy resolution. As an example, let us consider
the interference pattern produced by two small spatially separated independent
localized sources of polychromatic scalar X-ray radiation. For fields which do
not possess any particular symmetries the complex time-dependent beating, be-
tween the different monochromatic components of a given realization of this
partially coherent field, will typically yield a speckled distribution in both space
and time (cf. Chapter 5).19 We assume, as is often but not always the case,
that this speckled distribution evolves over spatial and temporal scales that are
much shorter than the detector’s spatial and temporal resolutions, respectively.
This speckled structure is therefore washed out in forming the time-and-space-
averaged intensity measured by a position-sensitive integrating detector such as a
CCD camera or an image plate. Suppose, however, that one was in possession of
a pixel detector which was able to yield both high-resolution spectral and spatial
information. Rather than producing a single two-dimensional pixellated image,
such a detector would produce a series of such images, each of which would cor-

107Note that, in general, there does not exist a strict separation between the properties of
spatial and temporal resolution.

108Regarding spatially distributed speckle, one can easily observe this phenomenon by bounc-
ing light from a laser pointer off a rough wall. Those with corrective lenses should remove them
before looking at the resulting patch of light on the wall; those without corrective lenses should
sufficiently defocus their eyes in looking at the patch of light on the wall. In both instances,
one will observe that the reflected light has a grainy appearance known as speckle. Note that
this phenomenon is closely related to the notion of phase vortices, which shall be discussed in
Chapter 5.
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respond to a narrow spectral range in the illuminating radiation. In this sense,
the detector would function as a series of monochromators, each of which have
a specified narrow bandpass. Interestingly, this serves to blur the distinction,
between optical elements and detectors, which has been made for the purposes
of segmenting the present chapter. Of more importance in the present context,
however, is the observation that if the spectral resolution of our hypothetical
pixel detector is sufficiently fine, then each monochromated image registered by
the detector would be a Young’s two-pinhole interferogram with non-zero visi-
bility. These patterns will pass over to speckled distributions, if the size of each
of the independent radiators is not sufficiently small.

3.7 Summary

The present chapter was devoted to a study of the three key components of any
experiment in coherent X-ray optics: sources, optical elements, and detectors.

Regarding sources, we began our discussions with the notions of brightness
and emittance, these being simple measures of the quality of a source in the con-
text of coherent optics. Equipped with these measures, we then treated a series
of X-ray sources: fixed-anode and rotating-anode sources, the three generations
of synchrotron-light sources, free-electron lasers, energy-recovering linear accel-
erators, and soft X-ray lasers. The last three sources, listed above, have yet to be
realized at hard-X-ray energies. Both free-electron lasers and energy-recovering
linear accelerators are likely to become operational in this regime, by the end of
the first decade of the 21st century.

Our treatment of X-ray optical elements had four parts, which respectively
considered diffractive, reflective, refractive, and virtual optics. (i) Our exami-
nation of diffractive optical elements included diffraction gratings, Fresnel zone
plates, analyser crystals, crystal monochromators, crystal beam-splitters, the
Bonse-Hart X-ray interferometer, Bragg—Fresnel crystal optics, and free space.
Each of these was seen to have the common feature of using diffraction to trans-
form a given input X-ray wave-field into one or more diffracted output fields.
(ii) X-ray reflection from flat surfaces was examined in the ray picture, leading to
the conclusion that single-surface reflective X-ray optics must operate at progres-
sively more glancing angles of incidence as the X-ray energy increases. Such sin-
gle-surface reflective optics include mono-capillaries, poly-capillaries (Kumakhov
lenses), and square-channel arrays. If one wishes to go beyond the glancing angles
of incidence required by single-surface reflective optics, one may employ multiple
parallel reflecting layers in a so-called multi-layer mirror. (iii) Refractive opti-
cal elements, which form the mainstay of many experiments in the visible-light
regime, were seen to be rather less common in coherent X-ray optics. This is
due in part to the weak refracting power of most materials in the X-ray regime,
as embodied by the real part of their refractive index being very close to unity.
This feebleness of refraction may be addressed by having many refractive lenses
in series, leading to the idea of the compound refractive lens. Alternatively, one
may work with single refractive lenses that have very small radii of curvature, on
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the order of tens of microns. This latter possibility has recently become viable,
on account of advances in microfabrication techniques. In addition to lenses, we
also gave a brief treatment of prisms. These have long been a part of the toolkit
of X-ray optical elements, a state of affairs which may be contrasted with the
relatively late development of X-ray refractive lenses. (iv) Finally, we treated
virtual optics, in which a computer forms an intrinsic part of an optical imaging
system.

Detectors constitute the third and final part of any experiment in coher-
ent X-ray optics. Depending on the context, key criteria for assessing X-ray
detectors were seen to include a suitable subset of the following list: spatial res-
olution, temporal resolution, spectral resolution, quantum efficiency, detective
quantum efficiency, noise, dynamic range, size, acceptable photon count rate,
stability, monetary cost, and radiation resilience. We saw that X-ray detectors
may be classified as either counting or integrating devices. Counting devices, as
their name implies, are detectors which are able to count individual photons.
Integrating detectors output a signal that is accumulated over a given period,
during which many photons may be absorbed by the detector. Integrating de-
tectors discussed include film, image plates, and CCDs. Counting detectors were
seen to include proportional counters, multi-wire proportional counters, strip
detectors, scintillators, and pixel detectors. Having introduced these various in-
carnations of counting and integrating detectors, a brief comparison was given of
the relative merits of each, measured against some of the key criteria mentioned
above. Lastly, we offered a discussion of the relationship between detectors and
coherence, with some emphasis on the question of the new experiments in coher-
ent X-ray optics which will become possible on account of advances in detector
technology.

Further reading

For a broad and elementary introduction covering many of the topics in this chap-
ter, see Margaritondo (2002). More detailed general information can be found
in Attwood (1999) and the volume edited by Mills (2002b). Regarding the his-
tory of X-ray sources, good starting points are the collection edited by Michette
and Pfauntsch (1996), together with the history of synchrotron radiation by Lea
(1978). Textbook accounts, of the theory of synchrotron radiation, are given in
Jackson (1999), Duke (2000), Wiedemann (2003), Hofmann (2004), and Clarke
(2004). Conventional laser theory is developed in Loudon (2000), with a wealth
of historical references to the primary literature in Mandel and Wolf (1995). For
more detail on free-electron lasers, see the reviews by Murphy and Pellegrini
(1998), Pellegrini (2001), O’Shea and Freund (2001), Krinsky (2002), Pellegrini
and Stohr (2003), Krishnagopal and Kumar (2004), and references therein. Text-
books treating the same subject include Marshall (1985), Brau (1990), Freund
and Antonsen (1996), Saldin et al. (1999), and Shiozawa (2004). For a selection
of key early papers on ultraviolet, extreme ultraviolet, and X-ray lasers, see the
volume edited by Waynant and Ediger (1993). Attwood (1999) gives an excel-
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lent text-book account of soft X-ray lasers, with recent review articles including
Daido (2002) and Tallents (2003). Diffractive X-ray optics are treated in Erko
et al. (1996) and Attwood (1999). General treatments of diffraction gratings
include the rather mathematical analysis of Wilcox (1984), together with the
comprehensive text of Loewen and Popov (1997). Maystre (1993) collects many
primary references on diffraction gratings. Entry points, to the fascinating early
primary literature on X-ray diffraction gratings, include Compton and Doan
(1925), Osgood (1927), Hunt (1927), Weatherby (1928), and Bearden (1935).
For the role of gratings in the context of various methods for soft X-ray spec-
troscopy, see the review by Henke (1980). The volume edited by Ojeda-Castaneda
and Gémez-Reino (1996) collects much primary literature on zone plates. Semi-
nal papers, regarding the use of zone plates for focussing X-rays, include Myers
(1951), Baez (1952, 1961), Kirz (1974), and Yun et al. (1999). See also the re-
view article by Michette (1988), together with the textbook accounts of zone
plates in Erko et al. (1996) and Attwood (1999). Regarding dynamical theory
for the diffraction of plane waves from perfect crystal slabs, classic entry points
to the literature include Zachariasen (1945), Batterman and Cole (1964), Pinsker
(1978), and Authier (2001). For a review of the various designs for monochro-
mator crystals, see Caciuffo et al. (1987), Authier (2001), and Mills (2002a). An
interesting personal account of the history of cryogenically cooled monochroma-
tors is given by Bilderback et al. (2000). Regarding X-ray interferometers, see
Hart (1980) and Bonse (1988), together with references therein. Bragg—Fresnel
optics are reviewed in Snigirev (1995) and Erko et al. (1996). Regarding mono-
capillaries, see the review by Bilderback (2003), while for poly-capillaries optics
we refer the reader to Kumakhov and Komarov (1990) and Kumakhov (2000).
For textbook accounts of X-ray mirrors, see Attwood (1999) and Als-Nielsen
and McMorrow (2001). For micro-channel plates, see Angel (1979), Wilkins et
al. (1989), Chapman et al. (1991), Fraser et al. (1993), Brunton et al. (1995),
and Peele et al. (1996). Key articles on compound refractive lenses include Tomie
(1994), Snigirev et al. (1996), and Lengeler et al. (2001). Regarding detectors, see
the overviews by Thompson (2001), Lewis (2003), and Briigemann and Gerndt
(2004). For an in-depth treatment of the fundamentals of radiation detection,
see Knoll (2000). The state of the art in detector development is perhaps best
appreciated by studying the proceedings of a recent conference (e.g. the series
of international conferences on synchrotron radiation instrumentation, of which
the latest installment is Warwick et al. (eds) (2004)).

References

J. Als-Nielsen and D. McMorrow, Elements of modern X-ray physics, John Wiley
& Sons, New York (2001).

J. Andruszkow, B. Aune, V. Ayvazyan, N. Baboi, R. Bakker, et al., First
observation of self-amplified spontaneous emission in a free-electron laser at 109
nm wavelength, Phys. Rev. Lett. 85, 3825-3829 (2000).

J.R.P. Angel, The lobster-eye telescope, Astrophys. J. 233, 364-373 (1979).



Summary 219

M. von Ardenne, Zur Leistungsfihigkeit des Elektronen-Schattenmikroskopes
und Uber ein Rontgenstrahlen-Schattenmikroskop, Naturwiss. 27, 485-486 (1939).

M. von Ardenne, Elektronen-Ubermikroskopie, Springer, Berlin (1940).

V.V. Aristov, A.A. Snigirev, Yu.A. Basov, and A.Yu. Nikulin, X-ray Bragg
optics, in D.T. Attwood and J. Bokor (eds), Short wavelength coherent radiation:
generation and application, American Institute of Physics Conference Proceed-
ings, American Institute of Physics, New York, 147, pp. 253-259 (1986a).

V.V. Aristov, A.I. Erko, A.Yu. Nikulin, and A.A. Snigirev, Observation of
X-ray Bragg diffraction on the periodic surface relief of a perfect silicon crystal,
Opt. Commun. 58, 300-302 (1986b).

V.V. Aristov, Yu.A. Basov, S.V. Redkin, A.A. Snigirev, and V.A. Yunkin,
Bragg zone plates for hard X-ray focusing, Nucl. Instr. Meth. Phys. Res. A 261,
72-74 (1987).

L. Arzimovich and I. Pomeranchuk, The radiation of fast electrons in a mag-
netic field (in Russian), J. Phys. (USSR) 9, 267 (1945).

D. Attwood, Soft X-rays and extreme ultraviolet radiation: principles and
applications, Cambridge University Press, Cambridge (1999).

A. Authier, Dynamical theory of X-ray diffraction, Oxford University Press,
Oxford (2001).

A.V. Baez, A study in diffraction microscopy with special reference to X-rays,
J. Opt. Soc. Am. 42, 756-762 (1952).

A.V. Baez, Fresnel zone plate for optical image formation using extreme ul-
traviolet and soft x radiation, J. Opt. Soc. Am. 51, 405-409 (1961).

D.X. Balaic, K.A. Nugent, Z. Barnea, R.F. Garrett, and S.W. Wilkins, Fo-
cusing of X-rays by total external reflection from a paraboloidally tapered glass
capillary, J. Synchrotron Rad. 2, 296-299 (1995).

Yu.A. Basov, D.V. Roshchupkin, I.A. Schelokov, and A.E. Yakshin, Two-
dimensional X-ray focusing by a phase Fresnel zone plate at grazing incidence,
Opt. Commun. 114, 9-12 (1995).

B.W. Batterman and H. Cole, Dynamical diffraction of X rays by perfect
crystals, Rev. Mod. Phys. 36, 681-716 (1964).

J.A. Bearden, The measurement of X-ray wavelengths by large ruled gratings,
Phys. Rev. 48, 385-390 (1935).

D.H. Bilderback, The potential of cryogenic silicon and germanium X-ray
monochromators for use with large synchrotron heat loads, Nucl. Instr. Meth.
Phys. Res. A 246, 434-436 (1986).

D.H. Bilderback, Review of capillary X-ray optics from the 2nd International
Capillary Optics Meeting, X-Ray Spectrom. 32, 195-207 (2003).

D.H. Bilderback, S.A. Hoffman, and D.J. Thiel, Nanometer spatial resolu-
tion achieved in hard X-ray imaging and Laue diffraction, Science 263, 201-203
(1994).

D.H. Bilderback, A.K. Freund, G.S. Knapp, and D.M. Mills, The historical
development of cryogenically cooled monochromators for third-generation syn-
chrotron radiation sources, J. Synchrotron Rad. 7, 53-60 (2000).



220 X-ray sources, optical elements, and detectors

D.H. Bilderback, 1.V. Bazarov, K. Finkelstein, S.M. Gruner, H.S. Padamsee,
C.K. Sinclair, et al., Energy-recovery linac project at Cornell University, J. Syn-
chrotron Rad. 10, 346-348 (2003).

J.P. Blewett, Radiation losses in the induction electron accelerator, Phys.
Rev. 69, 87-95 (1946).

J.P. Blewett, Synchrotron radiation—early history, J. Synchrotron Rad. 5,
135-139 (1998).

R. Bonifacio, C. Pellegrini, and L. M. Narducci, Collective instabilities and
high-gain regime in a free electron laser, Opt. Commun. 50, 373-378 (1984).

U. Bonse and M. Hart, An X-ray interferometer, Appl. Phys. Lett. 6, 155156
(1965).

U. Bonse, Recent advances in X-ray and neutron interferometry, Physica B
151, 7-21 (1988).

G. Borrmann, Uber Extinktionsdiagramme von Quartz, Phys. Z. 42, 157-162
(1941).

C.A. Brau, Free-electron lasers, Academic Press, San Diego, CA (1990).

L. Briigemann and E.K.E. Gerndt, Detectors for X-ray diffraction and scat-
tering: a user’s overview, Nucl. Instr. Meth. Phys. Res. A 531, 292-301 (2004).

A.N. Brunton, G.W. Fraser, J.E. Lees, W.B. Feller, and P.L.. White, X-ray
focusing with 11-um square-pore microchannel plates, Proc. SPIE 2519, 4049
(1995).

R. Caciuffo, S. Melone, F. Rustichelli, and A. Boeuf, Monochromators for
X-ray synchrotron radiation, Phys. Rep. 152, 1-71 (1987).

H.N. Chapman, K.A. Nugent, and S.W. Wilkins, X-ray focusing using square
channel capillary arrays, Rev. Sci. Instrum. 62, 1542-1561 (1991).

J.A. Clarke, The science and technology of undulators and wigglers, Oxford
University Press, Oxford (2004).

A.H. Compton and R.L. Doan, X-ray spectra from a ruled diffraction grating,
Proc. Natl. Acad. Sci. 11, 598-601 (1925).

M. Cornacchia, J. Arthur, K. Bane, P. Bolton, R. Carr, F.J. Decker, et al.,
Future possibilities of the Linac Coherent Light Source, J. Synchrotron Rad. 11,
227-238 (2004).

V.E. Cosslett and W.C. Nixon, X-ray shadow microscope, Nature 168, 24-25
(1951).

V.E. Cosslett and W.C. Nixon, X-ray shadow microscopy, Nature 170, 436—
438 (1952).

V.E. Cosslett and W.C. Nixon, The X-ray shadow microscope, J. Appl. Phys.
24, 616-623 (1953).

V.E. Cosslett and W.C. Nixon, X-ray microscopy, Cambridge University
Press, Cambridge (1960).

H. Daido, Review of soft X-ray laser researches and developments, Rep. Prog.
Phys. 65, 15131576 (2002).

C.G. Darwin, The theory of X-ray reflexion, Phil. Mag. 27, 315-333 (1914a).



Summary 221

C.G. Darwin, The theory of X-ray reflexion. Part II, Phil. Mag. 27, 675-690
(1914b).

P. Desauté, H. Merdji, V. Greiner, T. Missalla, C. Chenais-Popovics, and P.
Troussel, Characterization of a high resolution transmission grating, Opt. Com-
mun. 173, 37-43 (2000).

E. Di Fabrizio, F. Romanato, M. Gentili, S. Cabrini, B. Kaulich, J. Susini, et
al., High-efficiency multilevel zone plates for keV X-rays, Nature 401, 895-898
(1999).

E. Di Fabrizio, S. Cabrini, D. Cojoc, F. Romanato, L. Businaro, M. Altissimo,
et al., Shaping X-rays by diffractive coded nano-optics, Microelectr. Eng. 67-68,
87-95 (2003).

P.A.M. Dirac, Quantum mechanics, Oxford University Press, Oxford (1958).

P.J. Duke, Synchrotron radiation: production and properties, Oxford Univer-
sity Press, Oxford (2000).

A. Einstein, Zur Quantentheorie der Strahlung, Phys. Z. 18, 121-128 (1917).
Translated as On the quantum theory of radiation, in D. ter Haar (ed.), The old
quantum theory, Pergamon, Oxford (1967).

F.R. Elder, A.M. Gurewitsch, R.V. Langmuir, and H.C. Pollock, Radiation
from electrons in a synchrotron, Phys. Rev. 71, 829-830 (1947a).

F.R. Elder, A.M. Gurewitsch, R.V. Langmuir, and H.C. Pollock, A 70-MeV
synchrotron, J. Appl. Phys. 18, 810-818 (1947b).

F.R. Elder, R.V. Langmuir, and H.C. Pollock, Radiation from electrons ac-
celerated in a synchrotron, Phys. Rev. 74, 52-56 (1948).

L.R. Elias, W.M. Fairbank, J.M.J. Madey, H.A. Schwettman, and T.I. Smith,
Observation of stimulated emission of radiation by relativistic electrons in a spa-
tially periodic transverse magnetic field, Phys. Rev. Lett. 36, 717-720 (1976).

P. Engstrom, S. Larsson, A. Rindby, and B. Stocklassa, A 200 um X-ray
microbeam spectrometer, Nucl. Instr. Meth. Phys. Res. B 36, 222-226 (1989).

P. Engstrom, S. Larsson, A. Rindby, A. Buttkewitz, S. Garbe, G. Gaul, et al.,
A submicron synchrotron X-ray beam generated by capillary optics, Nucl. Instr.
Meth. Phys. Res. A 302, 547-552 (1991).

AL Erko, V.V. Aristov, and B. Vidal, Diffraction X-ray optics, Institute of
Physics Publishing, Bristol (1996).

P.P. Ewald, Zur Begriindung der Kristalloptik. Teil I. Theorie der Dispersion,
Ann. Physik 49, 1-38 (1916a).

P.P. Ewald, Zur Begrindung der Kristalloptik. Teil II. Theorie der Reflexion
und Brechung, Ann. Physik 49, 117-143 (1916b).

P.P. Ewald, Zur Begriindung der Kristalloptik. Teil III. Die Kristalloptik der
Réntgenstrahlen, Ann. Physik 54, 519-597 (1917).

G.W. Fraser, A.N. Brunton, J.E. Lees, J.F. Pearson, and W.B. Feller, X-ray
focusing using square-pore microchannel plates: first observation of cruxiform
image structure, Nucl. Instr. Meth. Phys. Res. A 324, 404-407 (1993).

H.P. Freund and T.M. Antonsen, Principles of free-electron lasers, second
edition, Chapman and Hall, London (1996).



222 X-ray sources, optical elements, and detectors

D. Gabor, A new microscopic principle, Nature 161, 777-778 (1948).

S.M. Gruner, Concepts and applications of energy recovery linacs (ERLs), in
T. Warwick, J. Arthur, H.A. Padmore, and J. Stohr (eds), Synchrotron radia-
tion instrumentation: eighth international conference on synchrotron radiation
instrumentation, San Francisco, California, 25-29 August 2003 (AIP conference
proceedings 705), Springer-Verlag, New York, pp. 153-156 (2004).

M. Hart, The application of synchrotron radiation to X-ray interferometry,
Nucl. Instr. Meth. Phys. Res. 172, 209-214 (1980).

M. Hart and U. Bonse, Interferometry with x rays, Phys. Today, 26-31 (Au-
gust 1970).

B.L. Henke, X-ray spectroscopy in the 100-1000 eV region, Nucl. Instr. Meth.
Phys. Res. 177, 161-171 (1980).

S.A. Hoffman, D.J. Thiel, and D.H. Bilderback, Developments in tapered
monocapillary and polycapillary glass X-ray concentrators, Nucl. Instr. Meth.
Phys. Res. A 347, 384-389 (1994).

A. Hofmann, The physics of synchrotron radiation, Cambridge University
Press, Cambridge (2004).

F.L. Hunt, X-rays of long wave-length from a ruled grating, Phys. Rev. 30,
227-231 (1927).

D. Iwanenko and I. Pomeranchuk, On the mazimal energy attainable in a
betatron, Phys. Rev. 65, 343 (1944).

J.D. Jackson, Classical electrodynamics, third edition, John Wiley & Sons,
New York (1999).

K.-J. Kim, Brightness, coherence and propagation characteristics of syn-
chrotron radiation, Nucl. Instr. Meth. Phys. Res. A 246, 71-76 (1986).

K.-J. Kim, Characteristics of synchrotron radiation, in A. Thompson, D.
Attwood, E. Gullikson, M. Howells, K.-J. Kim, J. Kirz, J. Kortright, I. Lindau,
P. Pianetta, A. Robinson, J. Scofield, J. Underwood, D. Vaughan, G. Williams,
and H. Winick, X-ray data booklet, second edition, Lawrence Berkeley National
Laboratory, Berkeley, CA, pp. 2-1-2-16 (2001).

L. Kipp, M. Skibowski, R.L. Johnson, R. Berndt, R. Adelung, S. Harm, et al.,
Sharper images by focusing soft X-rays with photon sieves, Nature 414, 184188
(2001).

P. Kirkpatrick and A.V. Baez, Formation of optical images by X-rays, J. Opt.
Soc. Am. 38, 766774 (1948).

J. Kirz, Phase zone plates for X-rays and the extreme UV, J. Opt. Soc. Am.
64, 301-309 (1974).

G.F. Knoll, Radiation detection and measurement, third edition, John Wiley
& Sons, New York (2000).

V. Kohn, An exact theory of imaging with a parabolic continuously refractive
X-ray lens, J. Exp. Theor. Phys. (USSR) 97, 204-215 (2003).

S. Krinsky, Fundamentals of hard X-ray synchrotron radiation sources, in
D.M. Mills (ed.), Third generation hard X-ray synchrotron radiation sources,
John Wiley & Sons, New York, pp. 1-40 (2002).



Summary 223

S. Krishnagopal and V. Kumar, Free-electron lasers, Rad. Phys. Chem. 70,
559-569 (2004).

G.N. Kulipanov, A.N. Skrinsky, and N.A. Vinokurov, Synchrotron light sources
and recent developments of accelerator technology, J. Synchrotron Rad. 5, 176—
178 (1998).

M.A. Kumakhov, Capillary optics and their use in X-ray analysis, X-Ray
Spectrom. 29, 343-348 (2000).

M.A. Kumakhov and F.F. Komarov, Multiple reflection from surface X-ray
optics, Phys. Rep. 191, 289-350 (1990).

S.S. Kurennoy, D.C. Nguyen, and L.M. Young, Waveguide-coupled cavities
for energy recovery linacs, Nucl. Instr. Meth. Phys. Res. A 528, 220-224 (2004).

A.N. Kurokhtin and A.V. Popov, Simulation of high-resolution X-ray zone
plates, J. Opt. Soc. Am. A. 19, 315-324 (2002).

M. von Laue, Die dynamische theorie der Rontgenstrahlinterferenzen in neuer
form, Ergeb. Exakt. Naturwiss. 10, 133-158 (1931).

K.R. Lea, Highlights of synchrotron radiation, Phys. Rep. 43, 337-375 (1978).

B. Lengeler, C.G. Schroer, B. Bennera, T.F. Giinzler, M. Kuhlmann, J.
Tummler, et al., Parabolic refractive X-ray lenses: a breakthrough in X-ray optics,
Nucl. Instr. Meth. Phys. Res. A 467-468, 944-950 (2001).

R.A. Lewis, Medical applications of synchrotron radiation X-rays, Phys. Med.
Biol. 42, 1213-1243 (1997).

R.A. Lewis, Position sensitive detectors for synchrotron radiation studies: the
tortoise and the hare?, Nucl. Instr. Meth. Phys. Res. A 513, 172-177 (2003).

H. Lichte, E. Volkl, and K. Scheerschmidt, First steps of high resolution
electron holography into materials science, Ultramicroscopy 47, 231-240 (1992).

H. Lichte, P. Kessler, D. Lenz, and W.-D. Rau, 0.1 nm information limit with
the CM30FEG-Special Tibingen, Ultramicroscopy 52, 575-580 (1993).

A. Liénard, Champ électrique et magnétique, produit par une charge électrique
concentrée en un point et animée d’un mouvement quelconque, L’Eclairage Elec.
16, 5-14; 53-59; 106-112 (1898).

E.G. Loewen and E. Popov, Diffraction gratings and applications, Marcel
Dekker Inc., New York (1997).

R. Loudon, The quantum theory of light, third edition, Oxford University
Press, Oxford (2000).

J.M.J. Madey, Spontaneous emission of bremsstrahlung in a periodic magnetic
field, J. Appl. Phys. 42, 1906-1913 (1971).

G. Magyar and L. Mandel, Interference fringes produced by superposition of
two independent maser light beams, Nature 198, 255-256 (1963).

L. Mandel and E. Wolf, Optical coherence and quantum optics, Cambridge
University Press, Cambridge (1995).

G. Margaritondo, Elements of synchrotron light, Oxford University Press,
Oxford (2002).

T.C. Marshall, Free-electron lasers, Macmillan, New York (1985).



224 X-ray sources, optical elements, and detectors

L. Marton, Internal Report, RCA laboratories, Princeton, New Jersey, NJ
(1939).

S.C. Mayo, P.R. Miller, S.W. Wilkins, T.J. Davis, D. Gao, T.E. Gureyev, et
al., Quantitative X-ray projection microscopy: phase-contrast and multi-spectral
imaging, J. Microsc. 207, 79-96 (2002).

S.C. Mayo and B. Sexton, Refractive microlens array for wave-front analysis
in the medium to hard X-ray range, Opt. Lett. 29, 866-868 (2004).

D. Maystre (ed.), Selected papers on diffraction gratings, SPIE Milestone
Series volume MS83, SPIE Optical Engineering Press, Bellingham (1993).

A.G. Michette, X-ray microscopy, Rep. Prog. Phys. 51, 1525-1606 (1988).

A.G. Michette, No X-ray lens, Nature 353, 510-510 (1991).

A. Michette and S. Pfauntsch (eds), X-rays: the first hundred years, John
Wiley & Sons, Chichester (1996).

D.M. Mills, X-ray optics for third-generation synchrotron radiation sources,
in D.M. Mills (ed.), Third generation hard X-ray synchrotron radiation sources,
John Wiley & Sons, New York, pp. 41-99 (2002a).

D.M. Mills (ed.), Third generation hard X-ray synchrotron radiation sources,
John Wiley & Sons, New York (2002b).

K. Miyamoto, The phase Fresnel lens, J. Opt. Soc. Am. 51, 17-20 (1961).

H. Motz, Applications of the radiation from fast electron beams, J. Appl.
Phys. 22, 527-535 (1951).

J.B. Murphy and C. Pellegrini, Introduction to the physics of the free electron
laser, in M. Month, S. Turner, H. Araki et al. (eds), Frontiers of particle beams,
Lecture notes in physics 296, pp. 163-212, Springer, Berlin (1988).

O.E. Myers, Studies of transmission zone plates, Am. J. Phys. 19, 359-365
(1951).

V. Nazmov, L. Shabel’nikov, F.-J. Pantenburg, J. Mohr, E. Reznikova, A.
Snigirev, et al., Kinoform X-ray lens creation in polymer materials by deep X-
ray lithography, Nucl. Instr. Meth. Phys. Res. B 217, 409-416 (2004).

G.R. Neil, C.L. Bohn, S.V. Benson, G. Biallas, D. Douglas, H.F. Dylla, et al.,
Sustained kilowatt lasing in a free-electron laser with same-cell energy recovery,
Phys. Rev. Lett. 84, 662-665 (2000).

J. Ojeda-Castaneda and C. Gémez-Reino (eds), Selected papers on zone plates,
SPIE Milestone Series volume M128, SPIE Optical Engineering Press, Belling-
ham (1996).

T.H. Osgood, X-ray spectra of long wave-length, Phys. Rev. 30, 567-573
(1927).

P.G. O’Shea and H.P. Freund, Free-electron lasers: status and applications,
Science 292, 1853-1858 (2001).

D. Paganin, T.E. Gureyev, S.C. Mayo, A.W. Stevenson, Ya.l. Nesterets, and
S.W. Wilkins, X-ray omni-microscopy, J. Microsc. 214, 315-327 (2004).

L.G. Parratt, Surface studies of solids by total reflection of X-rays, Phys.
Rev. 95, 359-369 (1954).

A.G. Peele, K.A. Nugent, A.V. Rode, K. Gabel, M.C. Richardson, R. Strack,



Summary 225

et al., X-ray focusing with lobster-eye optics: a comparison of theory with exper-
iment, Appl. Opt. 35, 4420-4425 (1996).

C. Pellegrini, Design considerations for a SASE X-ray FEL, Nucl. Instr.
Meth. Phys. Res. A 475, 1-12 (2001).

C. Pellegrini and J. Stohr, X-ray free-electron lasers — principles, properties
and applications, Nucl. Instr. Meth. Phys. Res. A 500, 33-40 (2003).

7.G. Pinsker, Dynamical theory of X-ray scattering in ideal crystals, Springer-
Verlag, Berlin (1978).

I. Pomeranchuk, On the maximal energy which the primary electrons of cos-
mic rays can have on the earth’s surface due to radiation in the earth’s magnetic
field (in Russian), J. Phys. (USSR) 2, 65-69 (1940).

F.M. Quinn, E.A. Seddon, W.F. Flavell, P. Weightman, M.W. Poole, B. Todd,
et al., The 4GLS Project: update and technological challenges, in T. Warwick, J.
Arthur, H.A. Padmore, and J. Stohr (eds), Synchrotron radiation instrumenta-
tion: eighth international conference on synchrotron radiation instrumentation,
San Francisco, California, 25-29 August 2003 (AIP conference proceedings 705),
Springer-Verlag, New York, pp. 93-96 (2004).

A. Rindby, P. Engstrom, S. Larsson, and B. Stocklassa, Microbeam technique
for energy-dispersive X-ray fluorescence, X-Ray Spectrom. 18, 109-112 (1989).

G.L. Rogers, Gabor diffraction microscopy: the hologram as a generalized
zone-plate, Nature 166, 237-237 (1950).

W.C. Rontgen, On a new kind of rays, Nature 53, 274-276 (1896).

J.J. Sakurai, Advanced quantum mechanics, Addison-Wesley, Reading, MA
(1967).

E.L. Saldin, E.A. Schneidmiller, and M. V. Yurkov, The physics of free electron
lasers, Springer, Berlin (1999).

G.A. Schott, Electromagnetic radiation, and the mechanical reactions arising
from it, Cambridge University Press, Cambridge (1912).

C.G. Schroer, M. Kuhlmann, U.T. Hunger, T.F. Giinzler, O. Kurapova, S.
Feste, et al., Nanofocusing parabolic refractive X-ray lenses, Appl. Phys. Lett.
82, 1485-1487 (2003).

J. Schwinger, On the classical radiation of accelerated electrons, Phys. Rev.
75, 1912-1925 (1949).

T. Shintake, H. Kitamura, and T. Ishikawa, X-ray FEL project at SPring—8
Japan, in T. Warwick, J. Arthur, H.A. Padmore, and J. Stohr (eds), Synchrotron
radiation instrumentation: eighth international conference on synchrotron radi-
ation instrumentation, San Francisco, California, 25-29 August 2003 (AIP con-
ference proceedings 705), Springer-Verlag, New York, pp. 117-120 (2004).

T. Shiozawa, Classical relativistic electrodynamics: theory of light emission
and application to free electron lasers, Springer-Verlag, Berlin (2004).

T.I. Smith, H.A. Schwettman, R. Rohatgi, Y. Lapierre, and J. Edighoffer,
Development of the SCA/FEL for use in biomedical and materials science ex-
periments, Nucl. Instr. Meth. Phys. Res. A 259, 1-7 (1987).



226 X-ray sources, optical elements, and detectors

A. Snigirev, The recent development of Bragg—Fresnel crystal optics. Experi-
ments and applications at the ESRF (invited), Rev. Sci. Instrum. 66, 2053-2058
(1995).

A. Snigirev, V. Kohn, I. Snigireva, and B. Lengeler, A compound refractive
lens for focusing high-energy X-rays, Nature 384, 49-51 (1996).

H.H. Solak, C. David, and J. Gobrecht, Fabrication of high-resolution zone
plates with wideband extreme-ultraviolet holography, Appl. Phys. Lett. 85, 2700
2702 (2004).

E.A. Stern, Z. Kalman, A. Lewis, and K. Lieberman, Simple method for
focusing x rays using tapered capillaries, Appl. Opt. 27, 5135-5139 (1988).

S. Suehiro, H. Miyaji, and H. Hayashi, Refractive lens for X-ray focus, Nature
352, 385-386 (1991).

G.J. Tallents, The physics of soft X-ray lasers pumped by electron collisions
in laser plasmas, J. Phys. D: Appl. Phys. 36, R259-R276 (2003).

R. Tatchyn, J. Arthur, M. Baltay, K. Bane, R. Boyce, M. Cornacchia, et
al., Research and development towards a 4.5-1.5 A linac coherent light source
(LCLS) at SLAC, Nucl. Instr. Meth. Phys. Res. A 375, 274-283 (1996).

D.J. Thiel, E.A. Stern, D.H. Bilderback, and A. Lewis, The focusing of syn-
chrotron radiation using tapered glass capillaries, Physica B 158, 314-316 (1989).

A. Thompson, X-ray detectors, in A. Thompson, D. Attwood, E. Gullikson,
M. Howells, K.-J. Kim, J. Kirz, J. Kortright, I. Lindau, P. Pianetta, A. Robinson,
J. Scofield, J. Underwood, D. Vaughan, G. Williams, and H. Winick, X-ray data
booklet, second edition, Lawrence Berkeley National Laboratory, Berkeley, CA,
pp. 4-33-4-39 (2001).

M. Tigner, A possible apparatus for electron clashing-beam experiments, Nuovo
Cimento 37, 1228-1231 (1965).

D.H. Tomboulian and P.L. Hartman, Spectral and angular distribution of
ultraviolet radiation from the 300-MeV Cornell synchrotron, Phys. Rev. 102,
1423-1447 (1956).

T. Tomie, X-ray lens, Japanese Patent No. 6-045288 (1994).

Y. Wang, W. Yun, and C. Jacobsen, Achromatic Fresnel optics for wideband
extreme-ultraviolet and X-ray imaging, Nature 424, 50-53 (2003).

B.E. Warren, X-ray diffraction, Addison-Wesley, Reading, MA (1969).

T. Warwick, J. Arthur, H.A. Padmore, and J. Stohr (eds), Synchrotron radi-
ation instrumentation: eighth international conference on synchrotron radiation
instrumentation, San Francisco, California, 25-29 August 2003 (AIP conference
proceedings 705), Springer-Verlag, New York (2004).

R.W. Waynant and M.N. Ediger (eds), Selected papers on UV, VUV and X-
ray lasers, SPIE Milestone Series volume M71, SPIE Optical Engineering Press,
Bellingham (1993).

B.B. Weatherby, A determination of the wave-length of the Ko line of carbon,
Phys. Rev. 32, 707-711 (1928).

H. Wiedemann, Synchrotron radiation, Springer-Verlag, Berlin (2003).



Summary 227

C.H. Wilcox, Scattering theory for diffraction gratings, Springer-Verlag, New
York (1984).

S.W. Wilkins, A.W. Stevenson, K.A. Nugent, H.N. Chapman, and S. Steen-
strup, On the concentration, focusing and collimation of X-rays and neutrons
using microchannel plates and configurations of holes, Rev. Sci. Instrum. 60,
1026-1036 (1989).

E. Wolf, Optics in terms of observable quantities, Nuovo Cimento 12, 884—-888
(1954).

E. Wolf, Coherence and radiometry, J. Opt. Soc. Am. 68, 6-17 (1978).

N. Yamamoto and Y. Hosokawa, Development of an innovative 5 pme focused
X-ray beam energy-dispersive spectrometer and its applications, Jpn. J. Appl.
Phys. 27, L2203-1.2206 (1988).

B.X. Yang, Fresnel and refractive lenses for X-rays, Nucl. Instr. Meth. Phys.
Res. A 328, 578-587 (1993).

L. Yaroslavsky and M. Eden, Fundamentals of digital optics, Birkhauser,
Boston, MA (1996).

W. Yun, B. Lai, Z. Cai, J. Maser, D. Legnini, E. Gluskin, et al., Nanometer
focusing of hard x rays by phase zone plates, Rev. Sci. Instrum. 70, 2238-2241
(1999).

W.H. Zachariasen, Theory of X-ray diffraction in crystals, John Wiley &
Sons, New York (1945). Reprinted by Dover Publications, New York (1967).

Y. Zhang, T. Katoh, Y. Kagoshima, J. Matui, and Y. Tsusaka, Focusing hard
X-ray with a single lens, Jpn. J. Appl. Phys. 40, L75-L77 (2001).



4

Coherent X-ray imaging

The present chapter treats the subject of two-dimensional imaging in coherent
X-ray optics. The emphasis will be on the imaging of coherent fields, although
polychromatic fields and partially coherent fields will also be considered.

We open with a discussion of the operator theory of imaging. Here, one can
view a given two-dimensional X-ray imaging system in ‘input—output’ terms.
The input wave-field is often taken to be that which exists over the nominal
planar exit surface of an illuminated sample, although this is not necessarily
the case. One can then view the imaging system as an operator which trans-
forms the two-dimensional input field into a given two-dimensional output field,
the time-averaged intensity of which may then be registered using a position-
sensitive detector. We shall outline the operator theory of imaging for three
important classes of imaging system, in order of decreasing generality. (i) The
first such class is a generic two-dimensional ‘coherent imaging system’, all opti-
cal elements of which are taken to elastically scatter the X-ray photons coursing
through them. Thus, if the input field is monochromatic, the exit field will also be
monochromatic. If the incident field is polychromatic, then each monochromatic
component of the input beam will be assumed to be transmitted by the system
independently. (ii) The second class of imaging system, which is a subset of the
first, is known as a ‘coherent linear imaging system’. These systems have the
property that, at the level of fields rather than that of intensities, a given linear
superposition of inputs yields the corresponding linear superposition of outputs.
This assumption of linearity is often an excellent approximation for coherent
X-ray imaging, provided that the fields are not so intense that nonlinear optical
effects become significant. (iii) As a subset of the second class, one has the so-
called ‘shift invariant coherent linear imaging systems’. These are coherent linear
imaging systems which have the additional restriction that a transverse shift in
the input leads to a corresponding transverse shift in the output. As we shall see,
the action of such systems may be described using a two-dimensional convolution
integral. The Fourier representation of this integral leads to the extremely useful
notion of a transfer function, which will be used in many subsequent sections of
the chapter.

We then pass onto a discussion of self-imaging fields, which have the un-
usual property that the act of free-space propagation—through certain suitable
distances—allows an image of the input field to be registered over a given output
plane. Two particular classes of such self-imaging fields will be treated, respec-
tively known as ‘Talbot fields’ and ‘Montgomery fields’. Both monochromatic
and polychromatic variants of these fields will be examined.

228
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Next, we consider three different forms of holographic imaging: in-line holog-
raphy, off-axis holography, and Fourier holography. Each of these means of imag-
ing have the common feature that the input field is free-space propagated through
a certain distance, prior to reaching the output plane. Unlike the case of self-
imaging fields, however, the recorded intensity distribution does not bear a sim-
ple relationship to the input field. Rather, the image must be regarded as an
encrypted form of the input field. Holography seeks to take one or more such
images, known as holograms, which are then decoded into order to yield both
the amplitude and phase of the input field.

Phase-contrast imaging systems are tackled next. All such systems seek to
form images of transparent or near-transparent features in a sample, which have
a greater effect on the phase than the intensity of the radiation passing through
them. The goal, therefore, is to visualize the transverse phase shifts in the input
wave-field, in the intensity of the corresponding output wave-field. Hence the
term ‘phase contrast’. Several means of achieving X-ray phase contrast will be
considered: Zernike phase contrast, differential interference contrast, analyser-
based imaging and propagation-based phase contrast. We will also make some
remarks on the notion of hybrid phase-contrast imaging systems, which represent
a conceptual amalgam of two or more means of phase-contrast imaging.

Phase-contrast imaging is largely qualitative. Rather than seeking to merely
visualize the transverse phase shifts in the input beam, one may seek to take one
or more phase contrast images and hence infer both the amplitude and the phase
of the input wave-field. We outline three methods for such quantitative phase-
contrast imaging, also known as phase retrieval: iterative methodologies based on
the so-called Gerchberg—Saxton algorithm and its variants, non-iterative phase
retrieval using the transport-of-intensity equation, and a certain means for phase
retrieval using far-field diffraction patterns of one-dimensional coherent fields.

Interferometric means for coherent X-ray imaging will also be considered, in
the respective contexts of the Bonse-Hart X-ray interferometer, the Young inter-
ferometer, and the intensity interferometer. In the first of these, transverse phase
variations in an input coherent scalar field are visualized by interfering it with a
plane wave. This yields a two-dimensional interferogram, comprising a modulated
series of linear fringes which may then be processed to yield the desired phase
distribution. In the second method the Young interferometer is used to study the
spatial coherence of an X-ray source. Lastly, intensity interferometry—which con-
siders interference at the level of time-dependent intensities rather than at the
level of fields—is discussed in the context of the X-ray analogue of the famous
experiment of Hanbury Brown and Twiss. Some other means of interferometric
coherence measurement are also briefly discussed.

Virtual X-ray optics is the subject of the final section of this chapter. As
mentioned in Chapter 3, one may view the computer as an intrinsic part of a
coherent X-ray imaging system. Part of the optics comprises optical hardware,
which yields one or more images which may then be decoded using appropriate
software, to yield the complex disturbance incident upon the coherent imaging
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system. This process may be interpreted as using a software lens to bring the
incident wave-field into ‘focus’. In principle, this wave-field may be reconstructed
using any of the methods for quantitative phase imaging outlined above, includ-
ing the various means for phase retrieval, together with X-ray interferometry. In
thereby reconstructing the wave-field incident upon the coherent imaging sys-
tem, one has total knowledge of the information encoded in a given wave-field
upon its passage through a given sample. One can then emulate, in software, the
subsequent action of an arbitrary coherent imaging system. A demonstration of
this idea will be given, making using of phase retrieval to reconstruct the incident
complex wave-field.

4.1 Operator theory of imaging

The operator theory of imaging is a convenient and powerful formalism which
shall be employed in most of the remaining sections of this chapter. We consider
the operator theory for imaging two-dimensional coherent and partially coherent
fields, respectively, in Sections 4.1.1 and 4.1.2. Finally, cascaded systems are
treated in Section 4.1.3.

4.1.1  Operator theory of imaging using coherent fields

Two-dimensional coherent imaging systems take a given two-dimensional forward-
propagating coherent scalar wave-field as input, and yield as output a different
coherent wave-field with the same wavelength as the input. In the operator the-
ory of such imaging systems, one can consider them to be characterized by an
operator which acts on the input to yield the corresponding output. The inten-
sity of the output field may then be registered using a position-sensitive detector.
The phase of the output cannot be measured directly, on account of the extreme
rapidity of electromagnetic wave-field oscillations in the X-ray regime.

We separately consider three classes of coherent imaging system: arbitrary
two-dimensional coherent imaging systems (Section 4.1.1.1), linear coherent imag-
ing systems (Section 4.1.1.2), and linear shift-invariant coherent imaging systems
(Section 4.1.1.3). Each of these, which are listed in order of decreasing generality,
are completely characterized by a given mapping from the input to the output
two-dimensional coherent fields. Such a mapping will be considered to depend
on a set of real ‘control parameters’ 7 = (11,72, -+ ), which specify the state of
the optical system.

4.1.1.1 Coherent imaging systems Let us consider an X-ray imaging system,
which takes as input a given coherent two-dimensional complex scalar electro-
magnetic field ¥in(z,y) in order to produce a field Your(z,y, 71,72, ) as
output. Both input and output fields are assumed to be monochromatic and
forward-propagating, with the angular frequencies w of input and output being
equal. Harmonic time evolution exp(—iwt) is suppressed throughout.

The action of our coherent imaging system may be represented in operational
terms as:
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7/’OUT(5B, Y, T1,7T2, " ) = W(Tl’T27 e )¢IN($, y) (41)

Here, W(71,72,--+) is an operator which completely characterizes the coher-
ent imaging system, whose state is specified by the values of a series of real
parameters 71,79, ---. In words, the above equations states that the operator
W(T1, T2, ) acts on the input field ¥in(z,y) so as to yield the corresponding
output field Your(z,y, 71,72, ).

4.1.1.2 Linear coherent imaging systems Suppose the operator W(r1, 72, )
maps the input %(1{1) (z,y) to the output ¢8&T(x,y,7'1,7'2, --+), with the same
operator mapping the input 1/)1(1%1) (z,y) to the output ¢g€;T($, Yy T1, Tay " )i

z/}gI)JT(xvvalaTQa o ) = W(7—177—27 o ) 1(111)(m7y)a
(OQL)IT(z7yaTla7_2a o ) = W(TlaT27 o ) 1(13])(x7y) (42)

If the following holds for any pair of complex numbers a and b, and any pair of
inputs ’(/JI(;I) (z,y) and 1/)1(;)(;5, y), then the coherent imaging system is said to be
‘linear’:

Wir, 72, ) [l (@) + bR (@, )|
= C“PSL)JT(%CU, T1,72,"" ) + bwg[)IT(Iaya T1,72," " ) (43)

Thus, for a two-dimensional coherent linear imaging system, a given linear com-
bination of inputs yields the same linear combination of corresponding outputs.
If the imaging system is linear, and we can safely assume that a zero input
field always yields a zero output field, then the imaging system will be completely
characterized by its Green function G(z,y,z’,y’, 71,72, -+ ). In this case, input
and output wave-fields are related by the following linear integral transform:

ﬂ}OUT(‘Taz%TlvTQa'“) = //dI/dy/G(I,y,I/,y/,Tl,TQ,'")’l/)IN(I’/7y/).

(4.4)
We shall provide a physical motivation for writing down such an expression, near
the end of this sub-section. For the moment, we merely note—from a mathemat-
ical rather than from a physical point of view—that the above transform satisfies
the required property of linearity given in eqn (4.3).

With a view to obtaining a physical interpretation for the Green function
appearing in the above expression, let us consider the case of a unit-strength
impulse-like input which is zero everywhere except for a given point (xg,yo) on
the entrance surface of the imaging system. Such an input may be written as:
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Yin(z,y) = 0(x — z0,y — Yo), (4.5)

where d(x,y) is the two-dimensional Dirac delta. Insert this into eqn (4.4), and
then invoke the sifting property of the Dirac delta (see Appendix A) to obtain
the following expression for the output corresponding to our pointlike input:

wOUT(zvyaTlaTQa' //dl’ dyG €r,Y,x ayaTlaT27 )6($’*1}0,y/7y0)

- G x » Y, o, Y0, T1, T2, " ) (46)

This result gives us the promised physical interpretation for the Green function:
G(z,y, o, Yo, T1, T2, -+ ) represents the wave-field output by the coherent linear
imaging system which is in a state specified by 71,72, -+, as a function of the
coordinates (z,y) over the output plane, in response to a unit-strength pointlike
input field located at (zg, yo). As such, we may also speak of the Green function as
a ‘position dependent complex point spread function’ or as an ‘impulse response’.
Indeed, one may take this notion as a starting point from which to obtain
eqn (4.4). Let us close this sub-section by showing how this may be done. Via
the sifting property of the Dirac delta, a given input field can be written as:

wIN(xv y) = // dx/dy/¢IN(I/7 y/)é(z - I/7 y—- y/) (47)

This amounts to decomposing the input field as a sum of pointlike inputs §(x —
',y — '), each of which is weighted by the factor ¢¥n(2’,y’) prior to being
summed over all 2’ and y'. Since the imaging system is linear, by assumption,
each of these pointlike inputs can be propagated through the system indepen-
dently, before being summed via the double integral to produce the output
Your(z,y) corresponding to Yin(z,y).

By definition a given pointlike input §(x — 2’,y — y’), which is non-zero only
at the point (z,y) = (¢/,4’) in the input plane, yields the corresponding output
G(z,y,2',y', 71,72, - ). Therefore the pointlike input ¥n(2',y")d(z — ',y — ¢')
yields the corresponding output ¢¥1n(2’, v/ )G (z, y, 2’4, 71, T2, - - - ). As stated ear-
lier, each of these pointlike inputs propagates independently through the imaging
system, by virtue of the linearity of the system. Therefore if we make the follow-
ing replacement on the right side of eqn (4.7):

1/}11\](56’7 y’)5(az - ,TE/, y—= y/) — wIN (1'/, y/)G(:‘C? Y, .T/, y/a T1,T2," " )7 (48)

then the left side will become the desired output Your(x,y). This replacement
yields eqn (4.4), as required.
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4.1.1.3 Linear shift-invariant coherent imaging systems The notion of a co-
herent linear imaging system, treated in Section 4.1.1.2, can be specialized still
further if the imaging system is assumed to be ‘shift invariant’. The property of
shift invariance refers to the demand that a transverse shift in the input should
lead to the same shift in the corresponding output. Thus, if input and output

are related via eqn (4.1), the following should hold for any real numbers a and
b109:

Your(r —a,y —b,71,72, ) = W(T1, 72, - Jhin(z — a,y — b). (4.9)

Since the system is assumed to be linear as well as shift invariant, its action
may be characterized by the Green function appearing in eqn (4.4). Further, the
property of shift invariance implies that this Green function must depend only
on coordinate differences, so that:

G(wvyaxlvylv’rla’r% o ) = G(iL’ - x’,y - yllevTZv e ) (410)

This transforms eqn (4.4) into a convolution integral (see eqn (A.8) of Appendix

A):

wOUT(f‘Uaya T1,T2," " ) = / dz’dy/G(x - xlvy - y/a T1,T2," " )¢IN('x,7y/)'

(4.11)

The physical interpretation of this shift-invariant Green function is very simi-
lar to that given in the previous sub-section: G(z—xg, y—yo, 71, T2, - - * ) represents
the wave-field output by the shift-invariant coherent linear imaging system which
is in a state specified by 71, 72, - - -, as a function of the coordinates (z,y) over the
output plane, in response to a unit-strength pointlike input field §(z —zo, y — yo)
located at (xg,yo). As such, we may again speak of the Green function as a
‘complex point spread function’ or an ‘impulse response’. Each point in the in-
put field yields the corresponding complex point-spread function in the output
plane, centred at the source point in the input plane. Equation (4.11) says that
one must add up the field produced by each point in the input plane, to yield
the total disturbance in the output plane.

It is often very convenient, from both a practical and from a conceptual point
of view, to transform the convolution integral in eqn (4.11) into the corresponding
Fourier-space representation. Accordingly, let us Fourier transform eqn (4.11)
with respect to x and y, using the convention for the Fourier integral which is
given in eqns (A.4) and (A.5) of Appendix A. Making use of the convolution
theorem in eqn (A.9), one arrives at:

109Tn practice, no imaging system—except perhaps for free space propagation from plane to
plane—will be able to meet this requirement for very large a and b. In practice, the range of
acceptable transverse shifts must be kept suitably small.
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f[wOUT(xvvala7_25 e )] = JT[’I/]IN(x3y)] X T(kz’ kvalvT2v e ) (412)

Here, F denotes Fourier transformation with respect to = and y,

T(kw7 ky7T1a7—2) o ) = QW‘F[G(x?y7T1aT27 e )] (413)

is the ‘transfer function’ associated with a shift-invariant coherent linear imaging
system and (k, ky) are the Fourier coordinates dual to (x,y).

By taking the inverse Fourier transformation of eqn (4.12) with respect to k,
and k,, and then comparing the resulting expression to eqn (4.1), we conclude
that W(ry, 7o, --) takes a particularly simple form for coherent linear shift-
invariant imaging systems:

W(T1, 72, ) = F T (kg by, 71,72, - ) F. (4.14)

More explicitly, we have what shall be the most-invoked result of this chapter:

1/JOUT($7Z/’7'17 T2, ) = f_lT(kwa kyaTh T2, )‘7:¢IN($7y) (415)

In words, eqn (4.15) states that, to calculate the two-dimensional wave-field
output by a given coherent shift-invariant linear imaging system, one should per-
form the following three steps: (i) Fourier transform the input two-dimensional
coherent wave-field, with respect to « and y; (ii) filter the Fourier transform by
multiplying by the transfer function T'(k,, ky, 71, T2, - - - ), which depends on the
state of the imaging system completely characterized by the values of the real

parameters 71, 7o, --; (iii) inverse Fourier transform the resulting expression,
with respect to k;, and k,, in order to yield the desired output wave-field.
We seek a physical interpretation for the transfer function T'(ky, ky, 71, 72, - - ).

To this end, consider an input field:

Yin(z,y) = exp [2 (k‘,go)x + kg(/o)y)} (4.16)

comprising a single Fourier harmonic with wave-number (k,k,) = (k:a(co), k‘éo)).
Note that, since the Fourier transform of the above input yields a Dirac delta in
Fourier space:

Flo(e,y)] = F {exp [i (K02 + £0y) | b =276 (ke — 6O 1y = K7
(4.17)
it may be viewed as the Fourier analogue of the pointlike input used in obtaining
a physical interpretation for the Green function (see eqn (4.5)). Next, insert eqn
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(4.16) into eqn (4.15), and then make use of eqn (4.17). Thus our single-harmonic
input is transformed to the following output!''®:

wOUT(x7y7TlaT27 o ) = ]:_1T<k17 ky77-177-2a e )27T6 (k'w - k;O)y ky - k;O))

|
_ YO NP
27T//[T(k‘mk‘y7T1,T2, )21 (kw KO, k, — K )}
x expli(kyx + kyy)]dk,dk,

= T(ky = k., k, = kg(;O)7T13T27 - Yexpli(k{Pz + k‘z(f))y)]
=T(k, = kO k, = kéo),ﬁﬂ'za )b (). (4.18)

This yields the promised physical interpretation for the transfer function: if a
single Fourier harmonic exp[i(kzg;o)x + k@(,o)y)] is input into a shift-invariant co-
herent linear imaging system whose state is characterized by 7y, 7s,---, then
the resulting output will be equal to the input field multiplied by the num-
ber T(k, = k‘f(ﬁo),ky = kéo),Tl,Tg, -++). This number is a function of the two-
dimensional wave-vector (kg(go), k;o)) characterizing the single Fourier harmonic
which is input into the system.

Pushing this idea further, let us return consideration to eqn (4.15). This may
now be viewed in very physical terms as taking the input wave-field ¥n(x,y)
and using the two-dimensional Fourier transform to decompose it into a contin-
uous sum of its constituent Fourier harmonics exp[i(kz2 + kyy)], before multi-
plying each harmonic by a wave-number-dependent weighting factor and then
re-summing the resulting filtered harmonics to yield the output disturbance
Your(z,y)-

In light of the filtration mentioned above, the meaning of the modulus and
phase of the transfer function is now clear. The modulus of the transfer function
tells us how the amplitude of a given input Fourier harmonic is altered in passing
through the shift-invariant coherent linear imaging system, with the phase of
the transfer function representing a constant phase bias imparted on the said
harmonic. With this point is mind, we note that it is often convenient to explicitly
write the transfer function in terms of its modulus |T'(k,k,, 71,72, )| and
phase p(kz, ky, 71,72, ):

T(ky, by, 11,72, ) = |T(ky, ky, 71,72, - - )| exp [ip(kg, ky, T1,7T2,---)] . (4.19)

Any deviation, of |T'(ky, ky, 71, T2, - - - )| from unity or ¢(ky, ky, 71, T2, - - - ) from
a constant, will result in the output intensity differing from the input intensity.
Accordingly, one may consider the modulus and phase of the transfer function

110Note: In the second line of the next equation, we have made use of the explicit form for
the inverse two-dimensional Fourier transform, given in eqn (A.4). In the fourth line, we have
made use of the sifting property of the Dirac delta.
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as quantifying the ‘aberrations’ of a coherent shift-invariant linear imaging sys-
tem. Adopting the commonly used albeit misleading terminology, any deviation
of |T'(ky, ky, 71,72, --)| from unity is spoken of as representing the ‘incoherent
aberrations’ of the system. Any deviation of p(ky, ky, 71,72, -+ ) from a constant
is spoken of as embodying the ‘coherent aberrations’ of the system.

Prior to discussing the notion of coherent aberrations in more detail, let
us make an apparent digression in recalling the operator form for the Fresnel
diffraction integral which was given in eqn (1.28):

—iA(K2 + k2)

Yo(x,y,2=A) = exp(z'k:A)]:_1 exp ok

Fi(z,y,2=0). (4.20)

Here, all symbols are as defined in Chapter 1. Compare eqns (4.15) and (4.20), re-
spectively associating input and output fields with unpropagated and propagated
fields. We conclude that free-space propagation from plane to parallel plane, un-
der the Fresnel approximation, is an example of a shift-invariant coherent linear
imaging system described by the following ‘free space’ transfer function:

—iA(K2 + K2)

= (4.21)

T(ky, ky, k, A) = exp(ikA) exp [

Considered as an imaging system, such free-space propagation has no incoherent
aberrations, with coherent aberrations given by the following second-order Taylor
series in k; and ky:

A(K2 + k)
2k
Returning to an arbitrary shift-invariant coherent linear imaging system, it
is often the case that ¢(ky, ky, 71, T2, - ) is a sufficiently slowly varying function
of k; and ky to be written as a Taylor-series expansion in these variables. If this
is the case, then:

kg, ky b, A) = kA — . (4.22)

(o] (o]
Pka, by, T1, 72,0 +) = Z Z Omn (1,72, ) (k)™ (Ky)™ (4.23)
m=0n=0
The real numbers ,,,, which depend on the state of the imaging system, are
termed ‘coherent aberration coefficients’. Dropping their explicit functional de-
pendence on 7y, 7o, - - - for the sake of notational simplicity, let us write down the
first six terms of our Taylor series for the coherent aberrations:

Okg, by, T1, 72, ) = 3000+<P10/€x+<Po1ky+<P20ki+s002/€§+<ﬁ11kzky+' - (4.24)

We may discard g since it only serves to contribute an irrelevant constant
phase to the output. Further, 19 and ¢g; are irrelevant as far as imaging is
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concerned, since, by the Fourier shift theorem, they serve only to laterally dis-
place the output image. The remaining coefficients o0, o2, P11, -+ are closely
related to commonly encountered coherent aberrations which have particular
names such as ‘defocus’, ‘spherical aberration’, ‘coma’;, and ‘astigmatism’. Re-
garding the first-named coherent aberration, namely defocus, we note that (4.24)
reduces to (4.22) if:

A
2k’
Even if the remaining aberration coefficients are non-zero, we can meaningfully
speak of —2kysp and —2kpgo as being equal to the defocus in the z and y direc-
tions, respectively. If o0 = o2 = d/(—2k), then one would simply speak of ‘the
defocus d’. Similarly, the other named aberration coefficients are closely related
to the set of numbers ,,,. For example, the coefficient of (k2 + k§)2 is propor-
tional to the ‘spherical aberration’ of the imaging system. Defocus and spherical
aberration correspond to rotationally symmetric coherent aberrations; however,
the other listed coherent aberrations do not possess rotational symmetry.

P20 = Qo2 = — ©mn = 0 otherwise. (4.25)

4.1.2  Operator theory of imaging using partially coherent fields

Here we briefly consider the generalization of the operator theory of imaging, to
the case of partially coherent scalar fields. The treatment is cursory in comparison
to that of coherent imaging, as partially coherent imaging lies largely outside the
scope of this text (for further information, see, for example, Goodman (1985)).
Our presentation is broken into two parts, which separately consider imaging of
a polychromatic field, and imaging of a statistically stationary partially coherent
field.

4.1.2.1 Polychromatic imaging systems Suppose that a particular realization
Uin (2,9, 2, t) of a forward-propagating partially coherent scalar electromagnetic
wave-field is incident upon a given two-dimensional linear imaging system. The
resulting two-dimensional output is denoted by Your(z,y, 2,t), with a position-
sensitive detector subsequently measuring a time-averaged intensity in forming
a given image.

Assume the field to be pulsed—that is, assume the field to be non-zero only
over a certain finite time interval. In practice this will always be the case, since
no real source exists for an infinite time. The field may therefore be represented
as a Fourier series over finitely many distinct frequencies, this being a sum of
the monochromatic components of the field. Assume the imaging system is elas-
tically scattering, so that there is no mixing between the various monochromatic
components of the polychromatic field. The linearity of the imaging system, by
assumption, requires that each monochromatic component propagate indepen-
dently through the system. If this is a good approximation, then one may use the
formalism of Section 4.1.1.1 in order to separately propagate each monochromatic
component of the field through the imaging system. Each monochromatic output
may then be summed, before taking the squared modulus and then averaging
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over the detection time in forming the registered time-averaged intensity.!!! If
this detection time is long compared to the reciprocal of the difference in radia-
tion frequency between any two monochromatic components, then the detector
will register the summed intensities of each monochromatic component.

4.1.2.2  Partially coherent imaging systems More generally, one may consider
two-dimensional linear imaging systems operating with statistically stationary
forward-propagating scalar electromagnetic fields. Note that such fields cannot
be pulsed—indeed, in principle if not in practice, they must exist for an infinite
time. Suppose that the statistical properties of the input field are well described
by the mutual coherence function. If this is the case, then the input into the
partially coherent linear imaging system is given by the input mutual coherence
function Tix(z1,y1,%2,y2,7), as a function of any pair of points (x1,y;) and
(22, y2) over the input plane, together with all time lags 7. The linear imaging
system then maps the input mutual coherence into the corresponding output
Cour(w1,y1, T2, Y2, T):

FIN<$1,y1ax2ay277) — FOUT(3€17y17$2,y2,7)- (4~26)

Given the output mutual coherence function, one can compute the time-averaged
intensity ITouT(,y) of the resulting image, using!!?:

Tour(z,y) =Tour(z1 =z,91 =y, 22 = 2,y2 =y, 7 = 0). (4.27)

Since the partially coherent imaging system is assumed to be linear, its action
may be characterized by the appropriate generalization of eqn (4.4). In an obvious
notation we then have:

Cour (1, Y1, 22, Y2, T, T1, T2, - - )
:/.../dx/ldyidxédyédT/G(xl’yl’xQ’yQ’T"r/hy/hxéayé77-/77-177—27'")
x Pin (@, 41, 29, 95, 7). (4.28)

An analogue of the transfer function also exists, for shift-invariant systems, al-
though it will not be written here. See, for example, Goodman (1985) for further
information.

4.1.3 Cascaded systems

The operator theory of imaging may be of utility when studying ‘cascaded’ two-
dimensional optical imaging systems. In a cascaded optical system, the passage

11 This implicitly assumes an ideal detector whose efficiency is equal to unity for all radiation
frequencies present in the field. If this is not a good approximation then the argument may be
readily modified to account for a frequency-dependent efficiency.

H12To obtain eqn (4.27), take eqn (1.88) and set the spatial arguments equal to one another,
with the time lag 7 being taken to zero.
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A B C D E F

Fig. 4.1. Example of a cascaded optical system. A source S yields radiation
which traverses the planes A through F of a two-dimensional imaging system.
Two sets of optical elements, G and H, are as indicated. A sample I lies
between the planes C' and D. Free space is considered to lie between the
planes A and B, together with the planes F and F. An image is registered
over the plane F. Note that the planes A through F are not necessarily
parallel to one another.

of a given field through the system may be broken down into a number of con-
secutive stages. The two-dimensional output of a given stage is taken to be the
input for the subsequent stage, with an appropriate operator being used to map
the input for a given stage into the corresponding output.

This notion may be clarified using the example of a cascaded optical system in
Fig. 4.1. Suppose, for the moment, that the source S may be well approximated
as monochromatic. The field over the entrance surface A of the cascaded system
is then assumed to be a forward-propagating scalar monochromatic field. If there
are any apertures present in this plane A, then they will be assumed to block
out any radiation incident upon it. Since free space is assumed to lie between
the planes A and B, one may use an appropriate diffraction operator (see, for
example, eqn (1.25)) in mapping the field over A to the field over B. The field over
B is then considered to be the input into a linear optical imaging system G. One
can make use of the formalism of Section 4.1.1 in calculating the output over the
plane C, as a function of the state of the optical system G. Having propagated the
field to the plane C, it subsequently interacts with an elastically scattering sample
I in reaching the plane D. To model the passage from planes C to D, one must
use an appropriate scattering theory. Such scattering theories may include the
projection approximation (Section 2.2), the first Born approximation (Section
2.5), the multi-slice approximation (Section 2.7), and so forth. Irrespective of
the particular scattering theory employed, one may use it to evolve the wave-
field from the plane C' to the plane D. Passage through the remaining planes,
including the linear optical system H lying between the planes D and E, together
with the slab of free space between the planes E and F', may then be computed.
This yields the complex disturbance over the plane F', the intensity of which may
be registered using a position-sensitive detector.
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Suppose, now, that the monochromatic source in the above example is re-
placed by a polychromatic source whose emitted radiation is non-zero only during
a specified finite time interval. The resulting forward-propagating polychromatic
field can then be decomposed into a sum of forward-propagating monochromatic
fields. Both the sample and the optical elements are assumed to be elastically
scattering, for each of the monochromatic components present in the polychro-
matic beam. Further, the sample is assumed to be static, so that its structure is
unchanged during the period of illumination. Under the above assumptions each
monochromatic component can be independently evolved through the cascaded
optical system, and then summed over the plane F' to yield the resulting complex
disturbance over this plane. The intensity of this field can then be averaged over
the detection time, accounting if appropriate for frequency-dependent detector
efficiency, to yield the registered image over plane F' (cf. Section 4.1.2.1).

Lastly, consider the source in Fig. 4.1 to emit forward-propagating statisti-
cally stationary partially coherent scalar electromagnetic radiation. Assume the
statistics of this field to be such that it is well described by its mutual coherence
function, as a function of all pairs of points over the plane A, for all time lags
7. The mutual coherence function can then be propagated through the slab of
free space from planes A to B, using either eqns (1.127) or (1.137). If the Green
function for the linear optical element G is known, then the mutual coherence
over plane B can be evolved to that over plane C, using eqn (4.28). Passage from
planes C to D, which involves scattering from the sample I, requires an appro-
priate scattering theory for the mutual coherence function. Such a theory will
not be outlined in this text (see, for example, Goodman (1985)). One can con-
tinue in a similar fashion, to compute the mutual coherence function for all pairs
of points in the plane F of the position-sensitive detector. The time-averaged
intensity over this output plane may then be calculated using eqn (4.27).

We close this section by noting that use of the operator theory of imaging, for
the study of cascaded optical systems, often yields rather unwieldy expressions if
all operators are written out in full. While judicious approximations may render
meaningful analytic expressions, it is often the case that numerical analysis is
required for the study of realistic cascaded systems in coherent X-ray optics.

4.2 Self imaging

Consider the sketch of a two-dimensional imaging system given in Fig. 4.2(a).
Here we see a sample A, illuminated from the left by scalar X-ray radiation. This
radiation may be coherent or partially coherent. Upon passing through the sam-
ple, a field is formed over the nominal exit surface z = 0, this being parallel to the
specified optic axis z. If the incident field is monochromatic, then the exit-surface
field may be described by a complex wave-function ¢, (z,y,z = 0) exp(—iwt)
whose modulus is independent of time; if the incident field is polychromatic,
then the exit-surface field may be described by a wave-function which is a su-
perposition of monochromatic wave-functions of various angular frequencies w.
Upon passing through the imaging system denoted by B, an image of the field
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Fig. 4.2. (a) A sample A is illuminated by X-rays from the left, leading to a
given field over the exit-surface plane z = 0 which is perpendicular to the
nominal optic axis z. This field may be coherent or partially coherent. Using
a suitable imaging system B, one may form an image over the plane z =T
(b) Suppose the optical system B to be removed, with all else remaining
unchanged. ‘Self imaging’ refers to the phenomenon whereby an image of the
field at z = 0 is formed over the plane z = A, downstream of the exit surface
of the object, in the absence of any imaging system.

at z = 0 is formed over the plane z = I". If the imaging system is perfect, then
the time-averaged intensities over the planes z = 0 and z = I" will be equal, up
to transverse and multiplicative scale factors.

As shown in Fig. 4.2(b), let us now suppose that the imaging system B is
removed. In general, the time-averaged intensity distribution formed over the
plane z = A will not be a direct representation of the intensity over the exit
surface z = 0 of the sample. However, under certain circumstances the field over
the plane z = A may have the same time-averaged intensity as the field over
the plane z = 0, notwithstanding the fact that there is only free space between
the two planes. One would then speak of the field as being ‘self imaging’. Such
self-imaging fields are remarkable insofar as they are able to image themselves
through the act of free-space propagation from plane to parallel plane, without
the need for an intervening imaging system.

In this section we shall consider two broad categories of self-imaging fields.
The first such class are monochromatic and polychromatic fields which are peri-
odic over the plane z = 0. The self-imaging of such fields, at certain propagation
distances z = A, is known as the ‘Talbot effect’. We shall separately consider
the Talbot effect for monochromatic and polychromatic scalar fields, in Sections
4.2.1 and 4.2.2, respectively. The second class of self-imaging fields, to be consid-
ered here, are those whose two-dimensional Fourier transforms are non-zero only
over one or more circles in two-dimensional reciprocal space. Such self-imaging
fields are said to exhibit the ‘Montgomery effect’. This effect, for monochromatic
and polychromatic scalar fields, will be sequentially treated in Sections 4.2.3 and
4.2.4.
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Fig. 4.3. (a) Two planes z = 0 and z = A > 0 are shown, these being per-
pendicular to a given optic axis z. According to the Talbot effect, a for-
ward-propagating coherent scalar field in the plane z = 0 will be re-imaged
over certain planes downstream of it, if: (i) the field is periodic over the plane
z = 0, with the same period in the z and y directions, and (ii) the field
over the plane z = 0 is sufficiently slowly varying for the Fresnel diffraction
theory to be applicable. In our discussions, we shall assume the field over
z = 0 to be periodic in the Cartesian coordinates x and y, with period a in
both of these directions. (b) If one takes the Fourier transform of the un-
propagated disturbance with respect to z and y, the result will be non-zero
only over the specified grid of points. Here, k;, and k, are the Fourier-space
coordinates dual to the real-space coordinates z and y. (c) Spectrum of a
certain polychromatic field which contains two monochromatic components,
corresponding to energies F of F; and Fs.

4.2.1  Talbot effect for monochromatic fields

With reference to Fig. 4.3(a), suppose that one has a strictly monochromatic
forward-propagating scalar disturbance over the plane z = 0, this plane being
perpendicular to a specified optic axis z. As is customary, the spatial part of this
disturbance may be quantified by the wave-function ¢, (z,y, z = 0), where (x,y)
are Cartesian coordinates in the plane perpendicular to the optic axis, and w
denotes the angular frequency of the radiation. If v, (z,y, z = 0) is periodic in
and y, with the same period in both directions, and ), (z,y, z = 0) is sufficiently
slowly varying in x and y for free-space propagation to be well described by
the Fresnel diffraction theory, the intensity of the field over z = 0 will be re-
imaged over certain planes z = A downstream of the exit-surface plane z = 0.
As mentioned earlier, this phenomenon is known as the ‘Talbot effect’, after its
discoverer (Talbot 1836). Later researches include those of Lord Rayleigh (1881),
together with Cowley and Moodie (1957a,b,c). Note that this last-mentioned
series of papers speaks of ‘Fourier images’ rather than the ‘Talbot effect’, with
both terms being common in the current literature.

Under the stated assumptions, one may employ the operator form (1.28)
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of the Fresnel diffraction integral, to propagate the monochromatic disturbance
from the plane z = 0 to the plane z = A > 0, assuming that free space lies
between these two planes. Thus we have:

Yo(x,y, 2 = A) =exp(ikA)
—IA(K2 + k2)

= > .
5% Fi,(z,y,2=0), A>0

x F~lexp

(4.29)

Here, k = 27/X is the wave-number corresponding to the wavelength A of the
field, F denotes Fourier transformation with respect to x and y using the con-
vention given in eqn (A.5), F~! denotes the corresponding inverse Fourier trans-
formation and (k;, ky) are the Fourier-space coordinates dual to the real-space
coordinates (z,y).

As stated previously the Talbot effect will be operative if the unpropagated
field ¥, (z,y, z = 0) is periodic in 2 and y, with the same period a in both direc-
tions.!!'3 We may therefore decompose the unpropagated field as the following
Fourier series:

Yo(2,y,2 = 0) Z Z YD exp { (xp+ QQ)] (4.30)

with the double sum being taken over all integers p and gq.

In order to propagate this field through the distance z = A, we insert the
above Fourier decomposition into the operator form of the Fresnel diffraction
integral, as given in eqn (4.29). In the resulting expression, the order of the
summations and integrations may be interchanged, leading to:

Yo (2,y, 2 = A) = exp(ikA)

X Z Z@bfj”q)}"*l exp
P q

To proceed further we need to evaluate the term in braces above. To do so,
we make use of the form for the two-dimensional Fourier integral given in eqn
(A.5), and then make use of the Fourier representation for the Dirac delta given
in eqn (A.2). This yields the following expression:

feXp[Q (xp—|—yq)} — 2m5 <2Zp—k )5(22‘1—” (4.32)

which may be substituted into eqn (4.31) to give:

—iA(k2 4 k2)

2% {7 exp [2 (wp+yq)”. (4.31)

H3Note that these periods need not be equal in order for the Talbot effect to be operative.
However, we will not discuss such a generalization in this text.
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Yo(x,y, 2 = A) = 2mexp(ikA)
—iA(k2 + k2
X Zzw(’”‘n]—' exp (2k )

5(2ﬂ0_k>5(2m_k>
a a

(4.33)

As is clear from the above equation, the two-dimensional Fourier transform
of the unpropagated disturbance is only non-zero at points in the following cubic
lattice of coordinates in Fourier space:

(4.34)

21p 2mq
a’ a )

(kavk) = (2.

This set of points, which may be identified with the two-dimensional reciprocal
lattice of the unpropagated periodic disturbance, is represented in Fig. 4.3(b).

Let us put physics to one side for the moment, to make a simple mathe-
matical observation which contains the key to the Talbot effect. Consider the
following quadratic function v(k, ky ), which is defined at each point (k,, k) in
the two-dimensional Fourier space sketched in Fig. 4.3(b):

A
vk, ky) = 2k

We now prove the following theorem: if v(ks, ky) is equal to an integer multiple
of 2 at the point A = (k, = 27/a, k, = 0) in the sketch, then v(k,, k) is equal
to an integer multiple of 27 at every lattice point (ks, ky) = (27p/a, 2mg/a). The
proof is as follows. By assumption, at the point A the function v(k,, k,) takes

the value:
2T A 27
v (kx = ky = O) % ( > = 2mm, (4.36)

where m is an integer. From the second equality above, we have:

— (k2 + k). (4.35)

TA

=
To complete the proof, we need to show that v(ks, k) is equal to an integer
multiple of 27 at every lattice point (kg,ky) = (2mp/a,2mq/a). At such lattice
points, v(ks, ky) is equal to:

2 2 A
v(,%:ﬂp,ky:w):

a a

(4.37)

=2mm(p* + ¢%). (4.38)
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Note that we have made use of eqn (4.37) in the final line of the above expression.
This completes our proof, since 2rm(p? + ¢%) will be an integer multiple of 27 if
m, p, and q are all integers.

In light of the above finding, let us return consideration to result (4.33). If
the propagation distance A is such that eqn (4.37) is obeyed, then the phase

A(KZ +k2)

2k ’
of the Fresnel propagator, will be an integer multiple of 27 at each of the points
at which the Fourier transform of the unpropagated disturbance is non-zero. The
Fresnel propagator

— (kg ky) = — (4.39)

—iA(kZ + k2)

o (4.40)

exp

is therefore equal to unity at each of these lattice points, implying that the
propagated field

Yo (my z=A= mka2) (4.41)

™

is the same in both modulus and phase as the unpropagated field ¥, (z,y, z = 0),
up to a trivial constant phase factor exp(ikA).

This completes our derivation of the Talbot effect. In summary, the analysis
shows that a periodic paraxial coherent scalar field, with period a in both the
x and y directions, is re-imaged in both modulus and phase over planes at the
following ‘Talbot distances’ A,, downstream of the initial field:

mka®?  2ma®
A, = = m=12--- (4.42)
Thus the field, which is transversely periodic in z and y, with period a, is also
longitudinally periodic, with period ka?/7 = 2a®/\.

We now turn to an experimental demonstration of the Talbot effect using
hard X-rays, due to Cloetens and colleagues (Cloetens et al. 1999). This was
performed at the European Synchrotron Radiation Facility (ESRF) in Grenoble,
France. Wiggler radiation was monochromated using a silicon 111 double-bounce
monochromator, yielding near-plane quasi-monochromatic X-ray radiation with
a mean wavelength of A = 0.85 A. This was then used to illuminate a gold grid,
periodic in both x and y with period a = 12.5 pum. According to the m = 1 case
of eqn (4.42), the exit-surface wave-field of the gold mesh will be re-imaged at a
distance of:

20 2% (12.5x1079)?
A 0.85x 10710

Figure 4.4(a) shows the intensity which Cloetens and colleagues recorded 4 mm
downstream of the exit surface of the gold grid. The absorptive effects of the

Am:l -

=3.7m. (4.43)
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grid bars are clearly evident in this image. Images (b) through (e) respectively
show the intensity distributions recorded at propagation distances z = iAmzl,
z = %Amzl, z = %Amzl, and z = A,,—1. We see that the exit-surface intensity is
re-imaged at the Talbot distance, as shown in part (e) of the figure. Some blurring
is apparent in the Talbot image, in comparison to the exit-surface intensity in
(a). This is due to the partially coherent nature of the illuminating beam, a
factor not accounted for in the above analysis (cf. Section 4.6.4). Further, we
see from part (c) of the figure that re-imaging is observed at half the Talbot
distance, albeit with a transverse displacement (not indicated in the figure). It
is left as an exercise to show that self-imaging is also observed midway between
the Talbot planes defined by eqn (4.42), up to a transverse displacement (see,
for example, Cowley (1995)).

We close by noting that the analysis of this section may be generalized to the
case of point-source illumination, by making use of the Fresnel scaling theorem
given in Appendix B. In this case, the Talbot distances no longer correspond to
equally spaced planes. We refer the reader to the previously cited papers by Cow-
ley and Moodie, together with the text by Cowley (1995), for more information
on this point.

4.2.2  Talbot effect for polychromatic fields

Consider a two-component polychromatic beam that has a spectrum as shown
in Fig. 4.3(c). As indicated there, the polychromatic beam is a sum of two
monochromatic beams, with energies F4 = hck, and E5 = hcks. The correspond-
ing wave-numbers are respectively equal to k1 and ko, with angular frequencies
denoted w; and ws. The wave-function ¥(z,y, z,t) of this beam may be written
as a sum of the time-dependent wave-functions of two monochromatic beams:

\I/({E, Y,z t) = 1/@1 (CE, Y, Z) exp(_iwlt) + wu& (l’, Y, Z) eXp(—iWQt). (444)

Here, (z,y, z) are the usual Cartesian coordinates with nominal optic axis z, and
t denotes time.

By taking the squared modulus of the above expression, we may write the
time-dependent intensity I(x,y, z,t) = |¥(z,y, 2,t)|? of the polychromatic beam

in terms of the time-independent intensities I, (7,y,2) = |Y.,(z,y,2)[* and
L., (z,y,2) = Yo, (2,9, 2)|? of each of its monochromatic components:
I(LC, Y,z t) :le (2177 Y, Z) + Iw2 (1’, Y, Z)
+2Re {w:;l (37, Y, Z)wwz ($7 Y, Z) eXp[i(wl - w?)ﬂ} . (445)

We see that the instantaneous intensity of the polychromatic beam consists
of a sum of three terms. The first two terms respectively represent the time-
independent intensities of each monochromatic component of the beam. The
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Fig. 4.4. Experimental demonstration of the Talbot effect, for hard-X-ray imag-
ing of a gold mesh, obtained at the ESRF synchrotron. Details in main text.
Images taken from Cloetens et al. (1999). Used with permission.
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third term represents a time-dependent ‘beating’ between the two monochro-
matic components. At each point (x,y, z) in space, the magnitude of this beat-
ing term has a modulus of 2¢} (z,y, 2)Yw, (2, 2)| = 2¢/1u, (2, y, 2) Lo, (2, Y, 2),
with a sinusoidal time evolution of angular frequency equal to wo — wy.

Assume that the period 27 /|ws —w1 |, of this time-dependent beating, is much
shorter than the time over which an ideal position-sensitive integrating detector
records the time-averaged intensity I(z,y, z) of the beam. The beating term may
then be neglected in this time average, so that the intensity registered by the
detector is simply the sum of the intensities due to each of the monochromatic
components!!4:

[(ﬁﬁ,yaz) Zle(l‘,y,Z) +Iw2(x7yaz)' (446)

To proceed further we assume the boundary value ¥(x,y,z = 0,t) of our
polychromatic beam to coincide with the exit-surface wave-field which results
when a thin periodic sample is illuminated with a z-directed two-component
polychromatic plane wave with component X-ray energies equal to F; and Fs.
The sample is considered to be periodic in both = and y, with period a. Further,
the sample is assumed to be elastically scattering, so that the exit-surface beam
contains only the energies Fy and Fs. Invoking the translational symmetry of
this scenario, we conclude that each of the two monochromatic components in
the exit-surface plane z = 0 will have a periodicity of a.

According to eqn (4.46), the time-averaged intensity recorded by a two-
dimensional position-sensitive detector in a plane perpendicular to the optic
axis at some distance downstream of the sample, will be equal to the sum of
the intensities of each monochromatic component in the beam. By the analy-
sis of Section 4.2.1, the intensity of the first monochromatic component will be
self-imaged over planes at a distance:

kia? °E
A%):m 14 :ma’ 1’ m=1,2,3,--- (447)

s her

downstream of the exit surface of the sample. Similarly, the intensity of the
second monochromatic component will be self-imaged over planes at the following
distances downstream of the exit surface of the object:

k 2 2E
Ag) _ nkaa _ ng 2, n=1,23--- (448)
s CTT

114WWe have assumed that the efficiency of the ideal detector is the same for each of the two X-
ray energies. This is often a bad assumption, which may be accounted for by multiplying each
of the terms on the right side of eqn (4.46) by constants which are indicative of the efficiency
for the two X-ray energies. The resulting conclusions are unchanged by this complication, as
the reader may readily verify.
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Since the time-averaged intensities add, a polychromatic version of the Talbot
effect will be observed if we can find integers m and n such that:

AL = AD), (4.49)
Making use of the eqns (4.47) and (4.48), the above condition becomes:

E1 n
B oom (4.50)
Thus, the ratio of the X-ray energies should be expressible as a ratio of integers.
Suppose, then, that the ratio of F; to Es may be expressed as a ratio of
integers. We may assume, without loss of generality, that these integers m and n
have no common divisor. The period A, of the resulting polychromatic Talbot
effect will then be given by:

°p °p
AN N L (4.51)

her her

This polychromatic Talbot distance is evidently equal to a certain integer number
of Talbot distances for one of the monochromatic components of the polychro-
matic field, and a different integer number of Talbot distances for the other
monochromatic component.

With the above ideas in mind, we recall the discussion on harmonic contami-
nation from crystal monochromators which was given towards the end of Section
3.2.4. There we saw that a crystal monochromator may transmit radiation fre-
quencies which are an integer multiple of a lowest-order harmonic. If both the
fundamental wavelength A\ and a single higher-order harmonic A\/j is passed by a
monochromator, where j is an integer greater than 1, then condition (4.50) will
be fulfilled for the two frequencies present in the beam. Each of these frequen-
cies will have an associated Talbot distance respectively given by 2a?/\ = A
and 2a?/(A\/j) = jA. For this case, the associated polychromatic Talbot dis-
tance A, will coincide with the Talbot distance 2ja?/\ of the harmonic which
contaminates the fundamental. More generally, one may have the case that a
number of harmonics are present. The associated polychromatic Talbot distance
A, will then be the shortest distance which may be divided by any Talbot dis-
tance associated with a given frequency component of the beam, such that one
always obtains an integer. For example, if the fundamental wavelength A is con-
taminated by both third-order and fifth-order harmonics, with all higher-order
harmonics being negligible, then the polychromatic Talbot distance will be equal
to 15 x 2a%/\.

4.2.3 Montgomery effect for monochromatic fields

In the previous pair of sub-sections, we examined the Talbot effect for the self-
imaging of transversely periodic two-dimensional scalar fields. This analysis was
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predicated on the Fresnel approximation, valid for paraxial fields. Here, we ex-
amine the so-called ‘Montgomery effect’ for self-imaging forward-propagating
coherent scalar fields, in an analysis which does not assume paraxiality (Mont-
gomery 1967, 1968; Durnin et al. 1987; Durnin 1987).

Montgomery self imaging may be subdivided into two classes. The second
such class is analogous to Talbot imaging, insofar as the intensity of the prop-
agated wave-field is periodic in the propagation direction. In the first class,
which is still more remarkable, the image is unchanged under free-space prop-
agation. Wave-fields belonging to this first class are known as ‘diffraction-free
beams’. Below, we separately treat the two classes of Montgomery self imaging
for monochromatic scalar fields.

4.2.3.1 Diffraction-free beams Consider Fig. 4.3(a) once more. Suppose that
we have a forward-propagating, but not necessarily paraxial, monochromatic
scalar X-ray field over the plane z = 0. Denote the spatial part of the wave-
function of this field by v, (x,y,z = 0). Suppose, further, that the two-dim-
ensional Fourier transform of the field is only non-zero over a circle (i.e. an
infinitely-thin annulus) of radius k in Fourier space, which is centred at the
origin, with the radius of the circle being less than or equal to the wave-number
k of the radiation. Thus, by assumption, we have:

Fltho(z,y,2=0)] =6 (1 [k2 + k2 — n) flke), 0<wk<k. (452

Here & denotes the Dirac delta, kg = tan~'(k,/k,) denotes the angle made by
the point (k, ky) in plane polar coordinates about the origin k; = k, = 0 of the
two-dimensional Fourier space, and f(ky) is an arbitrary function of this polar
angle.

The above field, known as a ‘diffraction-free beam’, has the remarkable prop-

erty that its intensity is the same for all propagation distances z (Montgomery
1967, 1968):

[Yu(z,y,2)* = [Yu(z,y,2 = 0)*. (4.53)

This property can be derived by substituting the above expression into the oper-
ator form (1.24) and (1.25) of the angular-spectrum representation for diffracting
a forward-propagating coherent scalar field between two parallel planes separated
by vacuum. We shall do this in a moment. However, prior to writing any more
formulae, let us give a verbal argument to explain why the field ¢, (z,y, 2) is
diffraction free.

According to eqn (1.25), the Fourier representation exp[iA (k% —k2 —ki)l/Q] of
the free-space propagator has the following two properties: (i) It is rotationally
symmetric in the two-dimensional Fourier plane (kg,k,), this being a conse-
quence of the rotational symmetry of an expanding spherical wave (outgoing
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free-space Green function) about any axis passing through its point of origin.
(ii) In the (ks, ky) plane, within a disc of radius equal to the wave-number of the
radiation, the Fourier representation of the propagator has unit modulus. This
is a consequence of the fact that the modulus of a non-evanescent plane wave is
unchanged upon propagation from plane to parallel plane.

According to the second property listed above, the Fourier-transformed field
in eqn (4.52) is multiplied by a complex function of k, and k,, of modulus
unity, in propagating from plane to plane. According to the first property, this
complex function is the same for each point on the Fourier-space circle where
Fl(x,y,z = 0)] is non-vanishing. Therefore free-space propagation through
any distance only serves to multiply the Fourier transform, of the unpropagated
disturbance, by a complex constant of modulus unity. This amounts to multiply-
ing the real-space representation of the unpropagated disturbance by a complex
constant of modulus unity. Thus the intensity is invariant under propagation, so
that the field is diffraction free in the sense specified by eqn (4.53).

The mathematics, corresponding to the verbal description of the above para-
graph, is as follows. Substitute eqn (1.25) into eqn (1.24), so that:

VYo (z,y,2=A) = F Lexp [z’A. [k? — k2 — k2| Fpo(z,y,2=0), A>0.
(4.54)
Making us of eqn (4.52), this becomes the following expression for the propagated

field:

Yol@,y, 2= A) = Flexp [z‘A\/kQ — k2 + k;‘}J 5 (\/kg k2 - n) ko),
A>0, 0<k<k (4.55)

By the sifting property of the Dirac delta (see Appendix A), together with the
rotational symmetry of the free-space propagator, we may replace the term in
braces by 2. Thus:

Yo(z,y,2 = A) =exp (iA\/kQ _ /@2> Fls (1 [k2 + kg — /1) f ko),

A>0, 0<k<k (4.56)

The squared modulus of this expression is independent of the propagation dis-
tance A, implying the beam to obey the diffraction-free property in eqn (4.53).

Nine remarks: (i) Diffraction-free beams maintain this property when passed
through a shift-invariant coherent linear imaging system with no incoherent aber-
rations, provided that all coherent aberrations of the system are rotationally
symmetric. (i) Suppose that a diffraction-free beam is normally incident, from
vacuum, upon a slab of transparent stratified medium. The refractive index of
this medium is real, by assumption, and varies only with z between its entrance
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and exit surfaces. If backscattering can be neglected then the emerging beam
will be diffraction free, with a transverse intensity distribution equal to that of
the incident beam. This may be demonstrated, for example, using the multi-
slice concept outlined in Section 2.7. (iii) If k > k then one has what may
be termed an ‘evanescent diffraction-free beam’. Its intensity will decay with
propagation distance A, with the propagated intensity being equal to the un-
propagated intensity multiplied by |exp(iAvVk2 — k2)|? = exp(—2AVk2 — k2).
(iv) Monochromatic forward-propagating non-evanescent scalar plane waves are
a special case of diffraction free beam, with f(kg) = ad(kg —b). Here, a is a com-
plex constant and b is a real constant. Like all diffraction-free beams, together
with the Talbot beams considered earlier, the plane wave has infinite energy
over any transverse plane. This divergent energy is a consequence of the singular
nature of the two-dimensional spatial Fourier spectra of these beams. (v) Since
diffraction-free beams have infinite energy, they can only ever be approximated in
practice. Thus, rather than being termed ‘non-diffracting’, physical approxima-
tions to such beams should perhaps be more properly termed ‘slowly diffracting’.
For example, one might consider the singular Fourier spectrum in eqn (4.52) to
be replaced by a non-singular spectrum which is only non-zero over a thin an-
nulus k1 < (kﬁ + kz)l/2 < Ko in Fourier space, where k1 < ko < k. Such a beam
would be approximately non-diffracting over propagation distances A sufficiently
small that the wave-field propagator exp[iA(k? — k2 — k;)l/ 2] could be considered

approximately constant over the Fourier-space annulus x; < (k2 + kﬁ)l/ 2 < Ko.
(vi) In line with the previous remark, a diffraction-free beam could be approxi-
mately realized by normally illuminating a thin annular aperture with z-directed
plane waves, with the aperture lying at the back focal plane of a Fresnel zone
plate. The zone plate and the aperture should be co-axial with the optic axis. The
visible-light version of this experiment was published by Durnin et al. (1987),
using refractive lenses rather than zone plates. The resulting beam was seen
to have an on-axis intensity which was approximately constant up to a certain
rather long propagation distance, beyond which the on-axis intensity was seen to
rapidly decay. (vii) Diffraction-free beams may also be generated by illuminating
suitable diffraction gratings. See, for example, Vasara et al. (1989), and refer-
ences therein, regarding the visible-light demonstration of this. Suitably scaled
forms of these gratings may be used to create diffraction-free beams using X-rays.
(viii) For the case where f(kg) = 1, one can readily show that the diffraction-free
beam takes the form of a Bessel function whose argument is proportional to the
radial distance from the optic axis. Such beams are known as ‘Bessel beams’.
For a text-book account, see Nieto-Vesperinas (1991) and references therein.
(ix) Phase vortices (see Chapter 5) may be embedded in diffraction-free beams
(see, for example, Vasara et al. (1989)).

4.2.3.2 Longitudinally periodic Montgomery beams Rather than having a two-
dimensional Fourier transform which is only non-vanishing along a certain circle
in Fourier space, as quantified by eqn (4.52), consider the unpropagated field
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to be only non-vanishing over a pair of concentric Fourier-space circles. Both
circles should have respective radii k1 and kg > k1 which are less than or equal
to the wave-number of the radiation, with their centres located at the origin
(kz,ky) = (0,0). The two-dimensional Fourier transform of the unpropagated
field can then be written as the following generalization of eqn (4.52):

Flia(,y,2 = 0 = 6 (B2 + k2 = w1 ) fulho) +6 (/2 + K2 = ) falko),

0< K <Ko < k, (457)

where f1(kg) and fa(kg) are arbitrary functions.

The self-imaging property of these beams can be obtained using a variation on
the argument of the previous sub-section. Specifically, the form for the free-space
propagator in eqn (4.54) implies that the field in eqn (4.57) will be self-imaged
over propagation distances A,, which are such that the propagator has the same
phase (modulo 27) over each of the Fourier-space circles with respective radii of
k1 and ko (Montgomery 1967, 1968). Thus the required self-imaging propagation
distances obeys the equation:

A/ k% — K3 = A/ k2 — K2 + 2mm, (4.58)

where m is an integer. Solving for the self-imaging distance A,,, we arrive at:

2mm
N S

The propagated field therefore has longitudinal periodicity, in the same sense as
was discussed earlier in the context of the Talbot effect for paraxial monochro-
matic scalar fields (see Section 4.2.1).

The generalization of Montgomery’s idea, to the case of forward-propagating
scalar fields which have two-dimensional Fourier transforms over a specified plane
which are non-vanishing over more than two concentric Fourier-space circles,
centred at the origin, is left as an exercise.

Ay, =

(4.59)

4.2.4  Montgomery effect for polychromatic fields

Montgomery self imaging may be generalized from the case of monochromatic
radiation to that of polychromatic radiation, using similar logic to that employed
in passing from Sections 4.2.1 to 4.2.2. This generalization is left as an exercise.
In particular, the reader may wish to prove the following statement: The super-
position, of finitely many z-directed scalar diffraction-free beams, each of which
is monochromatic and all of which have distinct frequencies which do not differ
infinitesimally from one another, will have a time-averaged intensity that is also
diffraction free. This time average should be taken over an interval which is much
longer than the reciprocal of the smallest frequency difference between any two
of the monochromatic components.



254 Coherent X-ray imaging

4.3 Holography

In the 1940s, electron microscopists were well aware of the fact that strong aber-
rations in then-available magnetic lenses placed strong constraints on the res-
olution attainable with their instruments. It was therefore sensible to seek to
improve this resolution by building better magnetic lenses for electron micro-
scopes, with much effort being expended towards achieving this end. Notwith-
standing such an ‘obvious’ attack on the problem, which continues to this day,
Dennis Gabor took a quite different approach in a beautiful paper which would
ultimately earn him the 1971 Nobel prize (Gabor 1948). Rather than seeking to
build better magnetic lenses, Gabor’s lateral thought was to ‘dispense altogether
with electron objectives’ (i.e. electron objective lenses) and instead illuminate
the sample with a point source, as shown in Fig. 4.5 (a). The resulting intensity
distribution, recorded using a planar imaging device B, is not a true image of
the object. Indeed the aberrations of the imaging system have been exacerbated,
rather than improved, by discarding all lenses from the imaging system. Gabor
viewed the intensity distribution (‘in-line hologram’), produced by such a sys-
tem, as an encrypted representation of the sample which could subsequently be
decoded to create the image which would have been obtained if one possessed an
electron microscope which was relatively free from aberrations. This ingenious
‘two-step process’, of recording followed by reconstruction, will form the subject
of this sub-section.

Before proceeding, two remarks are in order: (i) We are, of course, more con-
cerned with the optics of X-rays than that of electrons, but in view of the fact
that the time-independent free-space Schrédinger equation for monochromatic
electrons is identical in form to the free-space Helmholtz equation for monochro-
matic scalar electromagnetic waves, there are evidently direct parallels between
electron and X-ray holography. (ii) Notwithstanding Gabor’s invention of holog-
raphy in the context of aberration correction for imperfect imaging systems, the
emphasis of most mainstream work on holography has shifted from aberration
correction towards sample reconstruction and wave-function reconstruction.

4.3.1 In-line holography

We begin with a brief description of the basic concepts of in-line holography,
as originally formulated by Gabor. Figure 4.5(a) shows the concentric spherical
surfaces of constant phase in the radiation emitted by an idealized point source
of monochromatic scalar X-ray waves, such as might be produced by using an
X-ray zone plate to focus monochromated plane synchrotron radiation onto a
small pinhole. If one immerses an object A located in the plane z = 0 into
the disturbance created by the point source, the spatial part of the wave-field
¥(x,y,z > 0) downstream of the object can always be decomposed into a sum of
two disturbances: the unscattered wave 1o (x, y, z > 0) plus the wave s (z,y, z >
0) scattered from the object. Here, as usual, (z,y,2) denotes a right-handed
Cartesian coordinate system, with z being identified with the nominal optic axis.
Note, also, that in all our discussions on holography we shall suppress explicit
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Fig. 4.5. Setup for in-line holography. (a) Step 1: Recording. A point source O
of coherent scalar radiation, which lies on the negative optic axis z, emanates
spherical waves which impinge upon a sample A. The radiation downstream
of A can be taken as a coherent superposition of the unscattered spherical
wave (solid line) and the wave scattered by the sample (dotted line). The
in-line hologram, which is registered over plane B, records the interference
between these waves. (b) Step 2: Reconstruction. In the absence of the sam-
ple, the in-line hologram C' is illuminated by the same coherent radiation with
which it was recorded. The wave-field downstream of the hologram can be de-
composed into three components, corresponding to the unscattered reference
wave (solid line), a virtual image A’ of the sample (dotted line), and a real
image A” of the sample (dash-dot line). Note that the process of holographic
reconstruction can either be undertaken using a physical optical system, or,
as is now commonly the case, computationally.

dependence of field quantities on angular frequency w.

Let an imaging device B, such as a photographic plate or a CCD camera, be
located in the plane z = 2z (see Fig. 4.5(a)). The intensity distribution Iy (z,y)
over this plane, which is termed an ‘in-line hologram’, is the interference pattern
formed between the unscattered and scattered wave-fields:

IH(xay) = |1/10(’I,y,2,’0) +¢S(I7y320)|2' (460)

For the sake of simplicity, take R — oo in Fig. 4.5; this assumption may be
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relaxed using the scaling theorem outlined in Appendix B, which shows that the
Fresnel approximation allows one to map the R — oo results onto the finite-R re-
sult. For now, note that our assumption implies that the unscattered (‘reference’)
wave 1o (z,y, z) is a plane wave which is normally incident on the detector, allow-
ing us to write ¥o(z,y, 2z0) = A, where A is a given complex constant. Equation
(4.60) therefore becomes:

IH<xa y) ~ |14|2 + A*ws (.’L‘7 Y, Zo) + Awé (.’IJ, Y, 20) + W)S(xa Y, ZO)‘27 (461)

where we have assumed that the scattered wave has the same frequency as the
unscattered wave (elastic scattering approximation). If the scattered wave is
assumed to be much weaker than the reference wave, so that |is| < |A|, we can
discard the last term on the right side of eqn (4.61). We shall assume this to be
the case for the remainder of this sub-section.

We have now completed the ‘recording’ stage of in-line holography. Suppose
that one now takes a digitized image of Iy(x,y), as given in eqn (4.61), and then
computationally applies the free-space wave-field propagator D,_,, for diffract-
ing this wave-field through a distance z — zp, where z > zy (see eqn (1.25)).
Physically, this amounts to performing the experiment shown in Fig. 4.5(b),
whereby an absorbing screen C' is placed in front of the original reference wave,
in the same location that the in-line hologram was recorded; the screen C has a
transmission function that is equal to Iy(zx,y), thereby implying that the com-
plex disturbance at the exit surface of C' is equal to Aly(z,y). Bearing eqn
(4.61) in mind, and making use of the previously mentioned approximation that
[s] < |A|, we see that the reconstructed wave-field Yrecon(T, ¥y, 2),2z > 20, is
given by a sum of three terms:

\Ijrecon(xaya Z) ~ Dz—zo [A\A|2+|A|2¢S($’y, Zo)+A27/)§(337y, ZO)]a zZ 2 2. (462)

Evidently, at the exit surface of the in-line hologram, the reconstructed wave-field
Precon (T, Y, 20) consists of a superposition of three terms: (i) a term A|A|? which,
up to a multiplicative constant |A|?, is equal to the unscattered (‘reference’)
wave—this propagates into the half space z > 2y as indicated by the solid lines
in Fig. 4.5(b); (ii) a term |A|*¥s(x, y, z0) which, up to a multiplicative constant
|A|?, is equal to the wave-field which has been scattered by the sample—this
propagates into the half space z > zg as indicated by the dotted lines in Fig.
4.5(b), forming a virtual image A’ of the object; (iii) a term A2yg(z,y, z0) which,
up to a multiplicative constant, is equal to the complex conjugate of the wave-
field scattered by the sample—this propagates into the half space z > 2y as
indicated by the dash-dot lines in Fig. 4.5(b), and, as shall be demonstrated in
a moment, forms a real image A” of the sample.

From the point of view of a computational reconstruction of the sample from
a digitized hologram, it is convenient to choose z = 2z in eqn (4.62), giving:
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wrecon(xa Y, 220) ~ A|A|2 exp(ikZO) + |A|2¢S (.’I}, Y, 220) + A2DZO [wé (.’IJ, Y, ZO)]
(4.63)
To evaluate the last term on the right side of eqn (4.63), we make use of the
reciprocity theorem outlined in Appendix C, which implies that:

DZU [wg(‘T?yvzo)] = [Z/JS(%Z/,Z = 0)]* (464)

In words, this theorem states that the forward free-space propagation of a given
two-dimensional coherent field which is free of evanescent components, through a
distance d, gives the complex conjugate of the (inverse) free-space propagation of
the complex conjugate of that coherent field through a distance —d. We therefore
arrive at the following expression for the reconstructed wave-field Y,econ Over the
plane z = 2z:

wrccon(x7 Y,z = 220)
= DZ—ZO [AIH (1:7 y)]

= A|A|? exp(ikz) + |Al*Ys(x,y, 2 = 220) + A% [Vs(z,y, 2 = 0)]
= A’[Aexp(—ikzo) + ¥s(z,y, 2 = 0)]" + |AP¥s(2,y, 2 = 220).  (4.65)

The left side of eqn (4.65) is readily evaluated numerically and, as stated
earlier, amounts to computationally applying a free-space propagator to the dig-
itized hologram. One thereby obtains the complex conjugate of the reconstructed
exit-surface wave-field, given by the first term in square brackets on the last line
of eqn (4.65), superposed over a ‘twin image’ term given by the second term in
the last line of eqn (4.65).

Herein lies a fundamental limitation of in-line holography in the form outlined
here: the wave-fields on the right side of eqn (4.65) are overlapping in space. In
particular, the overlap of the real and virtual image is known as the ‘twin image
problem’ of in-line holography. This problem serves to reduce the quality of
reconstructions obtained using Gabor’s method.

The application of Gabor’s ideas to X-ray holography was outlined by Baez
(1952), with early experimental studies including those of Aoki and Kikuta
(1974). As a more contemporary example of the experimental application of Ga-
bor’s ideas to coherent X-ray imaging, see, for example, Watanabe et al. (1997).

We close this section by pointing out that there have been many studies
concerned with means of eliminating the twin image problem from Gabor holog-
raphy. This remains an active field of research, which shall not be reviewed here.
Note, however, that the question of twin-image removal from in-line holograms
is quite closely related to the problem of phase retrieval, which is treated later
in this chapter (Section 4.5). Note, further, that the twin-image problem may be
circumvented using the methods of off-axis holography and Fourier holography,
which are respectively treated in the following pair of sub-sections.
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4.3.2  Off-azxis holography

As we have just seen, in-line holography suffers from the limitations of the twin-
image problem, which arises because the real and virtual images are overlapping
in space. This limitation may be overcome using off-axis holography, as developed
by Leith and Upatneiks (1962, 1963, 1964).

Suppose one could incline the ‘reference wave’ of the previous section, with
respect to the imaging device which records the hologram. With an inclined
propagating reference wave, one replaces A in the previous section’s equations
with A exp(iax), where « is a non-zero real number which specifies the tilt of the
reference wave with respect to the hologram plane. Equation (4.61) becomes:

Iy(x,y) %|A|2 + A" exp(—iax)ys(x,y, 20) + Aexpliax)ps(z,y, zo0)
+ WS(%?J’ZO)F- (466)

Note that, contrary to the case for in-line holography, we will not need to assume
that |1s] < |A] so as to eliminate the last term on the right side of this equation.
Evidently, this allows us to work with samples which are more strongly scattering
than those required for in-line holography.

The second and third terms on the right side of eqn (4.66), which respectively
lead to the real and virtual images of the object, are ‘carried’ on the oppositely-
inclined plane waves exp(—iax) and exp(iaz), implying that these terms will
become spatially separated upon free-space propagation. The first and fourth
terms have no such carrier wave. We conclude that, provided « is sufficiently
large, the real and virtual images are spatially separated both from one another,
and from the wave-fields corresponding to the remaining terms. It is this ability to
isolate the reconstruction of the wave-field scattered by the sample, which allows
off-axis holography to overcome the twin-image problem of in-line holography.

4.3.3 Fourier holography

Consider the schematic for so-called Fourier holography which is sketched in Fig.
4.6. Here, a point source A radiates spherical reference waves 1y whose surfaces
of constant phase are indicated by the solid concentric circles. In the presence of a
sample B, a scattered wave-field g is produced, as indicated by the dashed lines.
The intensity distribution of the resulting far-field diffraction pattern, which is
formed by the interference between the scattered and unscattered wave-fields,
comprises the so-called ‘Fourier hologram’ which is measured over the plane C.

As indicated in the figure, let the optic axis z be perpendicular to the plane
C, which is taken to lie in the plane z = zy. Both the point source and the
sample are taken to lie in the vicinity of the plane z = 0. Let us approximate the
disturbance due to the point source by a two-dimensional Dirac delta centred at
(z,y,2) = (x0,Y0,0), so that the total complex disturbance in the plane z = 0
can be written as:
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I f » 2
z— 0 z— Zg
Fig. 4.6. Schematic for Fourier holography. A point source A emanates spherical

reference waves, as indicated by the concentric circles. This reference wave,
when scattered from a sample B, leads to the scattered wave indicated by
the dashed lines. The far-field diffraction pattern, resulting from the coherent
superposition of reference and scattered wave, is recorded over the plane C.
Note that zg must be sufficiently large for the recorded pattern to lie in the far
zone for a given experimental configuration. After Faigel and Tegze (2003).

7/’(557%2:0):5(53_%»2!—3/0)+¢S($»y7220)~ (467)

If the plane C is sufficiently far downstream of the sample for it to be located
in the far field, then the intensity Iy recorded over this plane will be a Fraunhofer
diffraction pattern. Up to constant transverse and multiplicative scaling factors,
which will be suppressed here, this pattern is given by the squared modulus of
the Fourier transform of ¢ (x,y, z = 0) with respect to & and y, so that:

IH(kmaxy) = \f[w(x,y,z = 0)]‘2

L sy, 2 = 0))2

T a2

+ o explilharo + kyyo)|Flos(r,y, 2 = 0)]

+ % exp[—i(kyzo + kyyo) {Flvs(z,y, 2 = 0)]}". (4.68)

Here, (kg,k,) are the usual Fourier variables dual to « and y.

Suppose that one takes the inverse Fourier transform of the intensity dis-
tribution of the Fourier hologram, using numerical methods such as the inverse
fast Fourier transform of a digitized hologram, or using optical methods. Making
use of the shift theorem, the Fourier representation of the Dirac delta and the
convolution theorem (see Appendix A), we arrive at:
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277-7:_1[IH(km» ky)] :5(3371/) + [wS(i’%y’ z = 0) *1/J§(—l‘, —Y, 2 = O)]
+¢S($+$an+ymz:0)

We examine, in turn, each term appearing on the right side of eqn (4.69).
The first term will lead to a sharp peak at the origin of coordinates in the recon-
structed wave-field. This may be thought of as the zeroth diffracted order of the
holographic ‘grating’, this being the unscattered component of the illuminating
beam. The second term will also typically be localized about the origin of coordi-
nates in the reconstructed wave-field. The third term represents a reconstruction
of the scattered wave-field vs(x,y, z = 0), which has been laterally displaced by
—xg and —yg in the z and y directions, respectively. Finally, the fourth term
gives an inverted and displaced form of the complex conjugate ¢&(x,y, z = 0) of
the scattered wave-field, with the lateral displacement being by zg and yg in the
z and y directions, respectively.

As was the case with off-axis holography, the reconstructed wave-field, as
given by the third term in eqn (4.69), is spatially separated from the remaining
terms present in the reconstruction. One thereby avoids the twin-image problem
of Gabor holography. Note that Fourier holography may be thought of as a form
of off-axis holography, with an off-axis reference wave being given by a spherical
wave emanating from the plane of the sample, rather than by an off-axis plane
wave.

For an experimental demonstration of the principles of Fourier holography, we
consider the experiment by Eisebitt et al. (2004). In this work, the sample was a
magnetic nanostructure comprising the domains of a 50-period cobalt/platinum
multilayer fabricated on one side of a SizgN; membrane. The thickness of the
alternating cobalt and platinum layers was 4 and 7 A, respectively. On the other
side of the SisNy membrane a 600 nm thick gold film was deposited, this being
opaque to the soft X-rays used in the experiment. To provide a ‘window’ for the
sample, a circular hole of 1.5 pm diameter was drilled into the gold layer, from
the surface of the gold layer down to the surface of the SisN, membrane. The
windowed part of the sample then served as the object B in Fig. 4.6—note that
this differs from the situation shown in Fig. 4.6, since the radiation emerging from
the object is a transmitted rather than a scattered beam. Rather than having a
point source A as shown in the same diagram, Eisebitt and co-workers drilled a
conical hole right through the magnetic-multilayer/SisN4 /gold mask. The axis of
this hole was at a distance of 3 um from that of the window, with a diameter of
350 nm on the gold side of the structure and a diameter of 100 nm on the opposite
side. This hole, when illuminated by soft X-rays, yielded the ‘reference beam’
emanating from the point A in Fig. 4.6. The sample-plus-aperture structure
was illuminated by 778 eV right circularly polarized soft X-rays. These X-rays
were produced by taking the output from a circular undulator at the BESSY-
IT storage ring in Berlin, Germany, spectrally filtering it through a spherical
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grating monochromator, and then spatially filtering the resulting radiation by
passing it through a 20 pwm pinhole at a distance of 6 m downstream of the
focus of the monochromator. On emerging from the spatial filter, the radiation
propagated through a distance of 723 mm before illuminating the sample-plus-
aperture structure described above. The resulting Fourier hologram was recorded
over a plane at a distance of 315 mm downstream of the structure. To register
this image, 50 frames were summed, each being obtained with an exposure time
of approximately 10 s using a 2048 x 2048 pixel CCD with a pixel size of 13.5 um.
The resulting Fourier hologram, shown in Fig. 4.7(a), has a number of salient
features including a series of diagonal lines due to the interference of the object
and reference beams!'®, a series of rotationally symmetric fringes due to the
circular window around the object, and a speckled structure due to the scattering
from the sample. Numerically taking the modulus of the Fourier transform of
this CCD image!'®, Eisebitt and colleagues obtained the reconstruction shown
in Fig. 4.7(b). The large central disc corresponds to the first pair of terms on
the right side of eqn (4.69). In this context, we note that the self-correlation of a
disc with the same disc yields another disc, with twice the radius. The two lobes
of the reconstruction, evident in the figure, correspond to the last pair of terms
in eqn (4.69). Each lobe is an independent image of the modulus of the wave-
field at the exit surface of the sample window, with one lobe being an inverted
form (through both x and y) of the other. The rippled structures in each lobe
correspond to the magnetic domain structure of the multilayer. An effect known
as ‘magnetic circular dichroism’ is responsible for one class of domain being more
strongly absorbing than the other, for incident right circularly polarized X-rays.
Note that this contrast is expected to be reversed upon replacing right circularly
polarized X-rays with left circularly polarized X-rays. This was observed to be
the case, by reconstructing the corresponding in-line hologram obtained with the
helicity of the incident radiation reversed (not shown). The spatial resolution of
the reconstruction, in both cases, was 50 nm.

4.4 Phase contrast

Suppose, for the sake of argument, that one was able to construct an essentially
aberration-free X-ray imaging system. Suppose, further, that one was interested
in the study of perfectly transparent samples such as soft biological tissue il-
luminated by hard X-rays. These materials, if they are sufficiently thin for the
projection approximation (Section 2.2) to hold, change only the phase of the radi-
ation transmitted through them. The intensity of the exit-surface wave-function
therefore encodes no information about the structure of the sample, with all such
information being present in the phase of the exit wave-function. Our putative
perfect X-ray imaging system will therefore yield an image which tells us nothing

15S0ome of these are forked, this being indicative of the presence of phase vortices in the
wave-field scattered by the sample. See Chapter 5 for more on phase vortices.

1161 writing eqn (4.69) the inverse Fourier transform was taken, rather than the forward
Fourier transform. The reconstruction is the same in both cases.
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Fig. 4.7. Demonstration of Fourier holography for the imaging of a magnetic
nanostructure comprising a 50-period cobalt/platinum multilayer (details
in main text). (a) Fourier hologram; (b) reconstruction. Diameter of each
side-lobe in the reconstruction, in which the domain structure of the mag-
netic multilayer is evident, is 1.5 pm. Image taken from Eisebitt et al. (2004).
Used with permission.

about the sample. If one defines a ‘perfect’ imaging system as one which faith-
fully reproduces the square modulus of the sample’s exit surface wave-function,
up to transverse and multiplicative scale factors, then we are led to the slightly
paradoxical conclusion that perfect imaging systems are useless for the study of
non-absorbing samples which change only the phase of X-ray radiation passing
through them. Well known examples of this fact include: (i) the poor contrast
evident in an in-focus image of a transparent biological sample which is taken
on a good visible-light microscope; (ii) the poor contrast of untreated biological
tissue in conventional medical X-ray radiographs.

Since perfect imaging systems are useless for the study of non-absorbing thin
samples, we are led to deliberately introduce ‘aberrations’ in order to render
visible the phase shifts which have been imparted to the probe radiation upon
its passage through the sample of interest. Such systems are known as ‘phase
contrast imaging’ systems, since they render phase shifts visible as intensity
variations.

The most famous method of rendering phase shifts visible as intensity vari-
ations, namely interferometry, is treated in Section 4.6.1. Here, we restrict our-
selves to the study of non-interferometric phase-contrast imaging systems which
are coherent, shift-invariant linear imaging systems (Section 4.1.1.3). Recall that
the action of such an imaging system is to take a given forward-propagating
monochromatic scalar wave-field ¢1x(z, y) as input and to yield the wave-function
Your(x,y) = F 1T (ky, ky) Fibin(x,y) as output (see eqn (4.15)). Here, z,y are
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Cartesian coordinates in the plane of the object, F denotes the Fourier transform
with respect to x and y using the convention given in Appendix A, and kg, k,
are the Fourier-space variables dual to x and y. As discussed in Section 4.1.1.3,
a coherent shift-invariant linear imaging system is completely characterized by
the transfer function T'(kg, k,), which equals unity for all k;,k, in a ‘perfect’
imaging system.'”

Perhaps surprisingly, almost any deviation of T'(ks, k), from the ‘perfect’
value of unity for all spatial frequencies k., k,, will yield phase contrast in the
sense that phase variations in the sample’s exit surface wave-function will lead to
intensity variations in the image produced by the imaging system. At once trivial
and profound, this observation can be understood in terms of the interference be-
tween different Fourier components of the exit-wave-function being altered by the
reweighting of these components which is brought about by the non-ideal transfer
function. This is easily seen by reference to Fig. 4.8. Consider a given point (x, y)
in the uniform-intensity exit-surface wave-function exp[i¢(z, y)], which serves as
the input into the imaging system. Via a Fourier integral, the complex distur-
bance at this point (x,y) is given by a coherent superposition of infinitely many
plane-wave terms; the sum of all of these components will yield a complex num-
ber lying on a circle of unit radius in the complex plane, as suggested in the
figure. As one moves around the (z,y) plane, the complex numbers which are
superposed to give explig(z,y)] will of course change, but their sum will still
be constrained to lie on the circle of complex numbers with unit modulus. Now,
if this exit surface wave-function is ‘filtered’ by an imaging system which has
a non-constant transfer function T'(k,, ky), then each of the complex numbers
will be re-weighted differently, so that, in general, the modulus of their coherent
superposition will in general vary with (z,y). Thus we come to the remarkable
conclusion that almost any non-uniform choice for T'(k,, k) will result in a phase-
contrast imaging system. This assertion is borne out in the following, where we
consider four different forms of X-ray phase-contrast imaging which correspond
to four different choices for T'(k,, k,): Zernike phase contrast (Section 4.4.1), dif-
ferential interference contrast (Section 4.4.2), analyser-based imaging (Section
4.4.3), and propagation-based phase contrast (Section 4.4.4). We shall then offer
some remarks on hybrid phase-contrast imaging systems (Section 4.4.5).

4.4.1 Zernike phase contrast

Suppose that a thin non-absorbing sample, when illuminated by coherent nor-
mally incident plane X-rays of uniform unit intensity, leads to an exit-surface
wave-function expli¢(z, y)], where the real function ¢(z, y) describes the position-
dependent phase shift imprinted by the sample on the X-ray beam. As discussed
earlier, an imaging system which perfectly reproduces this exit-surface wave-
function will give an image containing no information about the sample.

Let us decompose the exit-surface wave-function expli¢(z,y)] as:

117Tn making this statement, we ignore both multiplicative constants in the transfer function,
and transverse scaling factors due to magnification.
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Fig. 4.8. Complex plane, where real and imaginary axes are respectively de-
noted by ‘Re’ and ‘Im’. Suppose that five different complex numbers, each
parameterized by some set of numbers 7, are represented by the vectors (‘pha-
sors’) A(1), B(7),C(1), D(1), E(7), and are constrained such that their sum
must have modulus unity. Their sum is therefore represented by a vector
which stretches from the origin of the complex plane, to a point on the circle
with radius unity, which is centred at the origin of the complex plane. If these
phasors, which are considered to represent different Fourier components of a
given uniform-intensity disturbance expli¢(z,y)], are reweighted by different
complex coefficients (say, «, 3,7, 6, €), then the sum A+ 3B+~vC+0D+eFE
will in general have a modulus that is no longer constrained to lie on a circle
of unit radius in the complex plane. In general, this modulus varies with 7.

explig(z,y)] = (explig(z,y)]) + f(z,y), (4.70)

where the constant (expli¢(z,y)]) is by definition equal to the mean value of
explid(z, y)] over the entrance surface of a given coherent imaging system. Thus,
by construction, the spatially averaged value of the complex function f(z,y) is
equal to zero. The Fourier transform of eqn (4.70), with respect to x and y, is:

F {explio(z, y)]} = 2m{explig(x, y)|)0(ka, ky) + F f(2,y), (4.71)

where (kz, ky) is the Dirac delta. Since the average value of f(x,y) is zero, its
two-dimensional Fourier transform F f(x,y) vanishes at the origin k, = k, = 0
of Fourier space. Conversely, 2m(expli¢(x,y)])d(ky, ky) is non-zero only at the
origin of Fourier space. We conclude that, when one physically forms the Fourier
transform of the exit-wave-function exp[ig(x, y)|—as may be done, for example,
by making the said wave-field coincide with the entrance-surface of a zone plate
and then allowing the exit-surface radiation to propagate to the focal plane
downstream of the plate—the contributions due to (exp[i¢(x,y)]) and f(z,y)
are spatially separated.
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Herein lies the germ of an idea which would ultimately earn Zernike his 1953
Nobel prize. In its simplest incarnation, the method of Zernike phase contrast
supposes the Fourier-transformed exit-surface wave-function in eqn (4.71) to im-
pinge upon a thin non-absorbing screen of uniform thickness, which has a phase-
shifting non-absorbing dot located at k, = k, = 0. Suppose this dot to impart a
phase bias of ¢ to the beam passing through it, and that the imaging system
subsequently forms the inverse Fourier transform of the resulting wave-function.
One thereby obtains the complex disturbance (expli¢(z,y)]) exp(i¢B) + f(z,y),
so that the action of the Zernike phase contrast system is to alter the entrance
wave-field as follows:

explig(z,y)] = (explig(x,y)]) + f(z,y)
— exp(igp)(expli¢(z,y)]) + f(z,y)
= [1+exp(igp) — 1{explid(z,y)]) + f(z,y)
= (expli¢(z,y)]) + f(z,y) + [exp(igp) — 1]{expli¢(z,y)])
= explid(z,y)] + [exp(ign) — 1](explid(z, y)]). (4.72)

If we introduce the following complex constant w, which depends on the phase
bias ¢p introduced by the phase-shifting dot:

@ = [exp(ign) — 1] (explig(x, y)]) (4.73)

then the action of the Zernike phase-contrast system can be written as:

explig(z,y)] — explid(z, y)] + . (4.74)

Thus, the Zernike system serves to add the bias-dependent complex constant
w to each point in the uniform-intensity input disturbance exp[ig(z, y)], to yield
the output disturbance exp[i¢(x,y)] + w. This may be viewed in interferometric
terms as yielding an interference pattern between the incident disturbance and
a certain z-directed plane wave, with the plane wave taking the value w at each
point in the output plane of the imaging system. The phase variations over the
input plane are thereby visualized as intensity variations over the output plane,
so that we can indeed speak of this system as exhibiting phase contrast.

This result can also be considered from a more geometric point of view,
as sketched in Fig. 4.9. This shows the complex plane, with a circle of unit
radius centred at the origin O. At any given point (z,y) in the input field, the
associated complex disturbance expli¢(z,y)] will correspond to a point P(z,y)
in the complex plane. As (x,y) is varied, the point P(xz,y) is constrained to
move about the circle, implying that the intensity (modulus squared) of the field
is always unity. Now, as we saw earlier, the action of a Zernike phase-contrast
system is to add the complex constant w to the complex disturbance at each
point in the input field. In the complex plane this may be viewed as displacing
the circle, originally centred at O, to a new circle of unit radius which is centred
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Fig. 4.9. Geometric construction in the complex plane, to aid interpretation of
Zernike phase contrast. The complex number P(x,y) = exp[ig(z, y)] lies on a
circle of unit radius centred at the origin of the complex plane, with real and
imaginary axes respectively denoted by ‘Re’ and ‘Im’. The complex number
P'(z,y) = explid(x, y)] + w lies on a circle of unit radius centred at A = w.

at A. Thus each point P(x,y) is mapped to the corresponding point P’(z,y),
with the output field being constrained to lie on the circle centred at A. As one
moves from point to point in the output field, the corresponding disturbance will
move about the circle centred at A. The resulting intensity will now depend on
the phase of the input field, since the distance of P’(z,y) from the origin now
depends on ¢(z,y). Again, we see that this system exhibits phase contrast.

For an early experimental implementation of X-ray Zernike phase contrast
using soft X-rays, see, for example, Schmahl et al. (1994), and references therein.
Here, we give a brief discussion of a more contemporary implementation of X-
ray Zernike phase contrast microscopy due to Neuhausler et al. (2003). In the
experiment sketched in Fig. 4.10, 4 keV X-rays were used to image buried copper
interconnects in a microelectronics circuit, using Fresnel zone plates for both
the condenser and objective lenses. These gold zone plates had outermost zone
widths of 60 and 50 nm respectively, resulting in an X-ray micrograph with 256-
times magnification and 60 nm resolution. Rather than using a spot to phase
shift the unscattered radiation, use was made of a phase shifting nickel ring,
in the Fourier plane''® of the objective lens. Bearing in mind the beam stop
in Fig. 4.10, it is evident that the unscattered radiation occupies an annular
region in the previously mentioned Fourier plane. Hence the use of a nickel
phase ring, of thickness 0.7 um, in order to shift the unscattered radiation by 7/2

118 A lens may be viewed as a Fourier transformer, since it converts incident plane waves into
spots over the focal plane (more precisely, these are smeared Dirac deltas). The disturbance
incident on the lens may be Fourier-decomposed as a continuous sum of such plane waves,
implying the disturbance in the focal plane to be the Fourier transform of the incident distur-
bance. Hence we speak of the focal plane of the lens, over which each incident plane wave is
brought to a point focus, as the ‘Fourier plane’. Note that these remarks are closely related to
the Abbe theory of imaging, which will not be covered here (see, for example, Born and Wolf
(1999)).



Phase contrast 267

Silicon<111>
channelcut double
crystal monochromator

High N.A. Condenser  ickel phase ring
(Fresnel zone plate) (0.7 pm for /4
or 2.2 pm for 3i/4
phase shift)
Sample Image plane
Out (CCD-coupled

ESRF ID 21
undulator source

In (A€} phosphor
(PO = screen)

1.4 mm diameter
monochromatic
4 keV beam

micro zone
plate

Fig. 4.10. Experimental setup for Zernike phase contrast imaging using 4 keV
X-rays, by Neuh&ausler and colleagues. Fresnel zone plates are used for the
condenser and objective lenses, with the unscattered radiation being phase
shifted by 7/2 radians using a nickel phase ring in the Fourier-transform
plane of the objective lens. Image taken from Neuh&usler et al. (2003). Used
with permission.

Fig. 4.11. Zernike phase contrast micrograph, obtained using the X-ray micro-
scope drawn in Fig. 4.10. This clearly shows buried copper interconnects in
an integrated circuit. Image taken from Neuh&usler et al. (2003). Used with
permission.

radians and thereby achieve Zernike phase contrast. An example of the resulting
image, of copper interconnects buried within the silicon dioxide dielectric of a
microelectronics device, is given in Fig. 4.11.
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4.4.2  Differential interference contrast

Consider, once more, a thin transparent object which is normally illuminated by
unit-modulus monochromatic z-directed scalar plane waves, such that the com-
plex wave-field at the exit surface of the object is exp[i¢(x, y)]. Suppose, further,
that one has an imaging system which is able to create a replica exp[ig(z +¢,y)]
of this wave-field, which has been transversely displaced by a distance ¢ in the
negative = direction. If these two wave-fields may be overlaid, then the action of
the optical system will be to transform input to output as follows:

explig(z,y)] — explig(z,y)] + explid(z + €, y)]. (4.75)

The intensity I(x,y) of the resulting disturbance, which will be an interferogram
formed between the field and the slightly displaced version of itself, is obtained
by taking the squared modulus of the right side of the above expression:

I(z,y) = |explig(z,y)] + explip(z + &, y)]|* . (4.76)

To proceed further, assume ¢ to be sufficiently small that one may make the
following first-order Taylor approximation to the phase ¢(x + &, y):

0
8o+ 2,) = e, y) + 220

Inserting approximation (4.77) into eqn (4.76), we see that:

i [cb(:c,y) + 6%((;;1/)} }

. (4.77)

2
explio(z,y)

I(z,y) =~ ]—|—exp{
3¢(x,y)}
or
9¢(x,y)

2
= ‘1+exp [z’s

2 {1 ;2620 )

The above result is good insofar as our imaging system exhibits phase con-
trast, with the intensity of the resulting output depending on the z-derivative of
phase of the input. Since the contrast depends on the derivative of the phase, we
may speak of this as exhibiting ‘differential phase contrast’ or ‘differential inter-
ference contrast’ (DIC). However, bearing in mind the Taylor-series expansion
of the cosine term:

o [220] 2[00

it is evident that this differential phase contrast is only of second order in the
small quantity e.

This situation may be improved to give differential phase contrast which
is of first order in e, by introducing a phase bias ¢p into the displaced field
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explig(x +¢,y)], prior to interfering it with the non-displaced copy of itself. The
intensity of the resulting disturbance, denoted Ipic(z,y), is then:

Inic(z,y) = |explig(z,y)] + exp(igp) explio(z + &, y)]|”. (4.80)

Making use of the Taylor series approximation in eqn (4.77), valid for small
transverse displacements ¢, we arrive at:

Ipic(z,y) =~ 2 {1 + cos {d)B + E(’M{(?:z;y)} } . (4.81)

Next, we make use of the following double-angle formula:

cos(A+ B) = cos Acos B —sin Asin B (4.82)

for real A and B, to re-write eqn (4.81) as:

N 9d(z,y) . [ 0¢(z,y)
Ipic(z,y) ~ 2 {1 + cos(¢p) cos {gax sin(¢p) sin or
(4.83)
Assume that:
9¢(z,y)
_ 1 4.84
‘5 . < 1, (4.84)
so that we can make the following first-order Taylor approximations:
op(z,y)| _ [ 08z, y)] _ 0d(z,y)
COS |:€8$ ~ 1, S 57 ~ 57. (485)
Thus, to first order in €, eqn (4.83) becomes:
. 99(z,
Ipic(z,y) ~ 2 {1 + cos(¢p) — ssm(qSB)d)giy)} . (4.86)

Introduction of a phase bias ¢p thereby leads to differential interference contrast
of first order in the transverse displacement ¢ of the two superposed fields. The
resulting signal is linear in the xz-derivative of the phase, under the assumptions
stated above. This phase-contrast signal is maximized by choosing ¢p such that
sin(¢p) = +1, that is, with the phase bias being an odd integer multiple of /2.

Differential interference contrast, as described above, is an example of a coher-
ent shift-invariant linear imaging system, in the sense outlined in Section 4.1.1.3.
What is the associated transfer function T'(k., k,) which completely character-
izes such a system? Denoting input and output wave-fields by ¥in(z,y) and
Yourt(z,y) respectively, we have (cf. eqn (4.80)):
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Your(z,y) = Yin(z,y) + exp(igp)Yin(z + €, y)
= Yin(x,y) * [6(x,y) + exp(igp)d(z + &, y)], (4.87)

where ‘x” denotes two-dimensional convolution. Fourier transform both sides of
this expression with respect to x and gy, and then make use of the convolution
theorem (eqn (A.9)) to see that:

Fiour(z,y) = F{tin(z,y) x [0(z,y) + exp(igpp)d(z + &, y)]}
=2m {Fv(z,y)} x {F[6(z,y) + exp(igp)d(z + €, y)]}

=2 {Fyin(z,y)} X {2171- [1+4 exp(igp) exp(iskz)]} . (4.88)

Take the inverse Fourier transform with respect to k, and &, to give

Your(z,y) = F 11 + exp(ipp) explick, )] Fiix (2, 7), (4.89)

which may be compared to eqn (4.15) to obtain the following expression for the
differential interference contrast transfer function:

T(kg, ky, ¢B,€) =1 + exp(i¢B) exp(ick,). (4.90)

This differs from unity—that is, from the transfer function of a ‘perfect’ imaging
system—Dby the single Fourier harmonic exp(i¢p) exp(ick,).

For an experimental demonstration of X-ray differential interference contrast
microscopy using zone-plate optics, see, for example, Kaulich et al. (2002a,b)
and references therein. The former paper contains a particularly useful list of
key references to the earlier literature.

4.4.3 Analyser-based phase contrast

In all of the examples of phase-contrast imaging considered so far, use of a
suitable ‘aberrated’ transfer function—that is, a transfer function differing from
unity—was seen to yield phase contrast in a coherent shift-invariant linear imag-
ing system (cf. Section 4.1.1.3). Thus Zernike phase contrast employs a transfer
function that is unity everywhere with the exception of a phase offset at the
origin (Section 4.4.1), while differential interference contrast has a transfer func-
tion that differs from unity by the addition of a single Fourier harmonic (Section
4.4.2). In this context, we reiterate the fact that almost any deviation from
unity, of the transfer function associated with a two-dimensional coherent shift-
invariant linear imaging system, will yield phase contrast in the sense that phase
variations in the input field will contribute to intensity variations in the resulting
output.
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B
Fig. 4.12. Geometry for analyser-based phase contrast imaging.

The present section, on the use of analyser crystals (cf. Section 3.2.3) to
yield phase contrast, is no exception. Stated more precisely, we shall see that
the technique of analyser-based imaging makes use of reflection of a given two-
dimensional forward-propagating coherent scalar wave from a near-perfect crys-
talline surface, in order to filter the Fourier spectrum and thereby achieve phase
contrast (Forster et al. 1980; Somenkov et al. 1991; Ingal and Beliaevskaya 1995;
Davis et al. 1995a,b; Davis 1996; Davis and Stevenson 1996; Chapman et al.
1997).

Recall the fact that Bragg’s Law is often formulated as the statement that
the planar surface, of a perfect semi-infinite crystal, will act as a perfect mirror
for an incident coherent plane wave impinging at a so-called Bragg angle 0.
Otherwise, the crystal acts as an absorber (see eqn (3.57)). This was seen to be a
consequence of the kinematical theory of X-ray diffraction. The situation is more
complex when a dynamical theory is employed, with the crystal now strongly
reflecting over a range of plane-wave angles of incidence that are sufficiently close
to the Bragg angle (cf. Fig. 3.15(c)).

To proceed further, let us set up two optic axes associated with a given nom-
inal Bragg angle g, as sketched in Fig. 4.12.119 Here, zy is an optic axis giving
the propagation direction C'D of a coherent plane wave incident on the crystal
surface AB at a given Bragg angle 0g to the active crystal planes, while zoyT
denotes the optic axis giving the propagation direction DF of the corresponding
asymmetrically-Bragg-diffracted plane wave. Denote by (z1n, yin) the Cartesian
ordered pair which coordinatizes the plane perpendicular to zin; the Fourier co-
ordinates dual to (zix,¥n) will be denoted by (kN k)Y). Both (zouT,your)
and (KQUT, k??UT) are similarly defined.

A plane wave exp [i(k;NxIN—kkLNyIN)], whose angle of incidence 6 is sufficiently
close to the Bragg angle, will be reflected by the crystal, this reflection being
associated with a given phase-amplitude shift T’ (k;N,k}JN). Thus the passage
from incident to reflected plane wave may be denoted as follows:

119This shows a so-called ‘Bragg geometry’, in which incident and diffracted waves lie on the
same side of the crystalline slab. ‘Laue geometry’ may also be considered, in which incident
and diffracted waves lie on opposite sides of the crystalline slab. This case will not be treated
in the present text.
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expli (k:INxIN + k‘_}/NyIN)] — T(k;N, kLN) expli (kOUTxOUT + IfyOUTyOUT)]. (4.91)

In writing down this expression, we have implicitly assumed that the input—
output relation, due to reflection from the crystal, defines a linear shift-invariant
imaging system as described in Section 4.1.1.3 (cf. Davis 1996). This is an excel-
lent approximation for a sufficiently high quality crystal.!?° Indeed, T'(kLN, k;;N)
evidently plays the role of a transfer function for the crystal.

For notational simplicity, we henceforth assume the active Bragg planes of
the semi-infinite crystal to be parallel to its surface, so that the superscripts ‘IN’
and ‘OUT’ can be dropped from both real-space and Fourier-space coordinate
systems. Note that this restriction is easily dropped at the cost of increased
complexity in the resulting formulae, if necessary. Returning to the main thread
of the argument, let us again consider an incident plane wave exp[i(k,x + kyy)],
whose angle of incidence 6 is sufficiently close to the Bragg angle such that it
is either reflected or ‘close’ to being reflected. As shown in Fig. 4.13(a) let us
interpose a sample of interest between the plane wave and the crystal surface,
with the sample leading to a disturbance

Yin(z,y) = VIin(z,y) explidin (@, y)] (4.92)

over some plane z = constant (the nominal exit surface of the sample). This
plane is sufficiently close to the entrance surface of the crystal for the effects
of free-space propagation to be negligible (cf. Sections 4.4.4 and 4.4.5, together
with Fig. 4.13(b)). Via a Fourier integral, the disturbance over the exit surface
of the sample can be represented as a continuous sum of plane waves nominally
centred about the unscattered plane wave:

YN (z,y) // Uin(ky, ky) expli(kgx + kyy)|dkydk,. (4.93)

Here, QZIN(kI, k,) denotes the Fourier transform of ¢n(z,y) with respect to x
and y, with (k;, k) being Fourier coordinates dual to the (x,y) coordinates in
the plane perpendicular to the incident direction C'D:

iIN(kxa ky) = f%N(% y) (494)

If the sample is sufficiently thin, as we shall assume to be the case, then
we can take the incident Fourier spectrum ﬁIN(kI, ky) to be sufficiently narrow
that the influence of all other Bragg peaks, apart from that which we are here
considering, can be safely ignored. Bearing in mind the fact that our near-perfect
analyser crystal is a linear imaging system, each incoming plane-wave component

1200Qyr assumption will break down in the presence of sufficiently strong defect networks in
the crystal, or in the presence of significant strain fields.
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Fig. 4.13. (a) Schematic for analyser-based phase contrast imaging, with an in-
cident plane wave from A passing through an object O before being reflected
by an analyser crystal B. A phase-contrast image is subsequently recorded
over a two-dimensional position-sensitive detector C. Distances from the ob-
ject to the crystal, and from the crystal to the detector, are chosen to be
sufficiently small for the effects of Fresnel diffraction to be negligible. Active
Bragg planes are assumed to be parallel to the surface of the crystal. (b) As for
A, but with the object-to-crystal distance zpp and/or the crystal-to-detector
distance zpc chosen to be sufficiently long for the effects of Fresnel diffrac-
tion to be non-negligible. Treatment of this latter case is deferred to Section
4.4.5.

exp[i(kgz+kyy)] may be mapped to the corresponding outgoing component using
eqn (4.91), leading to the following expression for the wave-function reflected by
the crystal:

Your(w,y) = 5- / / Ay i (s oy )T (ks Ky expliChar + kyy)). (4.95)

Here, the (z,y) coordinates on the left side are in the plane perpendicular to the
outgoing direction DE. The above equation, which may be written in the form:

Your ke, ky) = Tk, k)i (ka, ky) (4.96)

is simply a statement that the crystal possesses the transfer function T'(k,, k).
In this context, note that the inverse Fourier transform of eqn (4.96) is identical
to eqn (4.15).

The functional form of the transfer function T'(k, k), for a given crystal, may
be calculated from first principles using dynamical diffraction theory. However,
for the purposes of a discussion focussing on the fundamentals of coherent X-
ray imaging, we will continue to work with a generic expression for this transfer
function.

Introduce the following expression:
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R(ky, ky) = T (ky, ky)|?, (4.97)

which is known as the ‘rocking curve’ of the crystal (cf. Fig. 3.15(c)). This func-
tion is typically strongly peaked about a given Bragg angle for a particular
crystal, rapidly reducing to zero (sometimes in a non-monotonic manner) as one
moves away from that Bragg angle. Typical widths for rocking curves are on the
order of micro-radians. Herein lies the ‘analysing’ power of the analyser crystal,
which evidently possesses an exquisite sensitivity in its reflectivity as a function
of the angle with which plane waves are incident upon it (cf. Section 3.2.3). If one
decomposes the exit-surface complex amplitude emerging from a sample, into a
continuous sum (Fourier integral) of plane waves of different directions, the crys-
tal’s filtration of this Fourier spectrum will lead to great sensitivity to the phase
and amplitude modulations imposed by the sample upon the wave-field.

Following Gureyev and Wilkins (1997), one may consider two opposite ex-
tremes of analyser-based X-ray phase contrast imaging. The first extreme, which
they termed the ‘refractometric mode’, corresponds to the case where the Fourier
spectrum of the incident wave-field is much broader than the transfer function
of the crystal. The second mode, termed the ‘differential’ mode, corresponds to
the case where the Fourier spectrum of the incident wave-field is much narrower
than the transfer function of the crystal. We consider each mode in turn.

In all further discussions, we assume the crystal transfer function T'(k,, ky) to
be a function of one Fourier-space direction only, which may be taken as &k, upon
a suitable rotation of coordinate system. This is an excellent approximation for
many practical applications.

In the refractometric mode of analyser-based phase contrast imaging, the
Fourier spectrum of the incident wave-field (i.e. the wave-field transmitted through
the sample, and incident upon the analyser crystal) is much broader than the
transfer function of the crystal. Therefore, the analyser crystal serves to filter
the incident Fourier spectrum, to be non-zero only along a small strip centred
along a line:

ky = k) (4.98)

in Fourier space. Let us take this strip (‘reciprocal-space slit’), within which the
transfer function is non-negligible in modulus, to be the Fourier-space region

kO — A<k, <K24+A. (4.99)

This is somewhat analogous to Schlieren imaging!'?! as it corresponds to a pair
of knife edges, one of which blocks all Fourier frequencies in the region:

1211n Schlieren phase contrast, not considered in detail in this text, the corresponding transfer
function T'(kz,ky) is equal to zero if k; < 0, being equal to unity otherwise. This may be
achieved by placing a so-called ‘knife edge’ in the back focal plane of a lens, thereby blocking
out half of the Fourier spectrum of the incident disturbance.
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kr < K0 — A, (4.100)

and the other of which blocks all Fourier frequencies in the region:

ky > K2+ A. (4.101)

A crucial difference between knife edges and analyser crystals, considered as
Fourier space filters, lies in the fact that, for the former, the transfer function
has uniform modulus over the transmitted regions of Fourier space, whereas the
latter is a complex function of Fourier-space location for the transmitted regions
of Fourier space. In the refractometric mode, the analyser crystal passes only
a narrow prism of propagation vectors in the plane-wave decomposition of the
wave-field which is incident upon it, corresponding to the Fourier-space strip
in eqn (4.99) (Davis 1996). Each spatial frequency, in this ‘pass band’ of the
imaging system, will in general be weighted by a different complex factor T'(k,),
corresponding to the transfer function of the analyser crystal. Further, as one
alters the angle of incidence between the unscattered plane wave and the surface
of the analyser crystal, the pass band of the system will sweep through various
regions in the Fourier spectrum of the incident field. Viewed somewhat crudely
in terms of geometric optics, one may state that the crystal only reflects incident
‘rays’ that lie within the previously mentioned prism of angles, corresponding
to the Fourier-space pass-band of the analyser crystal. This picture, however, is
only valid in the geometric-optics limit of the theory, which will not be discussed
here.

In the second mode of analyser-based phase contrast, namely the differential
mode, the Fourier spectrum of the input field is much narrower than the transfer
function of the crystal. Provided that the analyser is oriented such that the
transfer function has no zeros in regions where the spectrum of the incident
wave is non-negligible, we conclude that no spatial frequencies are blocked by
the imaging system. Rather than acting as a dual Schlieren-type knife edge, as
was the case in the refractometric mode described earlier, the analyser serves to
re-weight each Fourier component of the wave-field incident upon it. Once again,
this leads to phase contrast.

We are ready to put some mathematics to the preceding statements regarding
the differential mode of analyser-based phase contrast imaging. Make the admit-
tedly restrictive assumption that the Fourier spectrum IZIN(]{}I, k,) of the input
wave-field, appearing in eqn (4.96), is sufficiently narrow for the transfer func-
tion T'(kg, ky) = T'(k;) to be safely approximated by its first order Taylor-series
expansion about k0, so that:

T(ky) = T(k2) + (k, — k) A, (4.102)

where:
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_ [dT(kz)
A= { i L " (4.103)
Hence eqn (4.96) becomes:
Your(ke: ky) = [T(kD) + (ke — kD) A] Y1 (Ko, ky).- (4.104)

Note that, by assumption, JJIN (kz, ky) is negligible at Fourier space coordinates
(kz, ky) for which the approximation in square brackets ceases to be valid, so
that the product on the right-hand side of eqn (4.104) is a good approximation
for all Fourier-space coordinates (kz, k).

Next, inverse Fourier transform eqn (4.104) with respect to k; and k,, bearing
in mind the Fourier derivative theorem, to give:

Your(z,y) = BYin(z,y) — iAa%:wIN(x, ), (4.105)

where:

B=T(k) — AKL. (4.106)

Write YouT(z,y) in terms of its intensity Iour(z,y) and phase ¢our(z,y) as:

Your(z,y) = Iour(z,y) explidouT(z,y)], (4.107)
with:
Yin(z,y) =V In(z,y) expligin(x, y)] (4.108)

similarly defined. Substitute these expressions into eqn (4.105), and then take
the squared modulus of the result, to give (Paganin et al. 2004a):

IOUT(xay) _ 2 * 8¢1N<xay) _ * 0
Tn@y) =|B|* + 2Re(A B)iax Im(A B)—ax log, Iin(,y)
o (z,y)]? AP O ?
+ A2 [ ¢n\é(m$ y)] + | 4| [83@ log, [IN(Q;?y)} . (4.109)

The registered phase contrast image IouT(z,y) is the product of the incident
intensity Iin(x,y) with the five terms on the right-hand side of eqn (4.109). Let
us examine each term in turn. (i) In the absence of the analyser crystal, A =0
and so eqn (4.109) reduces to:

Iout(2,y) = |BI*Iix(2,y), (4.110)

which exhibits no phase contrast. Therefore, up to a multiplicative constant,
the first term represents the absorption-contrast image which would have been
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registered in the absence of an analyser crystal. Note that, in many practical
contexts, this term is not the dominant term in image formation; indeed, if this
term is dominant, then there is often less need to perform a phase contrast
imaging experiment, since absorption contrast gives an adequate signal in the
image. (ii) The second term is proportional to the derivative, in the a direction,
of the phase ¢in(x,y) of the incident wave-field. Hence one may call Ioyr(z,y)
a phase-contrast image, with this image being sensitive to phase gradients in one
direction only (cf. eqn (4.86)). Indeed all terms but the first, on the right side of
eqn (4.109), introduce a strong directional bias in the resulting analyser-based
phase contrast image. (iii) The third term is proportional to the derivative of the
incident intensity, in the x direction. Note that the image is sensitive to both the
incident intensity, and its derivative with respect to x. This may be compared
to the fact that the image is sensitive to phase gradients in the x direction, but
not to the phase itself. (iv) The fourth term is quadratic in the derivative of the
incident phase in the z direction, while (v) the fifth term is quadratic in the
derivative of the incident intensity in the z direction.

To illustrate the theory developed above we now turn to an example of
analyser-based phase contrast imaging, as shown in Fig. 4.14. This is an image of
four identical nylon inclusions, each of length 10 mm, which are embedded in a 4.3
em thick TOR(MAM)®© mammographic test phantom (Department of Medical
Physics, Leeds University, United Kingdom). This is intended to emulate a full
thickness of female human breast tissue, forming a common standard which may
be used to compare the relative performance of various mammographic imaging
systems. In the present experiment, a silicon 111 monochromator was used to
pass 20 keV synchrotron X-rays, emanating from the ELETTRA storage ring
in Trieste, Italy. The analyser crystal was detuned from the Bragg condition for
the unscattered X-ray radiation, such that the reflectivity for the unscattered
radiation was approximately 50% of its maximum value. For a more detailed
explanation of the experimental configuration, the reader is referred to Lewis et
al. (2002).

Figure 4.14 clearly demonstrates a number of salient features of analyser-
based phase contrast imaging. One immediately notices that, despite the fact
that all four nylon fibres are identical, they have very different appearances in
the analyser-based image. The vertical fibre has the greatest contrast, since this
fibre will produce the greatest phase and intensity gradients in the z direction,
which is identified with the horizontal direction in the displayed image (cf. eqn
(4.109)). The reversal in contrast, from black on the left side of the vertical fibre,
through to white on the right side, is a direct manifestation of the second term
on the right-hand side of eqn (4.109). The two diagonal fibres display an inter-
mediate degree of contrast, due to the z-derivative of the phase of the wave-field
transmitted by the sample. The horizontal fibre displays no ‘derivative’ contrast,
since, with the exception of its ends, it introduces no modulations in the x di-
rection. One can see the weak absorptive effects of the horizontal fibre, which
are represented by the first term on the right side of eqn (4.109). These weak
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Fig. 4.14. Analyser-based phase contrast image of four identical nylon inclu-
sions, each of length 10 mm, embedded in a mammographic test phantom
designed to emulate a 4.3 cm thickness of female human breast tissue. Image
taken from Paganin et al. (2004a). Used with permission.

absorptive effects are present for all four fibres; however, for the non-horizontal
fibres, the ‘derivative’ contrast is the dominant contrast mechanism. Also, note
the white dot on the right side of the horizontal fibre, which exhibits derivative
phase contrast. The effects of the final three terms, in eqn (4.109), are not appar-
ent to the eye in the present image. Indeed in many treatments these three terms
may be safely ignored (see, for example, Chapman et al. (1997)). Lastly, we note
that the analyser crystal is able to reject the vast majority of the radiation which
is inelastically or incoherently scattered by the sample (Section 2.10)—this is a
considerable advantage in contexts which generate a significant degree of such
scatter, including the imaging of thick biological samples.

4.4.4  Propagation-based phase contrast

Consider such everyday phenomena as the heat shimmer over a hot road, the
twinkling of stars on a clear night, the focusing of sunlight by a good glass
lens, and the network of bright lines which dance about the floor of a swimming
pool on a cloudless day. Each of these are examples of phase contrast imaging
systems, in the general sense of the term which was defined earlier in this chapter.
What each of these four examples have in common is the use of propagation to
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Fig. 4.15. Propagation-based phase contrast, from the point of view of geomet-
ric optics.

render phase variations, which are introduced over a given exit-surface plane
downstream of a non-absorbing structure, visible as intensity fluctuations over a
plane suitably far downstream of the initial plane.

Bearing this in mind, consider Fig. 4.15. The wavy line schematically denotes
the wave-front (surface of constant phase) associated with a paraxial wave-field:

Yo(z,y,2 = 0) =/ 1u(z,y,2 = 0) exp[i(;ﬁw(x,y,z = 0)] (4.111)

which exists over an exit-surface plane, taken as z = 0, of a semi-transparent
structure (not shown) illuminated from the left with paraxial monochromatic
scalar electromagnetic radiation. The quantities I, (z,y,z = 0) and ¢, (z,y,z =
0) respectively denote the intensity and phase of the radiation over the plane
z = 0, with z and y being Cartesian coordinates over planes parallel to the optic
axis z, and w denoting the angular frequency of the radiation. At a point B over
the wave-front, draw a tangent sphere ABC' centred at F', with F lying near the
optic axis on account of the fact that the radiation is assumed to be paraxial.
At point B, our exit-surface wave-field looks like a collapsing spherical wave, on
account of the fact that this tangent sphere is on the right side of the wave-front.
Therefore, within the geometric-optics approximation, the intensity will increase
as one moves from B towards F'. For the same reason, the intensity will increase
as one moves in the positive z direction through a small distance, from the point
B to a point to the right of B. Using similar reasoning, one can consider tangent
spheres to points such as D on the wave-front. Here, the tangent sphere is on
the left side of the wave-front, rather than on the right side; locally, the wave-
front then looks like an expanding spherical wave, with the intensity therefore
decreasing as one moves through a small distance in the positive z direction.
This line of reasoning gives a simple geometric picture for what may be termed
‘propagation-based phase contrast’, namely a form of phase contrast imaging
which uses free-space propagation in order to convert phase variations over a
plane, into intensity variations in a registered image. Importantly, no optical
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elements are required in order to create such a phase-contrast image. We now
turn to a wave-optical formulation of this concept of propagation-based phase
contrast.

Let us begin with the operator form for the Fresnel diffraction integral, given
in eqn (1.28):

Yo(x,y,z2 = A) =exp(ikA) (4.112)
—IA(K2 £ k2)

= > .
5% Fioo(z,y,2=0), A>0

x Flexp

Here, ¥, (z,y,z = A) denotes the wave-field that is obtained by propagating
the disturbance 9, (z,y,z = 0) through a distance A > 0, F denotes Fourier
transformation with respect to x and y using the convention outlined in Appendix
A, F~1 denotes the corresponding inverse Fourier transformation, k is the wave-
number of the radiation and (k,, k,) are the Fourier coordinates dual to (z,y).

Assume the propagation distance A to be sufficiently small that one may
make the following approximation to the second exponent (Fresnel propagator)
in eqn (4.112):

iA(kS + k)
Ml (4.113)

—iA(KZ + k)

exp o

Making subsequent use of the Fourier derivative theorem, and writing the un-
propagated wave-field in the form given by eqn (4.111), we see that eqn (4.112)
becomes:

Yo(z,y, 2 = A) =exp(ikA)
iAV2
2k

X [1 + } I,(z,y,z=0)expli¢,(z,y,z = 0)],

A>0. (4.114)

Here, V2 = 0%/02% + 0?/0y* denotes the Laplacian in the zy plane.
Since we are interested in calculating the intensity:

I(z,y,2 = A) = [, (z,y,2 = A)]? (4.115)

of the propagation-based phase contrast image, take the squared modulus of
eqn (4.114). Discarding terms that are quadratic in the propagation distance
A, which will be permissible if the propagation distance is sufficiently small, we
arrive at:
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Io(z,y,2 = A) =lL,(z,y,2 = 0)
2 Re{y/L e,z = 0) expligu(r .2 = 0)] 2
x VAV, = = 0 espligu(r,,2 = 0)]}. (4116)

This expression may be manipulated into the following form'?2:

Iw(x,y,z = A) :Iu(z,y,z = 0)

SOV Ly =0V ey =0). (4117)

This result shows how the propagation-based phase contrast image, recorded
over the plane z = A > 0, is related to both the phase and intensity variations
of the field over the plane z = 0. The more strongly curved the wave-front over
a given point in the plane z = 0, the greater will be the increase or decrease in
the intensity at the corresponding point in the propagation-based phase contrast
image. This observation allows us to make contact with the simple geometric
picture, for propagation-based phase contrast, with which we opened the present
sub-section.

If the intensity of the unpropagated field is sufficiently slowly varying in  and
y, then its  and y derivative may be neglected. Equation (4.117) then becomes
(Bremmer 1952):

ZA
I(z,y,2=A) =~ I,(z,y,2=0) |1 — %Viqbw(x,y,z =0)|. (4.118)

Here, we have made use of the fact that k = 27 /A, where A is the radiation
wavelength.

In the regime of small defocus and negligible wave-front tilt, eqn (4.118) de-
scribes phase contrast by defocus, with contrast proportional to the Laplacian of
the phase of the wave-function being visualized. This contrast increases linearly
with z, until the value of z is sufficiently large for our approximations, used in
obtaining this expression, to break down. Note that if one makes use of an imag-
ing system to replicate, possibly in magnified or demagnified form, the wave-field
in the plane z = 0, then z can evidently be made negative as well as positive.
Indeed, eqn (4.118) models the well-known contrast reversal which is observed
when one passes from under-focus to over-focus, when using a bright-field imag-
ing system!?? to form an image of a thin transparent sample (see, for example,

122Note that this is a form of the ‘transport-of-intensity equation’ (Teague 1983), which will
be discussed at greater length in Section 4.5.2.

123By ‘bright-field imaging system’ we refer to a coherent two-dimensional imaging system
which is not specifically engineered to yield phase contrast, namely one which is designed to
form as faithful as possible a reproduction of the intensity of the incident wave-field, in forming
the output wave-field corresponding to the registered image.
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Zernike (1942)). Note in this context, that one does not need an imaging system
to achieve such ‘propagation based’ phase contrast, since free-space propagation
will do the job. In the absence of an imaging system, one must choose z to be
non-negative, corresponding to free-space propagation, from the exit surface of
the sample to the imaging plane, through such a distance. Accordingly, while
this section will speak of the case of achieving phase contrast via propagation
through free space, it should be understood that the same ideas hold true for
defocus (which, as already stated, may be either positive or negative) in a bright-
field X-ray imaging system.

An important feature, of propagation-based phase contrast, is its relative
insensitivity to polychromaticity (i.e. lack of temporal coherence) in the radiation
source. However, the method is rather sensitive to lack of spatial coherence in
the source: if the size of an incoherent source is too large, propagation-based
phase contrast is destroyed. Thus propagation-based X-ray phase contrast can be
achieved using fully polychromatic X-ray radiation from a small source (Wilkins
et al. 1996).

To explore this idea in more detail, let us obtain a polychromatic general-
ization of eqn (4.118). This equation holds for each monochromatic component,
which has given wavelength A corresponding to angular frequency w, of an inci-
dent polychromatic field. Indicate this dependence of the relevant quantities on
angular frequency by writing eqn (4.118) as:

I,(x,y,2) =~ I,(x,y,z2 =0) [1 - ﬁVﬁ_c{)w(ac,y, z2=0)]. (4.119)
w
Here, we have made use of the fact that:

A=, (4.120)

where c is the speed of light in vacuum.

To keep our formulae simple, assume that polychromatic plane waves are
normally incident upon a non-absorbing structure which is sufficiently thin for
the projection approximation (Section 2.2) to be valid.'?* Assume further that
the structure is composed of a certain number M of different materials, each of
which have a given w-dependent refractive index denoted by:

anEl—(;w,j, .]:1723 7M- (4121)

The projected thickness of each material is written as Tj(z,y). Under these
approximations the phase shift A¢,, (z,y,z = 0), suffered by a given normally

124Note, however, that the assumptions of both planar incident radiation, and a transparent
sample, are easily lifted. At the price of working with a non-trivial scattering theory, one may
also lift the assumption of the projection approximation by using, for example, one of the
scattering theories outlined in Chapter 2 (e.g. multislice or the first Born approximation).
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incident monochromatic plane wave of angular frequency w which passes through
the structure, is given by the following generalized form of eqn (2.41):

M M
2w w
Ad)w(x?yvz = 0) = _7 Z(st‘Tj(l‘,y) = _; Z(Sw;jTj(x7y)' (4'122)
j=1 =1

Hence the phase of a given monochromatic component in the plane z = 0, that
is, at the exit surface of the structure of interest, is given by:

¢u(z,y,2=0) Z(S iTi(z,y). (4.123)

Here, qﬁﬁ\;) is a given constant phase offset of a particular monochromatic com-
ponent of the polychromatic plane wave. Substitute eqn (4.123) into eqn (4.119),
letting I,(x,y,2 = 0) = f(w) indicate the different spectral weights of the
monochromatic components of the polychromatic plane wave. Note that the
independence of f(w) on z and y amounts to the previously stated assumption
that the object is non-absorbing at all wavelengths for which the incident spec-
trum is non-negligible. One may then integrate the resulting formula over all
angular frequencies, to obtain (Wilkins et al. 1996; Pogany et al. 1997)'25:

M
I(z,y,2) =~ I(z,y,2=0) + ZZ [/ §w,jf(w)dw] VAT;(z,y). (4.124)
j=1
Here, we have defined:

T(e,y,2) = / L(x,y, 2)dw, (4.125)

this being the time-averaged intensity of the polychromatic field, which is ob-
tained by summing the intensities of each of its monochromatic components (cf.
Section 4.1.2.1). Again, we see the now-familiar Laplacian term, indicating that
the polychromatic phase contrast image is sensitive to the curvature (i.e. the
Laplacian) of the projected thickness of each material in the sample.

Regarding the experimental demonstration of propagation-based phase con-
trast—albeit in a non-imaging context—it is worth noting that Rontgen himself
investigated this problem, within the context of the geometric-optics concept
of refraction. Specifically, he enquired whether his newly discovered X-rays were

125We recall that the time-averaged intensity, when averaged over a time sufficiently long
with respect to the coherence time of a finite-duration polychromatic field, is the sum of the
intensities of each monochromatic component.



284 Coherent X-ray imaging

‘susceptible of refraction’, concluding that ‘I have obtained no evidence of refrac-
tion’ (Rontgen 1896). In retrospect, we now know that X-rays are a form of elec-
tromagnetic radiation, a hypothesis considered and then rejected in Rontgen’s
pioneering paper. This then leads us onto a consideration of experimental work
in propagation-based phase contrast using electromagnetic radiation, of which
visible light was the earliest known example. In its simplest incarnation, such
propagation-based phase contrast is at least as old as the lens itself, the ori-
gins of which will not be traced here. In the context of visible light microscopy,
propagation-based phase contrast (via over- or under-focus of a bright-field im-
age of a transparent sample) has long been known. In this context, note that
Zernike opened one of his earliest phase-contrast papers with the lines, ‘Every
microscopist knows that transparent objects show light or dark contours under
the microscope in different ways varying with defocus...” (Zernike 1942).

Regarding experimental demonstrations of propagation-based X-ray phase
contrast imaging using hard X-rays, the key papers are by Snigirev et al. (1995,
1996), Wilkins (1996), Wilkins et al. (1996), Nugent et al. (1996), and Cloetens
et al. (1996). Of these, the papers by Snigirev et al., Nugent et al., and Cloetens
et al. all used monochromatic synchrotron radiation, while the work cited of
Wilkins and colleagues involved using polychromatic radiation from a microfo-
cus lab-based source and has laid the foundations for phase-contrast imaging
using conventional X-ray sources. A propagation-based phase-contrast image,
from Snigirev et al. (1995), is shown in Fig. 4.16 while one from Wilkins et
al. (1996) is shown in Fig. 4.17. In both sets of images we see the effects of
propagation-based phase contrast, due to the transverse redistribution of optical
energy arising from transverse phase modulations imposed on the X-ray beam
upon its passage through the sample.'26

4.4.5 Hybrid phase contrast

We have repeatedly seen that almost any deviation from unity, of the transfer
function characterizing a two-dimensional coherent shift-invariant linear imaging
system, yields phase contrast in the sense that phase variations in the input field
lead to intensity variations in the corresponding output. Examples include the
use of a Zernike system to phase shift the central spot of the Fourier transform of
the input (Section 4.4.1), the transfer function of differential interference contrast
which differs from unity by the addition of single Fourier harmonic (Section
4.4.2), the use of a crystal transfer function in analyser-based phase contrast
(Section 4.4.3) and the use of the free-space transfer function in propagation-
based phase contrast (Section 4.4.4).

The second and third systems, listed above, suffer from the deficiency of di-
rectional bias in the resulting phase-contrast image, being sensitive to transverse
phase gradients in a given direction while being insensitive to phase gradients in
the orthogonal transverse direction. This is a direct consequence of the fact that

126Note, also, the example of propagation-based X-ray phase contrast—in the non-imaging
context of X-ray lithography—by White and Cerrina (1992).
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(a) 100 um (b)

Fig. 4.16. Propagation-based phase contrast images of partially melted alu-
minium foil, obtained using 16 KeV monochromated synchrotron radiation.
(a) Image obtained at 25 c¢cm propagation distance from foil; (b) image ob-
tained at 150 cm from the foil. Note that, since aluminium is essentially
non-absorbing at the X-ray energy used to produce the above data, no con-
trast would be observed in an absorption-contrast image (i.e. one taken at
close to zero propagation distance, between the exit surface of the sample and
the surface of the detector). Image taken from Snigirev et al. (1995). Used
with permission.

the associated transfer functions vary with one Fourier-space coordinate only,
taken to be k, in our preceding analyses. Most non-trivial means of removing
this symmetry, of the transfer function, will overcome the deficiency mentioned
above. This is easily obtained by cascading (Section 4.1.3), hybridizing either of
these phase-contrast systems (whose transfer function depends only on k,) with
another phase-contrast system whose transfer function depends on k, (Pavlov
et al. 2004). One simple means of doing so is to defocus one’s differential inter-
ference phase contrast images, or one’s analyser-based phase contrast images,
thereby incorporating propagation-based phase contrast into each system. These
hybrid phase-contrast scenarios are respectively described in the following pair
of sub-sections.

4.4.5.1 Combined differential interference contrast and propagation-based phase
contrast Inserting the transfer function for differential interference contrast
(eqn (4.90)) into the operator form for the action of an arbitrary shift-invariant
coherent linear imaging system (eqn (4.15)), we see that the relation between
input and output fields is given by:
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Fig. 4.17. Propagation-based phase contrast images of air bubbles and glass
fibres embedded in glue, obtained using broad-spectrum polychromatic ra-
diation from a micro-focus laboratory X-ray source at 60 kV tube voltage.
Anode was copper, with size of polychromatic X-ray source at approximately
20 um. For both images, source-to-sample distance was 200 mm. (a) Ab-
sorption image, obtained using a sample-to-detector distance of 1 mm, shows
very little contrast as the sample is almost perfectly transparent; (b) Poly-
chromatic propagation-based phase contrast image, showing strong contrast,
obtained using a sample-to-detector distance of 1200 mm. Image taken from
Wilkins et al. (1996). Used with permission.
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Your(z,y, PB, &) = F! [1 + exp(i¢p) exp(icks)] Fin(z,y). (4.126)

Recall that € is the transverse shift between the two copies of the incident co-
herent scalar wave-field which are created in a differential interference contrast
system, and ¢p is the phase bias induced on the displaced field (see Section
4.4.2). All other symbols are as defined previously.

Next, suppose that this output wave-field is propagated through a distance
A > 0. Assuming the field to be paraxial, we may apply the operator form of
the Fresnel diffraction operator to the right side of eqn (4.126), as given in eqn
(1.28), so that the output field is now:

1/)OUT($a Y, ¢B7 g, A7 k) = eXp(lkA)
AR + k2)

-1
x F~ " exp o

[1 4 exp(i¢p) exp(icks)] Fin(z,y).  (4.127)

In the lower line of this equation, assume that both A and ¢ are sufficiently small
that one may replace all exponential functions involving these quantities, by their
first-order Taylor expansions. Making subsequent use of the Fourier derivative
theorem, we arrive at:

"/}OUT(xv Y, ¢B7 g, Aa k) ~ exp(zkA)

A2
X (1 + lAvL) [1 + exp(idp) + sexp(iqu)(% Yin(, y). (4.128)

2k

To avoid undue complexity in our formulae we assume that the incident field
has no intensity modulations, so that we may write:

YN (z,y) = explidm(z,y)]. (4.129)

Insert this into eqn (4.128), expand the resulting expression and then discard
the cross term proportional to the product €A, leaving:

Your (T, Yy, ¥, €, A, k) exp{—i[p(z,y) + kA]}
6(bIN(:E7 y)
ox

= %[1 + exp(ign)] [V dx(z, y) + |V Lo (z, y) ] . (4.130)

Take the squared modulus of the above expression, keeping only those terms
which are linear in either A or ¢, discarding higher-order terms in either vari-
able together with any cross terms proportional to eA. This yields the following

~ 1+ exp(igp) + icexp(ipp)
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approximate formula for the intensity Iour(z,y, e, ¢B, A, k) output by our hy-
brid imaging system, which incorporates differential interference contrast with
propagation-based phase contrast:

IOUT(QT»% ¢B7€a Aa k)

~ 2|1+ cosgp — esin((éB)M — é(cos OB + 1)Vi¢m(x,y)} )

ox k
(4.131)

As the above result demonstrates, the hybrid imaging system is sensitive to
phase variations in both the z and y directions. Note that the above formula re-
duces to eqn (4.86) when A = 0, corresponding to ‘pure’ differential interference
contrast. If we set ¢ = 0 and ¢p = 0, then the right side of the above equation
is equal to four times the right side of eqn (4.118), for the case of uniform un-
propagated intensity. This factor of four arises because two identical fields are
considered to be superposed over one another, prior to propagation, in the above
calculation. This doubles the amplitude and quadruples the intensity.

4.4.5.2 Combined analyser-based contrast and propagation-based phase contrast
The essential feature of the general methodology for studying hybrid phase con-
trast in shift-invariant coherent linear imaging systems, a special case of which
is described in the previous sub-section, is as follows: (i) When cascading phase-
contrast imaging systems, the corresponding transfer functions are multiplied
by one another in the relation mapping input to output fields (cf. eqn (4.127));
(ii) Assume that the transfer functions are sufficiently slowly varying, over the
region of Fourier space where the two-dimensional Fourier transform of the inci-
dent disturbance is non-negligible, for them to be well approximated by low-order
Taylor expansions; (iii) Invoke the Fourier derivative theorem, to convert terms
in the Taylor series into differential operators in real space, in the relation which
maps the input to the output fields (cf. eqn (4.128)); (iv) Evaluate the intensity
of the output produced by the cascaded phase-contrast system (Pavlov et al.
2004).

This methodology may also be used to study the hybrid phase contrast imag-
ing system sketched in Fig. 4.13(b), which unites analyser-based phase contrast
with propagation-based phase contrast (Pavlov et al. 2004; Coan et al. 2005).
Here analyser-based phase contrast is augmented by propagation-based phase
contrast via the simple expedient of introducing sufficient distance, between the
object and the crystal and/or between the crystal and the detector, in order
for propagation-based phase contrast to be active. This serves to redress the
direction specificity of analyser-based phase contrast imaging, as epitomized by
Fig. 4.14. Pavlov et al. (2004) have developed a theoretical formalism, based on
the methodology described above, for studying this hybrid of analyser-based and
propagation-based phase contrast imaging. For an experimental study, see Coan
et al. (2005).
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4.5 Phase retrieval

Consider, once again, the fine network of bright lines which dance about the
bottom of an outdoor swimming pool’s floor on a cloudless day. This intensity
distribution is a phase-contrast image, in the sense described at the start of
Section 4.4: phase variations in a given wave-field are rendered visible as intensity
variations, in the image produced by a phase-contrast imaging system.

The notion of ‘phase retrieval’ goes a step beyond phase contrast, in the sense
that one now wants to measure, or ‘retrieve’, a given phase distribution from one
or more phase contrast images of that distribution, which are obtained as out-
put from a given phase-contrast imaging system. Adopting this viewpoint, such
phase-contrast images are viewed as encrypted or coded images of the desired
phase distribution ¢(z,y). The problem of phase retrieval can then be phrased
as the problem of decoding such images to obtain the phase ¢(z,y) of the input
radiation field which led to the said images.

The problem of phase retrieval, often termed the ‘phase problem’ for brevity,
arises on account of the extremely rapid nature of wave-field oscillations at X-ray
frequencies. The existing state of the art, in X-ray detector technology, is still
many orders of magnitudes too slow to directly detect the position-dependent
phase of a coherent X-ray wave-field, or the position-and-time-dependent phase
of a partially coherent X-ray wave-field. Rather, imaging experiments are only
sensitive to the time-averaged intensity, with this time average being taken over
very many cycles of wave-field oscillation. If one measures the time-averaged
intensity image (or a set of such intensity images) produced by a phase-contrast
imaging system, such as those which have previously been described, then the
intensity of this image (or set of images) will in general be a function of both
the intensity and phase of the radiation wave-field which was input into the
system. How can one retrieve the phase of the input wave-field, given one or
more phase-contrast images of the wave-field?

This phase problem is an example of an ‘inverse problem’ and may be prof-
itably studied within the context of the theory of inverse problems, which has
generated a huge and profound literature. Before turning to a detailed study of
certain methods of phase retrieval in coherent X-ray optics, it is therefore fitting
that we say a few words concerning the theory of inverse problems.

The laws of physics may be abstractly viewed as algorithms governing the
flow of information (Landauer 1996), a notion central to the considerations of
inverse-problem theory. Loosely, a large class of ‘direct problems’ consist of de-
termining the effect which arises from a given cause, while the associated ‘inverse
problem’ attempts to infer the cause from a given measured effect. In the context
of imaging, the forward problem is associated with a model for a particular imag-
ing scenario, with the goal being to determine the imaging data which results
from the model of the object, sources, and detector, together with the interac-
tions between them. The associated inverse imaging problem is then to determine
something about the object and/or the radiation, given measured image data.
Solution of the direct problem is always possible by using the constructive meth-
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ods of mathematics (see, for example, Anger (1990)) to write down a map such
as an integral transform between the known parameters of a given model and
the desired data. This is not so for the inverse problem, because the inverse
map, from data to the model, does not necessarily exist. Apart from having a
detailed understanding of the related direct problem, solution of an inverse prob-
lem requires one to consider the existence and uniqueness of the solution, and, if
these criteria are met, the stability of the retrieved information with respect to
perturbations in the input data (see, for example, Baltes (1978)). Each of these
questions must be considered before constructing an appropriate algorithm for
the solution of a given inverse problem.

One may identify two broadly distinct schools of thought regarding the meth-
odology for approaching inverse problems such as that of phase retrieval. These
different approaches shall respectively be considered in the following two para-
graphs.

An inverse problem is said to be ‘well-posed in the sense of Hadamard’ if there
exists a unique solution depending continuously on the data (Hadamard 1923;
see also Kress 1989). Otherwise, the inverse problem is ‘ill-posed’. Let us deal
with ill-posed problems first. If the data are inconsistent with the mapping to be
inverted, then no solution exists. One may proceed by projecting the measured
data onto a function space such that it is now consistent with the existence of
an inverse mapping from the data back to the model of the object which led to
such data. Alternatively one may have the opposite situation, where an inverse
problem is ill-posed because there are a large set of model parameters consistent
with the measured data. One means of coping with this is to choose the solution
of minimum norm (the so-called generalized solution), thus suppressing ‘invisible’
or ‘ghost’ degrees of freedom which lie in the nullspace of the direct mapping (see,
for example, Bertero et al. (1990)). The role of a priori knowledge is crucial in
attempting such analyses of ill-posed problems, and one must be very careful that
the results so obtained are meaningful. A much more satisfactory alternative,
where attainable, is to increase the scope or nature of the measurements and use
a priori knowledge to render the inverse problem well-posed.

An alternative viewpoint on the inverse problem, to that discussed above,
is provided by the so-called ‘Bayesian’ methods which attack inverse problems
from the standpoint of statistical inference. A non-Bayesian may state that a
given inverse problem cannot be uniquely solved, as either (i) there are an in-
finite multiplicity of non-unique solutions which may not be distinguished from
one another or (ii) no solution exists. The non-Bayesian may then conclude that
extra data and/or a priori knowledge is required in order to proceed further. In
contrast to this impasse reached by the non-Bayesian, the Bayesian might asso-
ciate a statistical probability with each of the possible solutions, taking account
of uncertainty and working within a given model, and then choose that which
has the highest probability of being correct. This is an essential feature of the
‘maximum entropy’ principle of inference pioneered by Jaynes. This maximum-
entropy principle, as a broad approach to the inverse problem, has generated



Phase retrieval 291

a vast literature which, like its non-Bayesian counterpart, spans an impressive
variety of fields. For further information on the maximum-entropy method, the
reader is referred to a collection of Jaynes’ papers (Jaynes 1983), together with
his posthumously published book (Jaynes 2003) and the text by Wu (1997).

In the following sub-sections, three different approaches to the inverse prob-
lem of phase retrieval are outlined. The first of these (Section 4.5.1) is an iterative
methodology of phase retrieval based on the Gerchberg—Saxton algorithm and
its extensions. Modified forms of this algorithm have received significant atten-
tion, in recent years, as a means of attacking the phase problem of non-crystalline
sample reconstruction given far-field X-ray diffraction patterns of the same. This
goal goes under the twin names of the ‘non-crystallographic phase problem’ or
‘coherent diffractive imaging’. The second phase-retrieval algorithm to be con-
sidered is based on the transport-of-intensity equation (Section 4.5.2), this being
the continuity equation associated with the paraxial equation (eqn (2.34)). This
may be used to non-iteratively retrieve the phase of a given coherent paraxial
two-dimensional disturbance from a series of two defocused images of the same.
Extensions to the case of polychromatic and partially coherent radiation are also
possible. Lastly, we consider the problem of phase retrieval given the modulus
of the Fourier transform of a one-dimensional coherent scalar disturbance, in
Section 4.5.3.

4.5.1 The Gerchberg—Sazton algorithm and its extensions

Recall the discussion of Section 1.5 regarding the Fraunhofer (far-field) diffrac-
tion pattern produced when a given two-dimensional coherent wave-field ¢ (z, y)
is propagated through a sufficiently large distance. We saw that, up to known
multiplicative and transverse scale factors, the two-dimensional far-field distur-
bance is proportional to the Fourier transform, with respect to x and y, of the
initial disturbance 9 (z,y). Ignoring the just-mentioned scale factors, to avoid
clutter in our formulae, we may therefore state that the resulting Fraunhofer
diffraction pattern is given by |F1(z, v, )|?. This Fraunhofer diffraction pattern,
which cannot be regarded as an ‘image’ as such, exhibits both phase and inten-
sity contrast in the sense that it depends on both the phase and intensity of the
unpropagated field ¥ (z,y).

One is naturally led to the phase-retrieval problem of reconstructing an im-
age of both the intensity and phase of a coherent disturbance i (x,y), given a
Fraunhofer diffraction pattern of the same. This sub-section will discuss a num-
ber of attempts to address this question, together with closely related problems.
Before proceeding we note that, given the vast literature on the phase problem
for X-ray crystallography, we will henceforth focus our attention on the phase
problem for aperiodic functions ¥ (z,y).

Suppose, for the present, that one considers a less ambitious phase-retrieval
problem, which may be stated as follows: given both |1 (z,y)|? and |Fi(z,y)|?,
determine 9 (x,y). This question is termed the ‘Pauli problem’; as it was first
considered by Pauli in the context of a mathematically equivalent problem in
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quantum mechanics (Pauli 1933).127

We now outline a famous technique due to Gerchberg and Saxton (1972), for
addressing the optical-physics form of the Pauli problem. We consider its applica-
tion to the phase retrieval of two-dimensional wave-fields, leaving the problem of
one-dimensional phase retrieval to Section 4.5.3. For the case of two-dimensional
wave-fields, the Gerchberg—Saxton algorithm is:

w(%y) = ]\}Enoo (Plfilp2f)N {|1/1($,Z/)| exp[iqbinitial(m?y)}} . (4132)

Here, the projection operator P; replaces the modulus of the function on which
it acts with the known quantity |¢(z,y)|, the projection operator P, acts to
replace the modulus of the function on which it acts with the known quantity
|F(z,y)|, N is the number of times that the operator P;F~1PoF is iterated,
and Ginitial(z,y) is the initial guess for the unknown phase.'?® As usual all cas-
caded operators act from right to left, so that:

P1F I Pl (w,y)| = Pu(FH(Pa(F(|[(x, 9)))))- (4.133)
In words, eqn (4.132) comprises the following iterative procedure for recon-
structing ¢ (z,y): (i) start with an initial crude estimate |¢(z, y)| exp[i@initial (2, ¥)]
for the desired wave-field ¥ (x,y), which has the known modulus and either a
random or constant phase; (i) apply the Fourier transform operator, F, to the
current estimate for the reconstructed wave-field; (iii) the resulting estimate, for
the far-field disturbance Fu(zx,y), is improved by replacing its modulus with
the known modulus |Fi(z,y)|, which amounts to acting on the estimate with
the operator Py; (iv) apply the inverse Fourier transform operator F~! to the
current estimate for the reconstructed far-field disturbance; (v) the resulting es-
timate, for the unpropagated disturbance ¥(z,y), is improved by replacing its
modulus with the known modulus |¢(z, y)|, which amounts to acting on the esti-
mate with the operator Py; (vi) if a suitable convergence criterion has been met,
or if the algorithm has stagnated by running for too long without converging,
stop the procedure and output the current iterate as the algorithm’s estimate
for 1 (z, y)—otherwise, iterate by going to step (ii).
One can show that the error, in the wave-function reconstructed using the
Gerchberg—Saxton algorithm, is a non-increasing function of the number of it-
erations (Gerchberg and Saxton 1972). However, the algorithm often stagnates,

127 As has already been mentioned on several occasions, the Helmholtz equation, governing the
free-space evolution of the spatial component 1 (z,y, z) of a monochromatic scalar electromag-
netic field, is mathematically identical in form to the time-independent free-space Schrodinger
equation for the spatial part of a monoenergetic non-relativistic wave-function for a spinless
particle. For a two-dimensional quantum-mechanical wave-function, the equivalent of the far-
field disturbance is termed the ‘momentum-space wave-function’. Pauli was the first to pose
the phase problem of reconstructing a given wave-function 1, given both its modulus and the
modulus of the corresponding momentum-space wave-function.

128 This may be chosen as a random distribution of phases, for each point in the initial image.
It may also be chosen as a constant.
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with the error often remaining approximately constant for a very large number of
iterations. Accordingly, a number of generalizations of the algorithm have been
proposed.

The most prevalent of these generalizations are due to Fienup (1982), known
as the ‘error reduction algorithm’ and the ‘hybrid input—output algorithm’. These
consider a more difficult form of the Pauli problem than that presented earlier,
namely that of reconstructing a given two-dimensional complex wave-field ¢ (z, y)
given only the modulus |Fi(z,y)| of its Fourier transform (i.e. the Fraunhofer
diffraction pattern). This problem is particularly important in the context of
the so-called ‘non-crystallographic phase problem’, where one measures only the
Fraunhofer diffraction pattern of a non-crystalline object, and wishes to form an
image of both the intensity and phase at the exit-surface of the sample—that is,
one wishes to reconstruct ¥(z, y).

In the absence of any additional a priori knowledge the non-crystallographic
problem is insoluble, as one could choose any two-dimensional function for the
phase of the Fraunhofer diffraction pattern. However, as emphasized by Fienup,
the a priori knowledge that the sample has ‘finite support’, namely that the sam-
ple is confined to a finite region of the xy plane, is a powerful tool in solving the
non-crystallographic phase problem that has just been posed. Such knowledge
imposes constraints on the class of allowed wave-functions in the zy plane. An-
other powerful constraint is the knowledge that, at X-ray energies, the real part
of the refractive index of most materials is less than unity (Miao et al. 1998; see
also Section 2.9). Therefore under the projection approximation one often has
the additional constraint that the imaginary part of the exit-surface wave-field
¥(x,y) must be non-positive, assuming the sample to impart only weak phase
shifts on normally-incident coherent scalar plane waves passing through it (see
eqn (2.40)).

The first of Fienup’s algorithms, to be discussed here, is the ‘error-reduction
algorithm’ (Fienup 1982):

Blay) = lim (PIFPF) " ool y). (4.134)

All symbols are as previously defined, with the exception of: (i) ¥n—o(z,y) =
F Y| FY(z, y)| expligiitial (kz, ky)]}, where @initial(kz, ky) is a random initial
guess for the phase of the wave-field’s complex amplitude in the Fraunhofer plane,
which has known modulus |Fv(z,y)|, where k; and k, are the usual Fourier
variables dual to x and y; (ii) P4, which is a projection operator imposing the
known constraints on F1)(z, y); and (iii) P1, which imposes the known constraints
on ¢ (x,y). For example, if the support of ¢(x,y) is known to be the region Q of
the xy plane, then:

d(x,y), (2,y) €,

] (4.135)
0, otherwise.

Pi(x,y) = {



294 Coherent X-ray imaging

One can estimate the support of 1 (x,y), using the fact that the inverse Fourier
transform of the Fraunhofer diffraction pattern, namely F~1[|F¢(z,y)|?], gives
the autocorrelation of ¥(x,y); one can then estimate the support of i (z,y) to
be half of the diameter of this autocorrelation. Note also that, in Fienup’s error-
reduction algorithm, one typically takes P, = Ps, so that this operator replaces
the modulus of the function upon which it acts by the known modulus | Fi)(z, y)|.

As was the case with the Gerchberg—Saxton algorithm, the error-reduction
algorithm often stagnates. To combat this problem, Fienup developed a sec-
ond generalization of the Gerchberg—Saxton algorithm, known as the ‘hybrid
input—output algorithm’, which generalizes the error-reduction algorithm in eqn
(4.134). Let us write this expression in the following suggestive form, valid for
N > 0:

(FT'PyF) dn(z,y), (z,y) €,

i (4.136)
0, otherwise.

Unt1(w,y) = {

where ' is the set of points, in the zy plane, where ¥y (x,y) satisfies the given
constraints, and:

In(z,y) = (PIFPF) ™ no(,y) (4.137)

is the current iterate of the reconstructed wave-function.
We are now ready to write down Fienup’s hybrid input-output algorithm,
valid for N > 0:

(F1PyF) ¥ (), (z,y) € &,

Un(z,y) — 6 ('7:717)5-7:) Yn(z,y), otherwise. (4.138)

wN+1(x’y) = {

Here, ¥ y—o(x,y) is the previously defined first guess for the reconstructed com-
plex amplitude at the exit-surface of the sample, and  is real number between
0.5 and 1. Importantly, ¥y (x, y) is no longer viewed as the current best estimate
for the desired function 9 (z,y), which is updated to give the better estimate
Yn+1(z,y). Rather, ¢¥n(z,y) it is viewed as an ‘input’ which is the driving
function for a given mathematical transformation that yields ¥n11(z,y) as out-
put. As seen in eqn (4.138), this output is a hybrid of both the input function
Yy (z,y), and that which would have been produced if one had been using the
error-reduction algorithm in eqn (4.136). The control parameter 3 governs the
degree of ‘hybridization’ in the hybrid input—output algorithm.

This hybrid input—output algorithm has proven pivotal in contemporary stud-
ies on the non-crystallographic phase retrieval problem, of reconstructing ¥ (x, y)
for a finite-support sample, given only its Fraunhofer diffraction pattern. Here, we
describe a pioneering experimental demonstration by Miao et al. (1999), which
draws from and extends earlier work by Boyes-Watson et al. (1947), Sayre (1952),
Bates (1982), and Miao et al. (1998).
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Consider the scanning electron micrograph in Fig. 4.18(a), which shows a
sample consisting of gold dots (diameter approximately 100 nm, thickness ap-
proximately 80 nm) on a silicon nitride membrane. When illuminated with pla-
nar, monochromated X-ray radiation of wavelength 1.7 nm, Miao and colleagues
obtained the far-field diffraction pattern shown in Fig. 4.18(b). The central por-
tion of this pattern was inaccessible, due to the presence of a beam stop in the
X-ray experiment. To supply this lost low-frequency information, use was made
of the low-resolution optical micrograph of the sample shown in Fig. 4.18(c). In
order to reconstruct an image of the sample from the diffraction pattern, use was
made of the hybrid input—output algorithm given by eqn (4.138). In addition to
the support constraint mentioned in our earlier discussions, use was also made of
the object-plane constraint that, since the X-ray refractive index of the sample
is always less than unity, this implies that the imaginary part of the exit-surface
wave-function will always have the same sign (for full details, see the two papers
by Miao et al., which were cited in the previous paragraph). These ideas were
used to obtain the sample reconstruction in Fig. 4.18(d), using only the diffrac-
tion pattern in Fig. 4.18(b), together with the low-resolution micrograph and the
a priori knowledge that the refractive index of the weak sample is always less
than unity.

4.5.2  The transport-of-intensity equation

Consider a z-directed coherent paraxial scalar wave-field ¢ (x, y, z) exp(—iwt). As
pointed out in Chapter 2, the spatial part of such a wave-field obeys the paraxial
equation (see eqn (2.34)):

<2ik(,i + vi) Y(x,y, 2) = 0. (4.139)

We remind the reader that V2 = 9%/9z? + 9% /9y? is the Laplacian operator in
the zy plane, and that the wave-number k£ is related to the wavelength A of the
coherent radiation via k = 27 /\. Explicit dependence on the angular frequency
w will not be indicated in this section.

Write 9(x,y, z) in terms of its intensity I(x,y,z) = [ (z,y,2)|* and phase
o(z,y,2) = arg(z, y, 2), so that:

¥(z,y,2) = VI(2,y, 2) explio(x, y, 2)]. (4.140)

If we substitute this last expression into the paraxial equation, expand the result
and then cancel a common factor, the imaginary part of the resulting equation
yields a continuity equation which is now commonly termed the ‘transport-of-
intensity equation’ in the context of phase retrieval (Teague 1983):

oI(x,y,z)

VJ_ . [I($7y72)vl_¢(x’y7z)] = —k az

(4.141)
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Fig. 4.18. (a) Image of test sample obtained using a scanning electron micro-
scope. Sample consists of a series of gold dots, approximately 100 nm wide
and 80 nm thick, deposited on a silicon nitride membrane. (b) X-ray far-field
diffraction pattern of the sample, obtained by illuminating it with monochro-
mated planar X-rays of wavelength 1.7 nm. The centre of this pattern was
blocked by a beam stop, with the resulting missing information being sup-
plied by the power spectrum of the low-resolution optical micrograph shown
in (c). (d) Reconstructed sample, obtained from the far-field diffraction pat-
tern. Image from Miao et al. (1999). Used with permission.
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Being a continuity equation, this second-order elliptic partial differential equation
expresses the conservation of optical energy as it evolves from the plane z =
constant to a parallel plane infinitesimally downstream.

To further explore this point, make the finite-difference approximation:

ol(x,y,2) _I(z,y,z+62) = I(x,y,2)

0z - 0z ’

where the propagation distance dz is sufficiently small for the evolution of in-

tensity to be linear in z. The above approximation can then be substituted into

eqn (4.141). If one solves the resulting expression for the propagated intensity
I(z,y,z + 0z), this gives:

(4.142)

0z

I(x7yaz+6z) Q‘“I("Eﬂuv'z)_?

Vi I(z,y,2)Vié(x,y,2)]. (4.143)

If we make the approximation:

VJ_ . [I($7 Y, Z)Vl¢<x7 Y, Z)] = I(.’E, Y, Z)Vi(b(x, Y, Z) + VJ_I<"I’" Y, Z) . VJ_(b(xv Y, Z)
~ I(x,y,2)V3 ¢(z,y,2), (4.144)

which will be valid if the transverse intensity gradient and/or the transverse
phase gradient is not too strong, then we see that eqn (4.143) is identical to eqn
(4.118), which was derived using an argument based on the operator form of the
Fresnel diffraction integral. The second term on the right side of this equation
represents the local increase or decrease in intensity which is due to the local
curvature of the phase in the plane z = constant; a positive wave-front curvature
implies a locally expanding wave which (on account of the negative sign which
pre-multiplies the final term of eqn (4.143)) leads to a decrease in the propagated
intensity, with negative wave-front curvature implying an increase in propagated
intensity. The local redistribution of optical energy upon propagation is identical
to the propagation-based phase contrast discussed in Section 4.4.4.

We see that the transport-of-intensity equation, being a mathematical em-
bodiment of propagation-based phase contrast in the small-defocus regime, gives
some insight into the formation of such images. However, it allows us to go fur-
ther that this, to ask the question of how phase may be retrieved from one or
more propagation-based phase contrast images.

As a starting point towards developing this point of view, we note that eqn
(4.141) relates the intensity I(z,y, z) of a coherent paraxial wave-field to both
its longitudinal intensity derivative 9I(x,y, z)/0z and its phase ¢(x,y, z). If one
measures both the intensity over a given plane, and estimates the intensity deriva-
tive using such finite difference approximations as:

8I(x7y,z) ~ I($7y7z+5z) —I(:L‘,y7z—5z)
0z - 20z ’

(4.145)
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then the transport-of-intensity equation can be uniquely solved for the phase
o(x,y, z) in the plane over which the intensity I(z,y, z) is measured (Gureyev et
al. 1995). As a caveat on this claim, the intensity must be strictly positive over a
simply connected region over which the phase is to be retrieved,'2? with appropri-
ate boundary conditions being supplied for the phase. If Dirichlet boundary con-
ditions on the phase are provided, which corresponds to specification of the phase
over the one-dimensional boundary of the two-dimensional simply connected re-
gion over which the phase is to be recovered, then the retrieved phase is unique.
If Neumann boundary conditions are supplied, which corresponds to specifica-
tion of the normal derivative of the phase over the one-dimensional boundary
of the two-dimensional simply connected region over which the phase is to be
recovered, then the retrieved phase is unique up to an arbitrary and irrelevant
additive constant. Interestingly, if the intensity of the field is known to vanish
outside a certain simply-connected region in the plane of interest, and to be
strictly positive inside, then the transport-of-intensity equation may be uniquely
solved for the phase (up to an arbitrary and irrelevant additive constant), in the
absence of any knowledge of the boundary conditions on the phase (Gureyev and
Nugent 1996).

A number of algorithms exist for numerical solution of the transport-of-
intensity equation. These include methods based on the full-multigrid algorithm
(Gureyev et al. 1999; Allen and Oxley 2001), a Green-function method (Teague
1983), a fast-Fourier-transform-based method due to Gureyev and Nugent (1996,
1997), and another such method due to Paganin and Nugent (1998). We now
give an outline of the last-mentioned algorithm.

Following a suggestion due to Teague (1983) we make the approximation:

I(xvyaz)vL(b('T'ayaz) ~ va(xvyaz)v (4146)

which serves to define the scalar potential £(x,y, z). Substitute this into eqn
(4.141) to give the Poisson-type equation:

7
V(e 2) ~ k10D (4.147)
a symbolic solution for which can immediately be written as:
I
E(z,y,2) ~ fkvfw. (4.148)

0z
Apply V1 to both sides of this expression, then use eqn (4.146) to re-write the
left side of the result, to give:

129Note that this excludes discontinuous phase maps, such as the phase screw dislocations
and edge dislocations considered in the final chapter, from the class of admissible solutions
for the phase which are obtained via the transport-of-intensity equation (cf. Gureyev et al.
(1995)). As shall be seen in this final chapter such phase discontinuities are associated with
zeros of intensity, which is why they are implicitly excluded by the demand that the intensity
be strictly positive over a certain simply connected region in the plane of interest.
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I(z,y,2)V_id(z,y,2) = —kVL {vﬁ‘”(gzy”)] . (4.149)

Divide both sides by I(x,y, z), then apply the divergence operator V| - and make
use of the identity V - V| = V2. This gives:

v, {Vfal(w’y’z)} } (4.150)

Vi(ﬁ(l‘,y,Z) = _kvj_ : { 82

I(z,y,z)
the inverse Laplacian of which yields the desired result (Paganin and Nugent
1998):

o(z,y,2) = —kV > (vL : {Il)m {Vfal(gzy’z)] }) . (4.151)

(2,9,2

Regarding the numerical implementation of this symbolic solution to the

transport-of-intensity equation, it is convenient to make use of the Fourier deriva-

tive theorem, as we now show. Consider a function f(z,y) which is suitably well

behaved to permit its representation as a Fourier integral, using the convention
and notation outlined in Appendix A:

flz,y) = % // f(kw, ky) expli(kpz + kyy)|dkedk,. (4.152)

If we now apply the operator (9™ /0x™ 40" /0y™)P to both sides of this equation,
where m, n, p are non-negative integers, then the operator can be brought inside
the integral in the resulting expression. This leads to the following modified form
of the Fourier derivative theorem:

am an p
<8zm + 3y”> f(z,y)
= o [ [ ) ) expliCha + Ryl (4153

In words, this equation states that (0™ /0x™+0"/0y™)? f(x, y) may be calculated
by taking the Fourier transform f(k,, ky) of f(z,y), multiplying by the function
[(3ks)™ + (iky)"]P and then taking the inverse Fourier transform of the result.
We immediately conclude that:

o + N F (iky)™ + (iky)")P F (4.154)
oxm  oyn ) * v ’ '

where we remind the reader that F denotes the two-dimensional Fourier trans-
form operator with respect to x and y, with F~! denoting the corresponding
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inverse transform. Importantly, we can now lift our restriction that m,n,p be
non-negative integers, since the right-hand side of eqn (4.154) evidently remains
well defined for certain non-positive-integer values of m,n,p. Such generaliza-
tions of the familiar integer-order differential operators are variously known as
‘Fourier-integral operators’ or ‘pseudo-differential operators’. For our present
purposes, we note the following special case of eqn (4.154):

1

-2 _ —1
VJ_ =-F m?,

m=n=2, p=-—1, (4.155)

Using a simple extension of the ideas which have just been outlined, we can also
give the following Fourier representation for the gradient operator:

Vi =iF ke, ky)F. (4.156)

By making use of eqns (4.155) and (4.156), with the fast Fourier transform
being used to numerically implement F and F~!, eqn (4.151) may be numeri-
cally computed, provided that both I(x,y, 2) and 9I(z,y, z)/0z are sampled over
Cartesian grids. The singularity at k, = k, = 0, in expression (4.155) for the
inverse Laplacian, can be tamed by replacing 1/(kZ + k7) by zero at the origin
(kz,ky) = (0,0) of Fourier space—this amounts to numerically evaluating the
Cauchy principal value of the integral appearing in eqn (4.155).

This completes our derivation of the algorithm, due to Paganin and Nugent
(1998), for phase retrieval using the transport-of-intensity equation. This proce-
dure uniquely, rapidly and robustly yields the retrieved phase, with considerably
reduced coherence requirements when compared to interferometry. Further, one
retrieves the phase (up to an additive constant) without the modulo-27 problems
associated with interferometry.'3%:13! Finally, we note that the algorithm based
on eqn (4.151) has been successfully applied to phase retrieval using electrons,
neutrons, visible light, atoms and X-rays (see, for example, the references in the
review by Paganin and Nugent (2001)).

As an example of the application of eqn (4.151) to phase retrieval using
hard X-rays, we consider the experiment of McMahon et al. (2003) which is
shown in Fig. 4.19. As indicated there, collimated 1.83 keV hard-X-ray waves
were normally incident upon a 20 pm beam defining aperture. The radiation then
passed through the sample, which was a tapered atomic-force microscope tip. The
beam then struck a nickel zone plate, with the beam being sufficiently far from
the optic axis for the zeroth and first diffracted orders to be spatially separated

130Note, however, that the method of phase-stepped interferometry is able to recover phase
maps which are not wrapped modulo 27 (Section 4.6.1.2).

131The same comments apply to other means of numerically solving the transport-of-intensity
equation, such as the previously mentioned methods based on the fast Fourier transform, the
full multi-grid algorithm or Green-function methods.
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Fig. 4.19. Experiment to demonstrate X-ray phase retrieval using the trans-
port-of-intensity equation (McMahon et al. 2003). Collimated 1.83 keV hard
X-rays A are passed through a 20 um diameter beam-defining aperture B,
after which they traverse a sample C' and then strike a zone plate D. The
beam-defining aperture is sufficiently displaced, from the optic axis passing
through the centre of the zone plate, for the zeroth order F and first order
F diffracted beams to be spatially separated over the image plane G, which
coincides with the surface of a CCD camera. This CCD records a propaga-
tion-based phase contrast image H. After McMahon et al. (2003).

from one another over the imaging plane of the CCD used to record the images.
The geometry was such that a magnification of M = 160 was achieved. Examples
of in-focus, over-focus and under-focus images are given in Figs. 4.20(a)—(c)
respectively. Note that the variation in focus was obtained by translation of the
zone plate along the optic axis. After computationally rescaling all images to unit
magnification, and making use of the Fresnel scaling theorem (see Appendix B)
to replace the defocus distance z = 1 mm with z/M = z/160, the symbolic
solution in eqn (4.151) was evaluated using fast Fourier transforms, to yield the
reconstructed phase map given in Fig. 4.20(d).

We close with two remarks: (i) Phase retrieval using the transport-of-intensity
equation can also be considered for the case of polychromatic or partially co-
herent radiation. In this context see, for example, Paganin and Nugent (1998),
Gureyev (1999), Nugent and Paganin (2000), and Gureyev et al. (2004). (ii) A
phase reconstruction based on the transport-of-intensity equation may be used
as a first guess for generalized Gerchberg—Saxton algorithms which take through-
focal series as input data (Gureyev 2003).

4.5.3  One-dimensional phase retrieval

Consider the following problem of one-dimensional phase retrieval: Given the
modulus |F[¢(z)]| of the Fourier transform of a given complex function ¢ (z) of
a real variable x, reconstruct ¢(x). Here, F denotes the one-dimensional Fourier
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Fig. 4.20. Phase retrieval using hard-X-ray images of the tip used in an
atomic force microscope. (a) In-focus image; (b) Over-focused image; (c) Un-
der-focused image; (d) Reconstructed phase map. Further details in main
text. Image taken from McMahon et al. (2003). Used with permission.

transform operator, which acts on a given function ¢ (z) to produce its Fourier
transform with respect to x (see Appendix A):

Flp(z)] = P(ks) = \/% /_OO P(x)e P dy, (4.157)

Further, k, is the Fourier-space coordinate conjugate/dual/reciprocal to .

In the rather general setting in which it has just been posed, the one-dimen-
sional phase-retrieval problem is insoluble. To see this, choose any real function
¢(k), which allows one to form the wave-function |1)(k, )| exp[ie(kz)]. The in-
verse Fourier transform of this wave-function will evidently be consistent with
the given data |¢)(k,)|, with the arbitrary nature of ¢(k, ) implying infinite ambi-
guity in the ‘reconstructed’ real-space wave-function F~[¢)(k, )| expliv(ks)]. To
proceed beyond this impasse use must be made of suitable a priori knowledge,
which must be such as to reduce the previously mentioned ambiguity to within
acceptable levels. This a priori knowledge shall take the form of a suitable re-
striction of the class of allowable real-space wave-functions, as shall become clear
later in this sub-section.

It is at this point that the theory of functions of a complex variable (i.e.
complex analysis) becomes useful, a fact which has been pointed out by Wolf
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zZ=xTiy

°
1@

Fig. 4.21. A point z in the zy plane, with Cartesian coordinates (z,y), may be
identified with the complex number z = x+14y. The resulting point z occupies
the complex plane, as shown on the left side of the figure. A complex function
of a complex variable, denoted f(z), maps points z in the complex plane to
points f(z) in another complex plane, as indicated.

(1962) in the related context of reconstructing coherence functions. The use of
complex analysis in the one-dimensional phase-retrieval problem, together with
certain contemporary applications in coherent X-ray optics, will form the subject
of this sub-section. Before proceeding, however, we give a brief review of the
requisite formalism from the theory of functions of a single complex variable.

As shown in Fig. 4.21, set up a two-dimensional real Cartesian coordinate
system, with axes labelled x and y. With each point in this plane we may asso-
ciate the complex number z = = + iy. With this identification the xy plane is
known as the ‘complex plane’. A given complex function f(z), of a single complex
variable z, may be visualized as a mapping which takes points z on the complex
plane as input, and returns points f(z) on a second complex plane as output.
Such a function is said to be ‘analytic’ at a given point zp in the complex plane,
if its derivative with respect to z exists at that point, that is, if:

lim f(z0 + Az) — f(z0)
Az—0 Az

(4.158)

exists at the point zg. Note that, in order for this limit to exist, it must be
independent of the direction of the vector Az, in the complex plane, which points
from zg to zg + Az. If the function is analytic for all points in a given region,
then it is said to be analytic in that region. As an example, if f(z) is analytic in
the region y > 0 of the complex plane (the ‘upper half plane’), then this function
is ‘analytic in the upper half plane’. Also, if a given function is analytic at every
point z, of finite modulus, in the complex plane, then this function is said to be
‘entire’.

We are now ready to introduce two remarkable theorems from complex anal-
ysis: the Cauchy—Goursat theorem and Cauchy’s integral formula. Proofs for
each of these theorems, which are not given here, can be found in most texts on
complex analysis (e.g. Morse and Feshbach (1953) or Markusevich (1983)).
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Fig. 4.22. (a) A simple closed contour I in the complex plane. (b) Contour for
evaluation of an integral in the text.

(a) Cauchy—Goursat theorem. Suppose that f(z) is a complex function of a
complex variable, which is analytic at every point both on and inside the simple
closed curve!3? I'—see Fig. 4.22(a). Then the integral of f(z) over I is zero,
according to the Cauchy—Goursat theorem:

]{ f(z)dz = 0. (4.159)
T

By convention, in all integrals over simple closed curves the curves will be un-
derstood to be traversed in the anti-clockwise sense, as indicated in Fig. 4.22(a).

(b) Cauchy integral formula. Suppose that f(z) is a complex function of a
complex variable, which is analytic at every point both on and inside the simple
closed curve T". Suppose, further, that « is any point which lies inside I". Then
the value of f at z = « can be determined from its value at each point on T,
using the Cauchy integral formula:

17 f(z) ds — {f(a) if o is inside T, (4.160)

2m Jr 2z — « 0 if a is outside I'.

Consider the Fourier integral given in eqn (4.157). Let us replace the real
variable k; with the complex variable £ = k, +ik.,, where £, is real. The Fourier
integral in eqn (4.157) then becomes:

D) = Dlke +ik.) = —— / " (@) itk gy (4.161)
21 J o

132By ‘simple closed curve’, we mean a closed curve which does not intersect itself.
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In this way, we can extend the complex function ﬁ(k:x) of a real variable k;, to a
complex function of a complex variable: 1[)(5 = k, + ik,). The original function
¥ (k,) then coincides with the value that ¢(& = k, + ik),) takes on the real axis.
According to the Paley—Wiener theorem (see, for example, Boas (1954)) this
extension of a function into the complex plane will result in an entire function
whose modulus grows no faster than exponentially, if and only if ¢(z) is of finite
support (i.e. if there exists an interval A < x < B, with A and B both being
finite real numbers, such that ¢ (z) is only non-zero within the interval).

We now have the necessary mathematical machinery to make use of complex
analysis in attacking the one-dimensional phase problem posed at the beginning
of this sub-section: given the modulus |¢(k;)| of the Fourier transform of 1 (z)
with respect to z, reconstruct 1 (x). Note that this problem reduces to that of
finding the phase of &(kx), since ¥ (x) can then be synthesized by taking the
inverse Fourier transform of (k. ), which is itself constructed from its measured
modulus and retrieved phase. As mentioned earlier, this one-dimensional phase
problem is intractable if no restrictions are made to the class of admissible so-
lutions for the reconstructed wave-function. In the absence of any additional
data further progress can be made by suitably restricting the class of admissible
solutions. Here, we restrict the class of admissible solutions for the real-space
wave-functions, by demanding that admissible wave-functions be complex func-
tions of finite support. Note for future reference that a common idiom refers to
’(/vJ(k‘x) as belonging to the class of ‘band-limited functions’. With this restric-
tion of being band-limited, further progress can be made on the one-dimensional
phase problem which forms the principal concern for the present section. The
treatment given here follows that of Klibanov et al. (1995), whose review paper
gives many references to the original literature.

Consider the problem of finding a relationship between the modulus and
phase of a one-dimensional complex band-limited function 1/7(1%) By the Pa-
ley-Wiener theorem, we may extend this function into the space of complex
arguments, giving an entire function (&), where £ € C = k, + ik,,. Now, the
natural logarithm of an analytic function is, at every point for which the function
is non-zero, itself analytic. Therefore log, [1[)(5)] is analytic at all points, in the
complex plane, for which 1[)(5 ) is non-zero. Assume, for the moment, that no such
zeros exist in the upper half plane Re(¢) > 0. With this assumption, which shall
be lifted in due course, we conclude that log, [15(5)] is analytic in the upper-half
plane Re(£) > 0.

Since loge[lz)(f)] is analytic in the upper half plane, the Cauchy integral for-
mula implies that:

7{ Mdi _o, (4.162)
r -k

where k is a real number, and I' is any closed contour in the upper-half plane
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which does not have £ = k as an interior point. Let us choose, for I', the contour
sketched in Fig. 4.22(b). The function log,[1/(£)]/(€ — k) is then analytic at
every point on and inside this contour. This contour consists of four parts: I'y,
the upper half of an anticlockwise-traversed circle of radius R which is centred
on k; the directed line segment I's consisting of real numbers from xk— R to kK —¢;
the upper half I's of a clockwise-traversed circle of radius € which is centred on
k; the directed line segment I'y consisting of real numbers from k + € to k + R.
With this decomposition of I', and taking R to be arbitrarily large while taking

€ to be arbitrarily small but positive, we may write eqn (4.162) as:

v v

. log, [(€)] . log. [¢(§)]
lim /Fl ——==d¢ + lim /1“2 ——==d

R—o0 E—K R—00,e—0+ E—kK
. log, [(€)] . log [ ()] . _
+ Elif(l;lJr /F3 f—iﬁjdg + RHCE{IE'IHOJF ‘/F4 ﬁdﬁ =0. (4163)

We now consider, in turn, each of the four integrals appearing in this expression.

(a) First integral in eqn (4.163). Take this integral, which is over the semi-
circular region I'y sketched in Fig. 4.22(b), and let £ over this curve be parame-
terized by the angle 6, where:

@) =r+Re, 0<6<m. (4.164)

With this change of variables from £ to 0, and using the fact that:

log, [¥(€)] = log, [(€)| + iArgi(€), (4.165)

our first integral becomes:

v

. log, [1(8)]
lim /F1 e

R—o0

s
d¢ =i lim / log, |4 (k + Re')|do
R—oo Jg
— lim [ Arg(k+ Re'?)do. (4.166)
R—oo /o
Put this expression to one side, for the moment. In order to proceed further,
we need to investigate the asymptotic behaviour of 1/3(5 ) as || — oo in the upper
half plane. Since we have already assumed ) (k,) = 1)[Re(€)] to be band-limited,
the function (x), which appears in eqn (4.161), is of finite support. Let this
support be contained within the real interval A < x < B, which allows us to
rewrite eqn (4.161) with the lower and upper limits of integration replaced by the
real numbers A and B, respectively. Take the resulting formula, and integrate it
by parts m + 1 times, where m is a non-negative integer. The resulting formula
is:
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B
/ w —1£»de
A

= 20 {[aew] [gml),

aww

j:()
1 m—+1 dm+1 efzfm
+( )F : {dwmﬂ ( )} de. (4.167)

To proceed further, assume that 1)(x) can be represented by a finite-order poly-
nomial?? in x, for real z. Let m be the highest power of x which appears in this
polynomial. This implies that the integral in the previous expression will vanish,
leaving us with:

7 1 }m: (*1)j —i -
FO= Var = (i€ [af 7P — afle¢4] (4.168)
where:
A _ [dY(x) B _ [dv(x)

From eqn (4.168) we may deduce the asymptotic behaviour of z/uj(f) as |£] — oo
in the upper half of the complex plane:

P(€) — AETPeT 9, Re(€) >0, [¢] — oo. (4.170)

Here, A is a complex number, ¢ is a real number, and p is a positive integer.
Equipped with this expression, eqn (4.166) becomes:

log [
lim / wdf =imlog, |A| — lim ipmlog, R
ry KR R—o00

R—oo

2
+ lim 2iRq — mArgA + g + p%. (4.171)

(b) Second and fourth integrals in eqn (4.163). When summed together, these
integrals are identically equal to the ‘Cauchy principal value’ of the integral of
log, [t(kz)]/ (ks — k) with respect to kg, with the integrand being a complex
function of the real variable k:

133Those who do not wish to make this assumption may note that it may be avoided by
invoking the Riemann-Lebesgue lemma, as discussed in the review by Klibanov et al. (1995).
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_ log, [(€)] . log, [4)()]
lim /1“2 ——=d¢+ lim /1“4 —= 2 d¢

R—00,e—01 5 — K R—o00,e—07F f — K
R+k
=  lim ( / / ) log, [o(ks)] )
R—o00,e—01 Rtk ke — Kk
oo
= ][ Mdkz. (4.172)
oo Kk —k

The final line serves to define the Cauchy principal value, denoted by a dash
through the integral sign. This expression has the form of a ‘logarithmic Hilbert
transform’.

(¢) Third integral in eqn (4.163). Let T's denote an anti-clockwise traversed
circular contour, of radius e — 0%, which is centred at the point £ =  in the
complex plane. Then, from Cauchy’s integral theorem, the third integral in eqn
(4.163) is given by:

d¢ = —milog,[1h(k)]. (4.173)

Next, substitute eqns (4.171), (4.172), and (4.173) into (4.163). Take the real
part of the resulting expression, to yield:

y 1 [ b
Argij(r) = —7][ loge [W(ka)l ppo ot 5, (4.174)
T) oo ka—K
where:
3= Arg(A) — % (4.175)

is a real constant.

Equation (4.174) shows how one may obtain the phase of (k) from its mod-
ulus |ih(k)|. We recall that the derivation of this expression is subject to the
following assumptions:

e Assumption 1: ¢)(x) is band-limited, that is, its inverse Fourier transform
() is non-zero only over a certain finite interval A < x < B of the real
line;

e Assumption 2: Over the interval A < = < B, ¥(x) may be exactly repre-
sented by a finite-order polynomial;

e Assumption 3: When the complex function (k) of a real variable is ex-
tended to a complex function of a complex variable using eqn (4.161), the
resulting function has no zeros in the upper half plane.
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We now remove the third of the assumptions listed above. Let {£1,&2,- -+ ,&n}
denote all of the zeros of 1(£) which lie in the upper-half plane Re({) > 0.
Construct the function (), which is by definition given by:

1463)

2 [I Z:? (4.176)
j=1 J

Note that, in the product above, zeros are understood to be repeated if they have
a multiplicity in excess of unity. Both U(&) and §(€) are analytic in the upper
half plane. By construction, ¥ (&) has no zeros in the upper-half plane, as is easily
verified; hence we may rewrite eqn (4.174) with 4(€) replaced by W(). Take the
resulting expression, and then make use of the fact that both \fl(g ) and QZ(f ) have
the same modulus along the real line (i.e. [¥(k,)| = |¢(ks)|). Substitute (4.176)
into the resulting expression, to give:

; L [* log, [¢(kz)| g
A _ _ = e — — A 4.1
() = ——f Bk, — g+ 5 - Avg =2 ) wm
One can readily show that:
—Arg H p— = 2775+22Arg(/$—§j), (4.178)
=1 ! =1

where s is an integer. This allows us to write our final result:

Argip(r) = —%][

— 00

> log, [¢(ks)|

o dky — kg + v+ 2ZArg(n —¢&5), (4.179)

=1

where v = 8+ 27s is a real number. This ‘logarithmic dispersion relation’ is the
central result of the present section, for it relates the modulus |4 (k,)| and phase
Argt(k,) of a function 1 (k,) whose inverse Fourier transform v (z) is a function
of finite support that can be exactly represented by a finite-order polynomial
over the support.

There are four ambiguities associated with this expression, which we shall
now examine. Note that the first three of these ambiguities coincide with the
‘trivial characteristics’ identified by Bates in a seminal article (Bates 1982).
First ambiguity: The real constant v is, in general, both unknown and irrele-
vant, since it constitutes a constant additive phase factor on z/vj(m) which serves
only to change the absolute phase of the reconstructed wave-function ¢ (x). We
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may therefore take v = 0. Second ambiguity: The real constant ¢ is also unknown.
By the Fourier shift theorem, this unknown linear phase factor kq serves only
to laterally displace the reconstructed real-space wave-function t(z). The asso-
ciated ambiguity is unsurprising, since one can easily show the modulus of the
Fourier transform of ¢(z) is the same as the modulus of the Fourier transform
of ¥(x — xg), for real xo. We cannot distinguish between ¢ (x) and its later-
ally shifted version i (z — x¢). This is a fundamental ambiguity, yet a trivial
one for most purposes. We may therefore take ¢ = 0, with the understanding
that this implies that ¢(z) is reconstructed up to an unknown transverse shift.
Third ambiguity: One can easily show that the Fourier transform of ¢(x) has
the same modulus as the Fourier transform of 1)*(—x). Therefore, one cannot
distinguish between ¥ (x) and ¢*(—x). This third ambiguity is implicitly mani-
fest as a symmetry of eqn (4.179), whose mathematical form is invariant under
the transformation () — 1*(x), with the exception of a negative sign intro-
duced on the Hilbert-transform term. As with the second ambiguity, this third
ambiguity (namely the inability to distinguish between ¢ (z) and ¥*(—x)) is a
real ambiguity. Unless one can resolve the ambiguity via invoking relevant a
priori knowledge or by taking additional intensity measurements, it remains a
fundamental ambiguity of the one-dimensional phase retrieval problem. Fourth
ambiguity: The final ambiguity concerns the final term in eqn (4.179): this term
is not known because the complex upper-half-plane zeros {£1, &2, -+ , &, } are not
known. Geometrically, each term in this summation corresponds to the angle,
measured from the negative real axis and with positive angle corresponding to
clockwise winding, made by the line extending from & to &;. Again, without any
further a priori knowledge or additional experimental measurements, the final
term of eqn (4.179) represents a fundamental ambiguity of the one-dimensional
phase retrieval method outlined here. Note that this ambiguity may be resolved
by taking additional data (see, for example, Nikulin (1998)), or by introducing
additional a priori knowledge regarding the sample.

We close by noting that extensions of the methodology for one-dimensional
phase retrieval, as described above, may be used for the analysis of kinematical X-
ray diffraction patterns of layered structures that exhibit density variations in one
dimension only. For entry points to the literature, see, for example, Petrashen’
and Chukhovskii (1989), Reiss and Lipperheide (1996), Nikulin (1998), Nikulin
and Zaumseil (1999), Siu et al. (2001), and Nikulin and Zaumseil (2004), together
with references therein.

4.6 Interferometry

Interferometry, in which one superposes two or more coherent or partially coher-
ent disturbances and then registers the time-averaged intensity of an associated
signal, is the topic of this section. The subject is vast, and will we only scratch
the surface in the four sub-sections which follow. Section 4.6.1 treats the phase
imaging of two-dimensional coherent scalar fields using the Bonse-Hart interfer-
ometer. We consider the use of the Young interferometer to image the coherence
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properties of an X-ray source, in Section 4.6.2. Section 4.6.3 treats the X-ray
incarnation of the intensity interferometer of Hanbury Brown and Twiss, in the
context of coherence measurement. Lastly, Section 4.6.4 gives some entry points
to the literature on other important means of interferometric coherence measure-
ment, besides Young interferometry and intensity interferometry.

4.6.1 Interferometric imaging using the Bonse—Hart interferometer

Let us consider a forward-propagating two-dimensional coherent scalar wave-
field expligin(z,y)], of unit modulus. Here, as usual, (z,y) denotes Cartesian
coordinates in the plane perpendicular to a given optic axis. Our field serves
at the input for a Bonse—Hart interferometer made from a single monolithic
strain-free slab of perfect crystal (Bonse and Hart (1965); see also the review
by Hart and Bonse (1970), and the reviews by Hart (1980) and Bonse (1988),
together with references therein)—see Section 3.2.5. In forming the resulting
interferogram, one may consider the input field to be overlaid with the boundary
value exp[i(k;g(go)x + kg(,o)y)] of a coherent ‘reference’ plane wave, where k" and
1 are related to the tilts of the reference wave in the = and y directions. Thus
the action of the interferometer may be viewed as mapping input to output at
follows:

explig (z,y)] — expliom (z,y)] + expli(k”z + k{Vy)). (4.180)

The intensity Iour(z,y) of the resulting ‘interferogram’ may be obtained in the
usual way, by taking the squared modulus of the above expression:
; :1.(0 0 2
Iour(z,y) = ‘QXP[ZcﬁIN(I,y)] +expli(k{”z + k’g(, )y)]‘
=24+ exp[i(kﬁ,o)x + kéo)y)] exp[—igiN(z, y)]
+expl—i(k{"x + ky)] expligm (z, y)]
=2 {1 + cos [k;% +EOy — g (e, y)} } . (4.181)

As should be clear from the last line of the above equation, the phase ¢in(x,y)
of the input field serves to distort the otherwise linear set of ‘carrier’ fringes
cos(k:(go)x + kl(lo)y). Thus the interferogram may be spoken of as a phase con-
trast image, insofar as its intensity distribution is sensitive to transverse phase
variations in the input beam.

4.6.1.1  Fourier-transform method of interferogram analysis The inverse prob-
lem of interferometry deals with the question of how ¢in(z,y)—or, more gener-
ally, the input complex wave-field itself—may be determined given one or more
interferograms of the same. One such method, commonly known as the ‘Fourier
transform method’ of interferogram analysis, will now be described (Takeda et
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al. 1982). Consider the representation of the interferogram which is given in the
second and third lines of eqn (4.181). Take the two-dimensional Fourier trans-
form of this expression with respect to  and y, using the convention outlined
in Appendix A. Making note of the Fourier integral representation of the Dirac
delta, we arrive at:

.F[IOUT(I‘,y)] = 47T(5(k'm, k'y)

+ % // exp[—igin(z, y)] exp {—i Kk‘m — k;g(co)> T+ (ky — kl(lO)) y} } dzdy

+ % // expligin (z,y)] exp {—i {(k’x + kio)) T+ (ky + k’éo)) y} } dxdy.
(4.182)

The first term, on the right side of the above expression, is sharply localized
to the origin of the two-dimensional Fourier space. The second term is equal
to the two-dimensional Fourier transform of the complex conjugate of the in-
put field, displaced by an amount (kéo),kz(,o)). The final term is equal to the
two-dimensional Fourier transform of the input field, displaced by an amount
(—kg(co), —kg(,o)). Provided that the input wave-field is sufficiently slowly varying,
the three terms mentioned above will be spatially separated in Fourier space. If
this is the case, then one may place a ‘window’ about the region of Fourier space
corresponding to the third term, setting to zero all other terms. The origin of
Fourier space can then be re-located to the point (—k;o), —kl(,o)), before taking
the inverse Fourier transform of the resulting expression in order to obtain the
input field explidin(z,y)]. If one subsequently seeks to determine the phase of
the recovered field, use can be made of:

Imexpligin(z, y)] } . (4.183)

¢in(2,y) = tan™! {Re expligm (z,y)]

The recovered phase is modulo 27, since the phase of a complex number is only
defined up to an integer multiple of 27w. The problem of ‘phase unwrapping’,
which tackles the task of computing a two-dimensional phase map which is not
modulo 27 given one or more phase maps which are, will not be considered here.

4.6.1.2  Phase-shifting method of interferogram analysis An alternative means
of solving the inverse problem of interferometry is known as ‘phase shifting’ or
‘phase stepping’. The essential idea here is to take several interferograms, adding
a different constant phase bias to the reference beam before registering each of
the corresponding interferograms. Given these images, one can then determine
the phase of the input disturbance. An advantage of this method is that it can
analyse more rapidly varying input phase maps than can be dealt with using the
Fourier-transform method. This comes at the price of requiring more than one
interferogram.
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There are a great variety of methods for phase-shifting interferometry—see,
for example, Hariharan (2003) and references therein. Here, we outline a variant
which makes use of phase biases of 0, 7/2, 7, and 37 /2 radians. We then show
how this can be generalized to the case of M equally spaced phase biases ranging
from 0 through to 27n(M — 1)/M radians in steps of 27 /M radians.

Phase shifting using four interferograms. With a given phase bias B; on the
reference plane wave, eqn (4.180) becomes:

expligin(z,y)] — expligm (z,y)] + expli(kPz + kDy + B;)]  (4.184)

with eqn (4.181) being transformed to:

IOUT,j(='E7 y) =2 {1 + cos {k:(vo)$ + k:éo)y + Bj — ¢1N($, y)] } . (4185)

Here, j is an integer. For the four-image variant of phase stepping being consid-
ered here, we choose:

g’ Bs =, B, =—. (4.186)
Letting:

n(x,y) =k + kPy, (4.187)

we have the series of four interferograms:

Iout,(z,y) = 2{1 + cos[n(z,y) — éin(z,9)]},

Toura(@,y) = 2 {1+ cos [n(a,y) + T — ()| }

Iours(z,y) = 2{1 + cos[n(z,y) + 7 — din(z,y)]},

Toura(z,y) =2 {1 + cos [77(% y) + 3% - ¢1N($ay)] } : (4.183)

Using the relevant double-angle formulae, the above equations become:

M — 1 = cosn(z,y) cos gix(x, y) + sinn(z, y) sin din (z, y),
IOUT#M — 1 = cosn(z,y)sin¢in(z,y) — sinn(z, y) cos gin(z, ),
IOUT#M — 1= —cosn(z,y) cos gin(z,y) — sinn(z, y)sin gin (2, y),
IOU%M — 1= —cosn(z,y)singin(x,y) + sinn(z, y) cos gin (2, y).

(4.189)
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We thereby arrive at (see, for example, Hariharan (2003))!34:

_1 [Houra(z,y) — Iour,2(z,y)
Iour(z,y) — lout,3(,y)

oin(w,y) = kD w + kY — ¢ . (4.190)

Phase shifting using M interferograms. Return to eqn (4.185), letting the
phase bias B; take on the following series of M equally spaced values:

2mj
M )

Thus we measure M interferograms, with intensity maps Iour ;(x,y) given by:

B; = j=0,1,2,--- , M —1. (4.191)

Iour,j(z,y) =2 {1 + cos [k(o)a: + k(o)y+ M — ¢in(z, y)}}
j=0,1,2,--- ,M—1. (4192)

Next, suppose that we take our series of M interferograms and then form the
complex function N(z,y), which is defined by:

M-1 ..
23,
N(z,y) = > Tour,(z,y)exp (— MJ>. (4.193)
=0

Insert eqn (4.192) into (4.193), and then write the cosine function in terms of
complex exponentials, to obtain:

M-1
2mig
=2 exp ( >

Jj=

M—1 .
2mig . 21y
+ E exp ( > exp {Z {kg(co)x + Oy + v oin (, y)] }

=0

M-1 .
2me ) 27
+ E exp ( J) exp {—z [kg))x + kz(/o)y + 7]\43 — ¢ (z, y)} } .

Jj=

(4.194)

The first term vanishes, on the right side of the above equation. This can be
seen by invoking the formula for summing a geometric series, but the point can

134Note that there is no ‘quadrant ambiguity’ with the expression below, which gives the
phase modulo 27. This quadrant ambiguity refers to the fact that, for any angle 0, tanf =
tan(f + 7), so that the inverse tangent is only defined modulo w. However, the numerator and
denominator, of the fraction in square brackets, are respectively equal to the sine and cosine
of kg(co)zr + k,(f))y — ¢in(w,y). The sign of the numerator and denominator therefore allows one
to resolve the quadrant ambiguity, thereby recovering the phase modulo 27 rather than merely
modulo 7. Note, further, that a similar argument can be applied to eqn (4.183).
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be arrived at more directly using a symmetry argument in which each term in
the sum is drawn as a point in the complex plane. In the second term on the
right side of eqn (4.194), the two terms involving j both cancel, rendering the
summation trivial. In the third term, factor all quantities out the front of the
summation sign, which do not depend on j. The summation in the resulting
expression vanishes, for the same reason as was given for the vanishing of the
first term on the right side of eqn (4.194). Thus:

N(z,y) = M exp {z {ki,o)x + kéo)y — ¢in(z, y)} } , (4.195)

so that (see, for example, Momose (2002)):

o (@, y) = kO z + kPy — tan ™! {M} . (4.196)

4.6.1.3 Ezample of X-ray interferometry X-ray interferometry, employing the
Bonse-Hart interferometer, was first demonstrated in 1965 (Bonse and Hart
1965). For a more contemporary experimental realization, see the schematic in
Fig. 4.23 (Momose 2002). Here we see white wiggler radiation from the Photon
Factory in Tsukuba, Japan, which is incident upon a double-bounce monochro-
mator (cf. Fig. 3.16) in the upper left of the diagram. An energy of 17.7 keV
was selected. Using an asymmetric reflection from a ‘collimating’ crystal (see
Fig. 3.15(b)), the width of the monochromated beam was expanded prior to en-
tering the three-blade Bonse-Hart interferometer (see Figs. 3.18 and 3.19). As
an ingeniously simple method to introduce the various phase biases required for
the phase-shifting method of interferogram analysis, a 0.5-mm swivelling plastic
plate (‘phase shifter’) was introduced into the reference arm of the interferome-
ter, between the first and second blades. As the plate was swivelled, the reference
beam travelled through a different constant thickness of the plate, thereby intro-
ducing a tunable phase bias B;. A fresh mouse liver was placed into the sample
cell, with the truncated veins and arteries being tied shut so as to prevent leak-
age of blood. The cell itself was filled with a salt solution, to reduce the large
phase shifts which would otherwise be incurred by thickness variations in the
liver itself. Five interferograms were obtained with the X-ray image sensor, these
subsequently being processed using the phase-shifting method described earlier.
A correction was then made to the resulting unwrapped phase map, to remove
the background phase variations due to thickness variations in the liver, thereby
highlighting the phase-shifting effects of the blood vessels within the liver. The
resulting phase map is shown in Fig. 4.24 (Momose 2002). This clearly shows
the blood-filled vessels in the mouse liver, with diameters as small as 50 pm.

4.6.2 Coherence measurement using the Young interferometer

In the latter parts of the first chapter, we studied the mutual coherence function
(Section 1.8) associated with a statistically stationary partially coherent scalar
electromagnetic field. We saw that the modulus of the associated complex degree
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Fig. 4.23. Bonse—Hart interferometer for phase-stepped interferometric imaging
of mouse liver. Image taken from Momose (2002). Used with permission.

Fig. 4.24. Phase map of exit-surface wave-field of fresh blood-filled mouse liver,
obtained using 17.7 keV X-ray radiation. Map obtained using phase-shifting
X-ray interferometry, as described in the text. Image taken from Momose
(2002). Used with permission.
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of coherence, which is a normalized form of the mutual coherence function, is
directly related to the visibility of the interference fringes which may be obtained
using a Young two-pinhole interferometer (see equs (1.99) and (1.100)). This
observation is related to the possibility of measuring the modulus of the complex
degree of coherence, using an X-ray version of Young’s experiment. It is to this
subject that we now turn.

In the realm of visible-light optics, the use of a Young interferometer to deter-
mine the modulus of the complex degree of coherence is well known (Thompson
and Wolf 1957; see also Born and Wolf 1999). In the soft X-ray regime key papers
on Young interferometry include Ditmire et al. (1996), Takayama et al. (1998,
2000), Burge et al. (1999), Liu et al. (2001), and Paterson et al. (2001). In the
hard X-ray regime, see Leitenberger et al. (2001, 2003, 2004).

Here we describe the experiment of Leitenberger et al. (2004) which was
performed using white bending-magnet radiation from the synchrotron source
BESSY-II in Berlin, Germany. Their Young pinholes were drilled into a 30 um
thick tantalum foil, using a focused ion beam. This yielded a pair of near-circular
holes in the foil, with approximately equal diameters of 2.6 um, and a separation
of approximately 12.7 um. This was then normally illuminated with the white
synchrotron beam, in a square patch of size 500 pm which was defined using
slits upstream of the interferometer. The path between the interferometer and
the detector was filled with helium, so as to reduce the absorptive and scattering
effects of air. The radiation detector was a silicon drift chamber with energy
resolution of 200 eV in the range from 2 to 40 keV. A 5 um pinhole was placed
in front of this detector, this being scanned to produce the images obtained in
the experiment. The effective height of this scanning pinhole was approximately
halved using a horizontal straight edge in front of the pinhole, implying the
horizontal scans to have a resolution of 5 um and the vertical scans to have a
resolution of 2.5 pm. Since the detector was energy sensitive, Leitenberger and
colleagues were able to measure Young interferograms at a variety of different X-
ray energies. Such images were registered with the source-to-slit distance at 30.6
m, and with the slit-to-pinholes and pinholes-to-detector distances being 30 cm
and 1.4 m, respectively. This experiment was performed with the pinholes above
one another, and once again for the pinholes horizontally aligned. The visibility
of the resulting Young fringes was thereby determined as a function of energy,
for both vertical and horizontal orientations, in the range from 5 to 15 keV.
The resulting data, of visibility versus X-ray energy for vertical and horizontal
orientations of the pinholes, are respectively shown as the square points in Figs.
4.25(a) and (b) (Leitenberger et al. 2004). After a correction was imposed for the
finite size of the detector pinhole in the vertical and horizontal directions, the
circular points in the figure were obtained. The visibility in either direction was
seen to vary with increasing energy, according to eqn (1.76) in Chapter 1. This
formula was then used to determine the effective size of the X-ray source (‘s’ in
the figure) in the vertical and horizontal directions respectively. This calculation
yielded the respective values of 116 and 145 pm.
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Fig. 4.25. Fringe visibility versus energy for the hard-X-ray Young interference
experiment described in the main text. (a) Young pinholes in vertical orien-
tation. (b) Young pinholes in horizontal orientation. Square dots represent
raw data, with corresponding open circles obtained by correcting for the finite
resolution of the detector pinhole. Solid curves fitted using eqn (1.76) to yield
indicated measurements of the effective source size s, in both the vertical and
horizontal directions. Image taken from Leitenberger et al. (2004). Used with
permission.

4.6.3 Coherence measurement using the intensity interferometer

Thus far all our discussions on interferometry have been focused on interference
which occurs at the level of fields, namely interference patterns which are formed
by measuring the time-averaged intensity which results when two scalar fields are
superposed. As seen in the latter parts of Chapter 1, the resulting interference
phenomena are closely related to the second-order correlation function known as
the mutual coherence function. Higher-order correlation functions may also be
formed, as was briefly discussed in Section 1.10. A certain fourth-order correlation
function is closely related to the notion of intensity interferometry, the subject
of the present sub-section.

Consider two points x; and x5 in a statistically stationary partially coherent
scalar X-ray field. Suppose further that a non-zero mutual coherence function
I'(x1,x2, T) exists between the two points, where 7 is the usual time lag (see Sec-
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tion 1.8). Such a non-zero mutual coherence function is indicative of a non-zero
degree of correlation between the time-dependent disturbances at each spatial
point. On account of this correlation between the field quantities at the two
points, one would also in general expect a non-zero degree of correlation be-
tween the instantaneous intensities at each of the two points. Such an intensity
correlation will be of fourth order in the field quantities.

A twin significance is enjoyed by correlation functions of order higher than
second, in the context of the present discussion. (i) As mentioned in Section
1.10, an arbitrary statistically stationary partially coherent field is not com-
pletely characterized by its mutual coherence function, requiring instead an in-
finite hierarchy of correlation functions of ever-increasing order for a full statis-
tical description of the field. If the field is not statistically stationary, then the
same statement still holds, with the mutual coherence function being evaluated
through an ensemble average rather than through a time average, as a func-
tion of two time arguments. Thus, in general, higher-order correlation functions
such as those of fourth order furnish additional information regarding a partially
coherent field. Such higher-order correlation functions are not measured in the
Young interferometer, and must therefore be measured using a different form
of interferometer. The intensity interferometer, which shall be described in due
course, is one such device. (ii) If one can assume the statistics of a given partially-
coherent field to be Gaussian, then the mutual coherence function is sufficient to
completely characterize the statistical aspects of the field (see Section 1.10). In
this case, higher-order correlations functions either vanish, or may be expressed
in terms of the mutual coherence function.'3® This implies a reduced significance
for the higher-order correlation functions, since they carry no further informa-
tion regarding the statistical aspects of the field, beyond that already provided
by the mutual coherence function. Having said this, we shall see that under cer-
tain circumstances it may be more convenient to measure the mutual coherence
function via measurement of a higher-order correlation function such as that
recorded in intensity interferometry.

Of central importance, in intensity interferometry, is the measurement of the
instantaneous intensity of a partially coherent field. If the field has a very small
bandwidth, as will be the case for quasi-monochromatic X-rays, then this instan-
taneous intensity will appreciably fluctuate over timescales on the order of the
coherence time of the field. This timescale being proportional to the reciprocal of
the frequency bandwidth of the beam, we conclude that the instantaneous inten-
sity fluctuates appreciably over timescales much longer than the field quantities
themselves.'3® Thus, while existing detectors are too slow to directly register
temporal variation of field quantities at optical and higher frequencies, this is
not the case for temporal variations in the intensity of quasi-monochromatic

135This relation is formalized through the ‘Gaussian moment theorem’—see, for example,
Goodman (1985) or Mandel and Wolf (1995).

136 This can be seen for example, by comparing eqn (1.78) to its squared modulus.
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fields.

Such temporal intensity fluctuations may be registered using a detector with
sufficiently high temporal resolution. To study the associated signal, one can
employ a semi-classical treatment based on the first-order time-dependent per-
turbation theory of the photon-detector interaction. This analysis shows that
the signal, registered by an otherwise ideal detector with finite time resolution,
is proportional to the instantaneous intensity of the incident optical field, tem-
porally smeared out in accord with the finite response time of the device (see,
for example, Mandel and Wolf (1995) and references therein).

In the following discussion we shall ignore, for simplicity, the effects of the
finite response time of the detector. Suppose that one has two time-sensitive
detectors, whose small entrance apertures are respectively located at the points
x; and Xs in a quasi-monochromatic statistically stationary partially coherent
scalar X-ray wave-field. Suppose that the time-dependent signal, recorded by
each of these detectors, is proportional to the instantaneous intensity I(x1,t) and
I(x2,t) of the optical field over the respective apertures. The recorded intensity
signals may then be processed through a ‘correlator’, either online or offline, so
as to produce the time average of the product of the difference of each signal
from its mean value. The measured signal S(x1,x2,7) of the resulting ‘intensity
interferometer’ is therefore:

S(x1,%x2,7) = ([{(x1,t + 7) — (I(x1,t + 7))] [[(x2,t) — (I(x2,1))]), (4.197)

where angular brackets denote time averaging. The time lag 7 indicates the
relative time delay of the two signals prior to being fed into the correlator.
Expanding out the right side of this expression, and making use of the fact that
the field is statistically stationary, we see that:

S(Xl, X2, T) = <I(X1, t+ T)I(XQ, t)> - T(Xl)T(XQ), (4198)
where:

I(x1) = (I(x1,t)), I(x2)=(I(x2,t)). (4.199)

The first quantity, appearing on the right side of eqn (4.198), is the promised

correlation function which is of fourth order in the fields. Explicitly, we may
write this quantity in terms of the field ¥(x,t) as:

(I(x1,t + ) (X2, 1)) = (W(x1,t + 7)0" (x1, ¢ + 7)T (%, ) U* (X2, 1)).  (4.200)

This may be compared to eqn (1.88) for the mutual coherence function, which
is second order at the level of fields.

As mentioned earlier, for Gaussian light all non-vanishing higher-order cor-
relation functions may be determined from the mutual coherence function. This
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assumption of Gaussian statistics is typically an excellent approximation for lab-
oratory X-ray sources, together with the three generations of synchrotron light
source (see, for example, Yabashi et al. (2004)). For chaotic polarized radiation,
for which the statistics are Gaussian, it can be shown that our fourth-order
correlation function is related to the mutual coherence function as follows:

(I(x1,t+7)I(xa,1)) = T(x1)T(x2) + [D(x1, %2, 7). (4.201)

If we insert the above expression into eqn (4.198), we see that:

S(x1,%0,7) = |T(x1,%2,7)|° . (4.202)

Thus, under the assumption of Gaussian statistics, the signal S(x1,x2,7) from
the intensity correlator gives a measure of the modulus of the mutual coherence
function.

Rather than using the Young interferometer to measure the modulus of the
mutual coherence function associated with a Gaussian field, the intensity inter-
ferometer may be employed (Hanbury Brown and Twiss 1954, 1956a,b, 1957a,b).
This is known as the ‘Hanbury Brown—Twiss effect’, after its inventors. As they
pointed out in the context of both radio-wave and visible-light optics, the inten-
sity interferometer has some advantages over the Young interferometer. These
advantages include a relative insensitivity of the device to fluctuations in the
phase of each of the beams (indeed, such phase information is discarded), to-
gether with the fact that the two beams need not be physically superposed in
order to register an intensity interferogram. These two advantages were seen to
be of particular utility in the context of determining the angular diameter of
radio stars in both the visible and radio regions of the electromagnetic spectrum
(Hanbury Brown and Twiss 1956b).

These advantages are also of utility in the context of the X-ray incarnation of
the Hanbury Brown—Twiss effect, which has had to wait for the advent of third-
generation synchrotron sources in order to become feasible. Proposals for X-ray
intensity interferometry include Shuryak (1975), Howells (1989), Tkonen (1992),
and Gluskin et al. (1992, 1994). For experimental realizations see Kunimune et
al. (1997), Gluskin et al. (1999), Tai et al. (1999), and Yabashi et al. (2001,
2004).

4.6.4 Other means for interferometric coherence measurement

In the previous pair of sub-sections we have considered two different means for
measuring the coherence properties of partially coherent X-ray radiation, namely
Young interferometry and intensity interferometry. Other means for coherence
measurement exist. All are necessarily interferometric, or may be construed as
such. Here, we give a listing of four such methods, together with recent papers to
provide an entry point into the literature. (i) X-ray prisms (Section 3.4.1) may be
used as interferometers for measuring X-ray coherence. Here, an interference pat-
tern is obtained by overlapping an undiffracted plane beam with one which has
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been refracted using an X-ray prism. Mirror optics, or a pair of prisms, may be
used to the same effect. Analysis of the resulting interferogram yields information
regarding the coherence properties of the X-ray beam. See, for example, Suzuki
(2004) and references therein. (ii) As an extension of the Young double-slit, the
so-called ‘uniformly redundant array’ (Fenimore and Cannon 1978) may be used
for X-ray coherence measurement (Nugent and Trebes 1992). These devices are
random apertures which contain a series of pinholes located over a discrete lat-
tice of points, which are such that all possible pinhole separations occur the
same number of times. A one-dimensional variant of the uniformly redundant
array, with points replaced by slits, is also possible. These arrays have the utility
that, in a sense, one can perform many Young-type interference experiments in
parallel. The Fresnel diffraction patterns of such masks are convenient for X-ray
coherence measurement—see, for example, Lin et al. (2003), together with refer-
ences therein. (iii) Fresnel diffraction patterns of an illuminated sample may be
viewed in interferometric terms, as the interference pattern formed by the super-
position of the scattered and unscattered waves. Since they may be interpreted
as interferograms, the fringes in Fresnel diffraction patterns (in-line holograms)
of simple objects (e.g. slits and fibres) may be used to infer certain information
regarding the state of coherence of the illuminating radiation. See, for example,
Snigireva et al. (2001) and Kohn et al. (2001). (iv) Regarding the use of the
Talbot effect for the measurement of coherence, see, for example, Guigay et al.
(2004) and references therein.

4.7 Virtual optics for coherent X-ray imaging

Below we augment the discussions on virtual X-ray optics which were given
in Section 3.5. Section 4.7.1 revisits and extends these comments in light of
the material in the present chapter, while Section 4.7.2 gives an experimental
demonstration in the context of coherent X-ray imaging.

4.7.1 General remarks on virtual optics for coherent X-ray imaging

The relatively recent advent of powerful computers has enabled them to become
an intrinsic part of optical imaging systems, as virtual optics which augment the
hardware optical elements of a given system.

At the simplest level, such computing power can be used for the purposes
of data analysis. One such example is computational interferogram analysis us-
ing the Fourier-transform method or the phase-shifting method (Section 4.6.1).
Other examples include the use of computers in X-ray crystallography, the dig-
ital reconstruction of in-line holograms (Sections 4.3.1) and Fourier holograms
(Section 4.3.3), coherent diffractive imaging based on generalized forms of the
Gerchberg—Saxton algorithm (Section 4.5.1), and phase retrieval using the trans-
port-of-intensity equation (Section 4.5.2). These examples constitute a trivially
generalized form of Gabor’s monumental idea of imaging via a two step process,
namely recording followed by reconstruction (Gabor 1948). The salient point of
difference is that, rather than using an analogue optical computer (e.g. a Fresnel
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or Fraunhofer diffraction pattern) in order to optically decode a hologram, one
uses a digital computer to the same end in analysing one or more phase-contrast
images of a sample.'?7

At a deeper level, and focusing for the moment on coherent imaging sys-
tems, one can seek total knowledge (up to a given resolution) regarding the
two-dimensional coherent field which is input into a two-dimensional imaging
system. As we have seen, phase-retrieval methods of coherent X-ray imaging
exist which are able to reconstruct both the amplitude and phase of an input
two-dimensional disturbance. Irrespective of the means used to reconstruct the
complex input disturbance, this total knowledge of the input allows one to use a
computational embodiment of the requisite operator theory of imaging in order
to emulate in software the subsequent action of an arbitrary coherent imaging
system. In such software optics, the computer is playing a deeper role than merely
data analysis. Rather, it is performing the same optical-information processing as
a hardware optic, albeit in digital form (Lichte et al. 1992, 1993; Yaroslavsky and
Eden 1996; Bajt et al. 2000; Barone-Nugent et al. 2002; Paganin et al. 2004b).

At the deepest level to be considered here, the question of virtual optics may
be considered for the case of partially-coherent fields. If such fields are Gaus-
sian, then total knowledge regarding the statistical properties of a scalar input
field is contained within the mutual coherence function, as a function of all pairs
of points in the input disturbance, for all time lags. For statistically stationary
fields, this mutual coherence function is defined in terms of a suitable time aver-
age, with ensemble averages being required for fields which do not possess this
property. One can go further, in considering the various electromagnetic corre-
lation tensors for partially coherent fields for which the vectorial nature of the
radiation is important. Lastly, if the statistics are not Gaussian—as will be the
case, for example, for non-classical states of the X-ray wave-field—then a hier-
archy of higher-order correlation functions is required for a complete description
of the input field (see, for example, Mandel and Wolf (1995), and references
therein).

Return to the case of virtual optics for a partially coherent scalar field. We
have given a very brief discussion (Sections 4.6.2, 4.6.3, and 4.6.4) of some means
for determining partial knowledge regarding the mutual coherence function of
an X-ray wave-field. This only served to scratch the surface of the subject of
coherence measurement, but the salient point is nevertheless clear: means exist
for determining the mutual coherence function of an X-ray wave-field, and if
such wave-fields are Gaussian then this function carries complete information
regarding the statistical properties of the field. Such methods have been known
for some time—see, for example, the discussion on means of using the Young
interferometer to measure the mutual coherence function (not just its modulus)

137Here, ‘phase contrast’ is to be understood in a suitably broad sense of the term, as any
output image which has some dependence on the phase of the input field, in addition to its
amplitude. This broad use of the term encompasses holograms, interferograms, phase-contrast
images, far-field and Fresnel diffraction patterns, and so forth.
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of a quasi-monochromatic field which is given in Wolf (1954). Recent progress in
the area of measuring mutual coherence functions for X-ray fields thereby open
the way for virtual optics using partially coherent radiation. Again, once one has
total knowledge of the input field—in this case, the mutual coherence function
for all pairs of points in the input plane to a given two-dimensional imaging
system, as a function of all time lags—the operator theory of partially coherent
imaging (see, for example, Goodman (1985)) can be used to emulate in software
the subsequent action of an arbitrary partially coherent imaging system.

4.7.2  Ezample of virtual optics in coherent X-ray imaging

Here we outline a simple case study of virtual optics for the imaging of coher-
ent X-ray wave-fields (Paganin et al. 2004b). Our presentation is broken into
three parts. Section 4.7.2.1 considers the forward problem for determining the
propagation-based phase-contrast image of a single-material object, under the
paraxial approximation. In Section 4.7.2.2 we treat the associated inverse prob-
lem of determining the exit-surface wave-field from a single propagation-based
phase-contrast image of the same. In Section 4.7.2.3 we show how this recon-
structed field may be used for virtual X-ray optics.

4.7.2.1 Forward problem: calculation of propagation-based phase contrast image
Consider a thin single-material object, with projected thickness T'(z,y) in the
direction of a nominal optic axis z. Here, (z,y) are the usual Cartesian coordi-
nates in the plane perpendicular to z. Assume the sample, which is illuminated
by unit-strength z-directed monochromatic plane waves of angular frequency w,
to be sufficiently gently varying for the projection approximation to hold (Section
2.2). Under these assumptions, the wave-field ¢, (x,y, z = 0) at the exit-surface
z = 0 of the sample is seen from eqns (2.41) and (2.43) to be given by:

Yo(@,y,2 =0) = \/exp [~ T(x,y)] exp [~ikd, T (x,y)]
= exp [— (%" + ik‘éw) T(m,y)} . (4.203)

Here, p,, is the linear attenuation coefficient of the material in the sample, k =
27 /X is the wave-number of the radiation corresponding to a wavelength of A, and
., is related to the real part of the material’s refractive index n,, via Re(n,) =
1—9,.

Assume this exit-surface wave-field to be paraxial, so that it may be inserted
into the operator form (1.28) of the Fresnel diffraction integral so as to propagate
the field through a specified distance A > 0. The resulting propagated field is:
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You(z,y,z = A) =exp(ikA)

x F~texp _ZA(I;%C—’_ ki) F exp [— (%} + ikéw) T(x,y)} .

(4.204)

Here, F denotes Fourier transformation with respect to z and y under the conven-
tion given in Appendix A, 7! denotes the corresponding inverse transformation
and (kg, ky) are the Fourier-space coordinates reciprocal to (z,y).

Let a be the smallest non-negligible transverse length scale present in the
exit-surface wave-field of the object. More precisely, a may be defined as the
smallest distance such that the two-dimensional Fourier transform of the exit-
wave-field is negligible for all points (k;,k,) in Fourier space which obey the

following inequality:
NCRT = g (4.205)

Suppose a to be sufficiently large that the following condition holds:

A 21\ 2

— x| — 1. 4.206

2k ( a ) < ( )
If this is so then we may replace the Fresnel propagator exp[—iA (k2 + k2)/(2k)],
in eqn (4.204), by the following first-order Taylor approximation:

—iA(k3 + k)
2k

iA(K2 + k2
o Al k) (4.207)

exp o

Note that, upon introduction of the Fresnel number N via (cf. eqn (1.47)):

2

a
Np = — 4.2
condition (4.206) assumes the simple form (cf. eqn (1.48)):
Np > 7. (4.209)

Assuming the propagation distance A to be sufficiently small for the Fres-
nel number to obey inequality (4.209), we may insert the Taylor approximation
(4.207) for the Fresnel propagator into eqn (4.204). Invoking the Fourier deriva-
tive theorem we obtain the following expression for the propagated field:

— _ ; é 2 (P
ol = &) = explib) (14 5298 e [ (% 4 80,) Tlo.)]
(4.210)
where V3 = 92/02% + 8% /9y? is the Laplacian in the zy plane.
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The intensity I, (z,y,z = A) of the propagated field is obtained by taking

the squared modulus of the above expression. To first order in A, this yields'38:

I,(x,y,z=A) = exp[—pT(x,y)]
+ %Re {iexp {— (%J - 'kéw) T(x,y)} V2 exp [— (,u?w + ik6w> T(x,y)} } )
(4.211)

After a good deal of vector algebra, but with no further approximations, the
above equation yields the following expression for the propagation-based phase-

contrast image of our thin single-material sample!3:
oAy
I,(z,y,z=A)=(1- TVL exp[—poT (z,y)]. (4.212)

4.7.2.2 Inverse problem: determination of the exit-surface wave-field Take the
Fourier transform of eqn (4.212) with respect to z and y. Making use of the
Fourier derivative theorem, we obtain:

VAN

w

Fllufene =)= |1+ Z202 4 1) F el Tl (1213)
The differential equation has thereby been transformed into an algebraic equa-
tion, which is readily solved for F{exp[—p.,T(z,y)]}. One thus obtains the follow-

ing expression for the projected thickness of the single-material object (Paganin
et al. 2002):

_ _i o —1 f[lw(x7yvz :A)]
T(z,y) = uwl 8e (f {1 N RNTRI +k§)}> : (4.214)

Inserting this result into eqn (4.203), we arrive at an equation for the exit-
surface wave-field of the object as a function of the single propagation-based
phase contrast image I, (z,y,z = A) (Paganin et al. 2004b):

f [Iw(x, y7 zZ = A)] (1/2)+(ik6W/“u) (4 215)
) . .

- o —1
Yo(r,y,2=0) = <f { 1+ (000 /p) (K2 + K

4.7.2.3 Virtual optics for coherent X-ray imaging At the ID22 beamline of
the European Synchrotron Radiation Facility (ESRF) in Grenoble, France, a
100 wm thick slice of dried human femur bone was normally illuminated with

138Note that, when A = 0, eqn (4.211) reduces to the projection-approximation form of Beer’s
law of absorption given in eqn (2.43).
139For an alternative derivation see Paganin et al. (2002).
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near-plane monochromated 20 keV X-rays (wavelength 0.62 A). Allowing the
exit-surface wave-field to propagate through a distance of 20 cm, the propagation-
based phase-contrast image in Fig. 4.26(a) was registered using a CCD detector.
This detector had an effective pixel size of 0.33 wm, with the phase contrast
image being 2048 x 2048 pixels = 676 x 676 um in size (referred to the plane of
the object). The image clearly displays haversian canals in cross section, together
with osteocytes in the bone.

For the purposes of analysis the bone sample was assumed to be composed
solely of apatite. At 20 keV this material has a refractive index decrement 4,, =
1.66 x 1076 and a linear attenuation coefficient ., = 1.95 x 10> m~!. Equation
(4.214) was then used to recover the projected thickness T'(x,y) of apatite in the
sample, given Fig. 4.26(a) as input, with the result in Fig. 4.26(b). The maximum
value of the retrieved thickness was 90 um, which may be compared to the fact
that the thickness of the sample was 100 um. Using eqn (4.215), the complex
wave-field at the exit-surface of the sample was then reconstructed. This was
subsequently used to emulate phase-contrast images for a number of modalities,
as shown in Figs. 4.26(c) though (i). In Fig. 4.26(c) we see an emulated Zernike
phase contrast image, for phase bias of the Zernike ‘spot’ equal to 7 radians, and
Fourier-space radius of the spot at 1072 um~" (see Section 4.4.1). In Fig. 4.26(d)
we see an emulated Schlieren image, corresponding to a vertical ‘knife edge’
blocking out the left half of the two-dimensional Fourier spectrum of the retrieved
exit-surface wave-field. Fig. 4.26(e) shows an emulated propagation-based phase
contrast image (in-line hologram) corresponding to a propagation distance 1.00
m, which was computed using the angular-spectrum representation of the free-
space diffraction operator in eqn (1.25) (see Section 4.4.4). Figure 4.26(f) gives an
emulated differential interference contrast image, corresponding to a phase bias
of 7 radians and a horizontal transverse shift of the displaced copy of the field at
0.33 pm (see Section 4.4.2). Figures 4.26(g) and (h) give emulated analyser-based
phase-contrast images, corresponding to respective detunings of 1.5” and —1.5"”
from a symmetrical silicon 111 reflection for the unperturbed incident beam, with
the detunings being in the yz plane (see Section 4.4.3). Lastly Fig. 4.26(i) shows
an emulated interferogram corresponding to interfering the retrieved exit-surface

wave-field with the tilted plane wave exp[i(kg(go)x + kg(,o)y + B)], where B =175

1

um~—1, kl(,o) =0 um™ ', and B = 7 radians (see Section 4.6.1).

4.8 Summary

We began our explorations, on the fascinating subject of coherent X-ray imaging,
with a treatment of the operator theory of imaging in Section 4.1. Here, a two-
dimensional X-ray imaging system was viewed in operational terms as mapping
a given input field to an associated output. The operator, which maps input to
output, was seen to completely characterize a given imaging system. Our main
emphasis was on the operator theory of coherent imaging systems, with par-
ticular attention being paid to shift-invariant coherent linear systems, although
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Fig. 4.26. (a) Propagation-based phase contrast image of a 100 pm thick slice of
dried human femur, obtained using 20 keV X-rays. Scale bar is 200 pm, with
all subsequent images at same magnification. (b) Reconstruction of projected
thickness T'(z, y) of apatite in bone sample, obtained by applying eqn (4.214)
to image in (a). Using eqn (4.215), the complex wave-field at the exit surface of
the object was then reconstructed. This wave-field was then used as input into
virtual-optics algorithms to emulate in software a variety of phase contrast
imaging systems: (c) Zernike phase contrast, (d) Schlieren phase contrast,
(e) propagation-based phase contrast, (f) differential interference contrast,
(g, h) analyser-based phase contrast for two different detunings of crystal
from Bragg angle, and (i) interferometric phase contrast. Further details in
main text. Image taken from Paganin et al. (2004b). Used with permission.



Summary 329

polychromatic and partially coherent imaging systems were also examined. This
formalism laid much of the groundwork employed in later sections of the chapter.

In Section 4.2 we treated self imaging, whereby the act of free-space propaga-
tion from plane to parallel plane may serve to form an image of the time-averaged
disturbance of the unpropagated intensity. Two such self-imaging systems were
considered. In the Talbot effect, we saw that a two-dimensional transversely pe-
riodic paraxial coherent field may exhibit self-imaging for propagation distances
equal to integer multiples of the so-called Talbot distance. In the stronger form
of the Montgomery effect we saw that if the two-dimensional Fourier spectrum of
an input forward-propagating coherent input disturbance is non-zero only over
a certain circle in Fourier space, then one has a ‘diffraction free beam’ with
the remarkable property that it is self-imaging for all in-vacuo propagation dis-
tances. In the weaker form of the Montgomery effect the non-vanishing of the
Fourier spectrum over two circles was seen to yield a free-space propagated field
with longitudinally periodic intensity. Polychromatic generalizations of both the
Talbot and Montgomery effects were also considered.

We then moved onto the subject of holography, in Section 4.3. Three differ-
ent forms of holography were considered: in-line holography, off-axis holography,
and Fourier holography. All of these were seen to have the common feature of
seeking to reconstruct both the amplitude and phase of a given incident two-
dimensional coherent disturbance. This was achieved via a two-step process:
recording followed by reconstruction. This notion has strong parallels with both
phase retrieval and virtual optics, subjects discussed later in the chapter.

Phase contrast imaging systems, which are engineered such their output in-
tensity maps are sensitive to transverse phase shifts in the input field, were
examined in Section 4.4. Such systems are of particular utility for the X-ray
imaging of weakly absorbing or non-absorbing specimens, whose primary effect
on an incident beam is to introduce transverse phase shifts but minimal trans-
verse intensity variations. We separately considered several common methods
for achieving phase contrast: Zernike phase contrast, differential phase contrast,
analyser-based phase contrast, and propagation-based phase contrast. In-line
propagation-based phase contrast was seen to be very closely related to in-line
holography, with the qualitative difference that the former typically works with
propagation distances that are sufficiently small to avoid multiple Fresnel fringes
in the output image. We also offered some remarks on hybrid phase-contrast
imaging systems, in which two or more different forms of phase contrast may
be united into a single system which compensates for the individual shortcom-
ings of each method considered separately. All of these phase-contrast imaging
systems were seen to have associated transfer functions which were deliberately
‘aberrated’ from unity. This conforms to the slightly paradoxical statement that
a perfect imaging system, which by definition has a transfer function of unity,
yields no information regarding the phase of an X-ray disturbance incident upon
it.
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Phase retrieval, treated in Section 4.5, was seen to represent a natural follow-
on from the physics of phase-contrast imaging. Rather than merely seeking to
qualitatively interpret phase-contrast images, the problem of phase retrieval
seeks to reconstruct both the phase and the amplitude of the incident disturbance
given one or more phase contrast images of the same. Three methods for phase re-
trieval were examined: the Gerchberg—Saxton algorithm and its subsequent gen-
eralizations, deterministic phase retrieval using the transport-of-intensity equa-
tion, and the use of complex analysis for the phase retrieval of one-dimensional
fields. Generalized forms of the Gerchberg—Saxton algorithm are of current topi-
cal interest, in the context of the ongoing quest to solve the non-crystallographic
phase problem of reconstructing aperiodic samples given one or more far-field
diffraction patterns of the same. The transport-of-intensity equation was seen to
yield a deterministic solution to the problem of phase retrieval using two slightly
defocused propagation-based phase contrast images of a paraxial field with con-
tinuous wave fronts. Lastly, the problem of phase retrieval given the diffraction
pattern of a one-dimensional coherent field was seen to be very closely related
to the theory of analytic functions.

Interferometric means of both phase and coherence measurement were treated
in Section 4.6. Regarding phase measurement, interferometric phase contrast was
seen to be effected by superposing a given two-dimensional coherent wave-field
with a tilted plane wave, the intensity of which has a series of linear fringes
distorted according to the transverse phase variations in the input field. Two
methods of phase determination from such interferograms were treated: Takeda’s
Fourier-transform method and the phase-shifting method. One may note the evi-
dent parallels between the former method and Fourier holography. Two methods
of interferometric coherence measurement—where one ‘images’ the coherence
properties of X-ray radiation, as opposed to imaging a sample—were treated.
The first of these uses the Young interferometer to determine the modulus of the
complex degree of coherence associated with a quasi-monochromatic partially
coherent X-ray field. The second of these is based on intensity interferometry,
where interference occurs at the level of intensity rather than at the level of
fields. Many other means of coherence measurement exist, including methods
based on Fresnel diffraction, uniformly redundant arrays, prism interferometers,
and the Talbot effect. These were not examined in the text, beyond providing
some entry points into the recent literature.

We closed with the topic of virtual optics, in Section 4.7. Here, we argued
that the computer is now firmly entrenched as an intrinsic part of optical imaging
systems. Examples were given, drawn from holography, crystallography, tomogra-
phy, and propagation-based phase retrieval. At a weaker level, it was argued that
computers are convenient tools for optical data analysis. At a deeper level, the
techniques of phase retrieval—for both coherent and partially coherent fields—
allow the computer to process optical information at the field level, albeit in
digital form. An example was given, of the utility of virtual optics in the context
of X-ray micro-radiography.
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Further reading

The theory of coherent shift-invariant linear optical imaging systems is covered
in many optics texts, such as Papoulis (1968). For aberrated linear systems,
see Cowley (1995). Regarding the generalization of this approach to partially
coherent systems, which was only touched upon in the text, see Beran and
Parrent (1964) and Goodman (1985). The Talbot effect is described in Cow-
ley (1995), with a well-referenced discussion in the context of X-ray optics in
Erko et al. (1996). See also Cloetens et al. (1999) and Guigay et al. (2004),
together with references therein. The Montgomery effect is outlined in the dis-
cussion on diffraction-free beams in the text by Nieto-Vesperinas (1991). Key
original papers include Montgomery (1967, 1968), Durnin (1987), and Durnin
et al. (1987), although we note that none of these works treat the possible re-
alization of diffraction-free beams in the X-ray regime. For the early papers on
X-ray holography see Erko et al. (1996), together with references to the primary
literature which are contained therein. An important variant on Fourier holog-
raphy, known as internal source holography, was not discussed in the text. For
more on this topic, see, for example, the reviews by Faigel and Tegze (1999,
2003). For more information on the various methods of phase contrast (Zernike
phase contrast, differential interference contrast, analyser-based phase contrast,
propagation-based phase contrast, and hybrid means for phase contrast), to-
gether with the Gerchberg—Saxton algorithm and its later variants, see the jour-
nal articles cited in the main text. For a review of phase retrieval using the
transport-of-intensity equation, see Paganin and Nugent (2001). Methods of one-
dimensional phase retrieval are reviewed in Klibanov et al. (1995). Entry points,
to the literature which applies and extends such methods in the context of X-
ray diffractometry of one-dimensional layered scatterers under the first Born
approximation, include Petrashen’ and Chukhovskii (1989), Reiss and Lipper-
heide (1996), Nikulin (1998), Nikulin and Zaumseil (1999), Siu et al. (2001), and
Nikulin and Zaumseil (2004). Hariharan (2003) is a good general reference on
interferometry. For X-ray interferometry, see the early papers by Bonse and Hart
(1965) and Hart and Bonse (1970), together with the reviews by Hart (1980),
Bonse (1988), and Momose (2002), and the well-referenced textbook account by
Authier (2001). Regarding both Young interferometry and intensity interferom-
etry, we refer the reader to the references cited in the main text. For more on
virtual optics see the book on the subject by Yaroslavsky and Eden (1996) and
the paper by Paganin et al. (2004b), together with references therein.
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5

Singular X-ray optics

In this chapter we examine the singularities of various theories describing X-ray
radiation. We place particular emphasis on the singularities of the scalar wave
theory known as ‘nodal lines’, these being lines along which the intensity of
the wave vanishes. To a lesser extent we examine singularities of the ray theory
known as ‘caustics’, at which the theory predicts an infinite intensity.

A number of familiar phenomena in coherent X-ray optics are viewed in a
more sophisticated light as a result of acquaintance with the notions of singu-
lar X-ray optics. These phenomena include speckle patterns, Airy rings, the fine
structure of caustics, the focal region of imperfect lenses, and the interference of
multiple plane waves. It is hoped that the present chapter will serve as an intro-
duction to the theory of singular optics, which has been rather well developed in
other fields (e.g. visible-light optics) but which, to date, has received relatively
little attention from the X-ray optics community.

Section 5.1 gives an introduction to vortices in complex scalar fields, with
some emphasis on the fact that they are nigh-ubiquitous rather than exotic.
The notion of nodal lines is examined in Section 5.2, in the general setting of
continuous complex scalar wave-fields whose equation of evolution is unspecified.
We see in Section 5.3 that these nodal lines may be associated with vortex cores,
about which optical energy ‘swirls’, in a manner somewhat analogous to smoke
swirling about a smoke ring or a hurricane whirling about its central axis. The
analysis of Sections 5.2 and 5.3 is powerful, insofar as it obtains certain results
of a very general character which are independent of the functional form of
the differential equation governing the evolution of a continuous complex scalar
wave-field. Having said this, details of the dynamics of vortices will depend on
the particular form of differential equation obeyed by the wave-field in which
they are embedded. Accordingly, in Section 5.4 we consider exact polynomial
vortex solutions to the d’Alembert wave equation governing a complex scalar
electromagnetic field. While these solutions diverge when one is sufficiently far
from the nodal line threading an associated vortex, they may be regarded as
good local descriptors of certain vortical electromagnetic scalar fields. Vortex
dynamics, which are rather reminiscent of the dynamics of elementary particles,
are the subject of Section 5.5. Therein we study vortex creation and annihilation
(Section 5.5.1), vortex stability and decay (Section 5.5.2), and the response of
vortices to the background scalar field in which they are immersed (Section 5.5.3).
We then consider means of creating X-ray wave-field vortices, in Section 5.6.
Such methods include vortex creation via the interference of three plane waves
(Section 5.6.1), the use of synthetic holograms (Section 5.6.2), and spiral phase
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masks (Section 5.6.3). Vortices may also be formed spontaneously, as discussed in
Section 5.6.4. Certain other classes of wave-theory singularity, besides vortices,
are discussed in Section 5.7. Lastly, Section 5.8 introduces the singularities of
the ray theory known as ‘caustics’, drawing several connections between these
singularities and those of the wave theory. The notion of a ‘singularity hierarchy’
is also examined. Here, a singularity is viewed as a breakdown of a given theory
of optics, ushering in the need for a more general theory. The passage from ray
to wave optics, or from classical wave optics to quantum optics, is discussed in
light of this idea.

5.1 Vortices in complex scalar fields

Vortices abound in the natural world—of the many examples which immedi-
ately spring to mind let us single out the eddies in a country stream or a plume
of smoke, hurricanes, whirlpools, spiral galaxies, the angular-momentum eigen-
states of the hydrogen atom, vortices in uncharged superfluids such as liquid
helium and charged superfluids such as type-II superconductors in the Meissner
state, the red spot of Jupiter, and the vortex state of Bose—FEinstein conden-
sates. As these examples are intended to suggest, the vortex is ubiquitous rather
than exotic—indeed, we shall argue on rather powerful topological grounds that
vortices are present in most non-trivial complex scalar wave-fields.

5.2 Nodal lines

In what follows much use will be made of topological arguments, in which one
works with wave-field form rather than with quantity. As shall be seen, these
rather powerful arguments allow one to draw a number of conclusions based
solely on the continuity and single-valuedness of a given complex wave-function,
without needing to make reference to the particular form of partial differential
equation that it obeys. Indeed, such topological arguments can be applied to
a rich variety of time-dependent and time-independent complex scalar fields,
including fields which obey non-linear equations (as will be the case, for example,
for intense X-ray wave-fields in a material medium).

Following an argument due to Dirac (1931) let us consider a complex scalar
function ¥ (x,y, 71,72, ), which depends on the Cartesian spatial coordinates
x,y, together with a number of other continuous real control parameters 7, 79, - - .
Examples of these control parameters include free-space propagation distance z
or evolution time ¢ for both time-dependent and time-independent fields, defo-
cus, spherical aberration, thickness of medium (such as a crystal) through which
a given wave-field travels, energy of a given monochromatic field which is input
into a coherent imaging system, etc. (cf. Section 4.1).

Suppose, in the first instance, that all control parameters have a certain fixed
value. Dropping the explicit functional dependence on these fixed control parame-
ters, denote the resulting complex wave-field by ¥(z,y) = /I(x,y) explid(x, y)].
Assuming there are no sharp boundaries present, ¥ (x,y) must be both continu-
ous and single-valued over the zy plane. Since ¥ (x, y) is continuous, the intensity
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Fig. 5.1. Simple closed curve I' in the xy plane, which is traversed in an anti-
clockwise sense, and along every point of which [¢(z,y, 71, T2, - - - )|? is strictly
positive. The unit tangent vector at a point P is denoted by t.

I(z,y) = |1 (z,y)|? is also continuous over the xy plane. Draw a simple closed
curve I' in this plane (i.e. a continuous differentiable closed curve with no self-
intersections), over every point of which the intensity is non-zero: see Fig. 5.1.
Since a complex number is unchanged by the addition of any integer multiple
of 27 to its phase, one is left with the possibility that the single-valued complex
function ¥ (z,y) may nevertheless have a multi-valued phase ¢(x,y). Therefore,
as one traverses the path I' once (in an anti-clockwise manner, by convention),
the phase of the wave-function may change by an integer multiple m of 2m:

£d¢= frw-ﬁ ds = 2mm. (5.1)

Here t is a unit tangent vector to the path T' in the zy plane, and ds is a
differential element of arc length along this path. As shall be seen in due course,
the non-vanishing of m heralds the presence of a wave-field vortex.

Now let us introduce an extra dimension into the space occupied by ¥ (x,y),
by keeping fixed all but one of the continuous real control parameters 71,72, -.
The resulting wave-function will be written as ¥ (x,y,7), with 7 denoting the
control parameter which is allowed to vary.'° If 7 is allowed to vary between
the limits vy < 7 < 7max, and if this interval is such that there are no non-
differentiable terms in the partial differential equation governing the evolution of
Y(x,y,7) with 7 (Allen et al. 2001a), then ¥ (x,y, 7) will be a continuous function
of z,y, and 7. In addition, ¥ (z,y, ) will be taken to be a single-valued complex
function of these variables.

Draw a simple closed curve I' in the zyT space, over every point of which the
intensity [¢(x,y, 7)|? is strictly positive. With this appropriately generalized path

140More generally one could consider a non-self-intersecting smooth curve in the control space
coordinatized by 71,72, -+, with the curve being parameterized by the real number 7. If this
is the case then the conclusions of the main text remain unchanged.
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T, eqn (5.1) still holds. Adopting a suitably ‘hydrodynamic’ language, namely
a terminology evocative of fluid mechanics, we will speak of the left side of eqn
(5.1) as the ‘circulation’ of the wave-field about the path I. Evidently circulation
is quantized,™! as it is constrained to be an integer multiple of 2.

Suppose that we infinitesimally and smoothly perturb the contour I', to give
a deformed smooth contour I' + 6" which is such that |¢(z,y,7)|? is strictly
positive at every point on the deformed contour. Continuity of the wave-function,
together with strict positivity of the intensity at each point on both deformed and
undeformed contours, implies the continuity of the phase of the wave-function
at each point on both the deformed and undeformed contours. Since the phase
is continuous at every point of both the deformed and undeformed contours, the
circulation over the two infinitesimally different contours I' and I" + 6I" can at
most differ by an infinitesimally small amount. However, since the circulation is
quantized, this implies that the circulation has not changed at all.

To proceed further, consider a continuous and smooth finite deformation of
the contour I', from the initial simple closed curve I to a final simple closed curve
I'". This finite deformation can be viewed as an infinite sequence of infinitesimally
small perturbations. Suppose that the intensity of the wave-function is strictly
positive, not only along every point of the initial and final curves, but also along
every point of every intermediate smooth curve which exists as I' is continuously
deformed to I'V. Evidently, the circulation is unchanged as one passes between any
neighbouring members of our sequence of curves, implying that the circulation is
the same for both T' and I”. We therefore see that ¢(x,y,7) possesses the same
circulation for all allowed closed curves I' which can be continuously deformed
into one another, with the class of ‘allowed’ curves being those simple closed
curves in 2y7 space which are such that |[¢)(x,y,7)|? is non-vanishing over every
point of the curve.

Consider once more a given allowed curve I' in xzyT space, over which the
circulation is non-vanishing, and over every point of which |¢(x,y, 7)|? is strictly
positive. We now show that this curve cannot be continuously contracted to a
point without encountering a zero of the wave-field ¥(x,y, 7). To arrive at this
conclusion, we use a proof by contradiction. Let us (incorrectly) assume, there-
fore, that I' can be continuously contracted to point, without ever encountering a
zero of the field. Having contracted the curve I' to a point, the circulation about
the contracted curve must vanish. This is a contradiction, as it runs counter to
the previous paragraph’s conclusion that the circulation must be the same as
the non-zero circulation obtained for the initial curve I'. Therefore, the initial
assumption is incorrect, from which we conclude that I" cannot be contracted to
a point without encountering a zero of the field.

141There are some evident parallels here, with the Bohr-Sommerfeld quantization rule of the
old quantum theory. Similarly, there are parallels with the standard argument for obtaining
hydrogenic wave-function solutions to the Schrodinger equation, which leads to the quantization
of orbital angular momentum.
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Fig. 5.2. Nodal line ABC' in xy7 space. The wave-function ¢(z,y,7) vanishes
at each point on the nodal line. Fixing 7 to a particular value, 7 = Taxed,
defines a plane in xzyT space, with r; = (z,y) being a coordinate vector in
this plane. The nodal line punctures this plane at points A and B, which are
identified with a pair of counter-propagating wave-field vortices. Note that
the simple closed curve I' can never be unthreaded from the nodal line ABC,
without a point on I' crossing a zero of the field. Image taken from Allen et
al. (2001b). Used with permission.

This conclusion leads us to the concept of ‘nodal lines’, which have been
rather evocatively dubbed ‘lines of nothingness’ (Nye 1999). To introduce this
notion, consider Fig. 5.2. Here we see an allowed curve I' in xy7 space, which pos-
sesses non-zero circulation. We have just shown that this cannot be continuously
deformed to a point without encountering a zero of the field. Since the space
occupied by the curve is three-dimensional, this implies that the wave-function
must vanish over a closed curve of points, which form as it were the thread of a
‘necklace’ from which the ‘bead’ I" can never be removed without encountering a
zero of the field. This ‘necklace’, which forms a connected closed curve of points
where the wave-field vanishes, is known as a nodal line.

Before continuing, we make three remarks: (i) Nodal lines may terminate
at the sharp edges of scatterers, if they are present. (i) In the figure, we have
shown an elementary example of a nodal line, which constitutes a simple closed
curve. In addition to forming such simple closed curves, more complex topologies
are possible, such as branch points and knots (Berry and Dennis 2000a; Freund
2000; Berry 2001; Berry and Dennis 2001). As an example of the former, our
preceding analysis evidently allows an m = 2 nodal line to branch into a pair of
m = 1 nodal lines. (iii) A nodal line which extends to infinity need not be closed
(although, if spatial infinity is treated as a single point, such nodal lines may
also be viewed as closed).

In view of the above comments, we are led to the possibility of a complicated
nodal-line network permeating a given complex field. These nodal-line networks
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may possess non-trivial topologies such as branches or knots. Individual nodal
lines may only terminate on sharp scattering edges, or at spatial infinity, forming
closed loops otherwise. Whether such a network exists depends on the particular
form of differential equation obeyed by the field, together with the initial condi-
tions that are specified. Having said this, many familiar fields lacking particular
symmetries do possess such a tangled web of dislocation lines. Examples include:
(i) turbulent states of trapped Bose-Einstein condensates; (ii) the Meissner state
of a type-II superconductor; (iii) the speckled pattern which is observed when
a laser beam is reflected from a rough wall or when a coherent X-ray wave is
passed through a rough transparent screen; (iv) partially coherent scalar fields
possessing no particular spatial symmetries. Note that, in the last-mentioned
example, the nodal-line network will evolve through time in a complex manner.
A number of further examples, in the field of coherent X-ray optics, will be given
later in this chapter.

5.3 Nodal lines are vortex cores

At this point the reader may be asking what the preceding analyses have to
do with wave-field vortices. The connection is rather simple: nodal lines are
vortex cores. To see this let us consider Fig. 5.2 once again. Imagine that the
path T", over every point of which the modulus of the wave-function is strictly
positive and around which the circulation has the non-zero integer value m, is
contracted to a very small path enclosing the nodal line. Suppose the path is such
that it lies entirely within a small simply-connected region ¥ of a certain plane,
which is pierced by the nodal line exactly once, at position O € X. Introduce
plane polar coordinates (r, ) in X, with r denoting radial distance from O, and
denoting azimuthal angle. Since the circulation is non-zero, this implies a singular
character for the phase ¢(r, ) of the wave-field over the region X, with the phase
expressible in the form:

o(r,0) = mb + g(r,0). (5.2)

Here, g(r,0) is a continuous and differentiable function that makes no contribu-
tion to the circulation evaluated in eqn (5.1).

Since the circulation (around I’ € ¥) is unchanged by a continuous deforma-
tion of the phase effected by the form of g(r,#), it is evidently the ‘topological’
part mé of the phase which contributes to the non-zero circulation. A sketch of
this helicoidal ‘vortex’ phase is shown in Fig. 5.3. The top surface of the rect-
angular prism in (a) contains the region ¥, in which is embedded the contour
I'. The height of the multi-valued helicoidal surface represents the phase, as a
function of position in 3. One branch of this surface, corresponding to phase
values between 0 and 27, is given in the contour plot shown in panel (b). The
arrows represent a plan view of the direction of flow of optical energy, which is
normal to the surfaces of constant phase. Evidently, these energy-flow vectors
constitute a vortex, in the hydrodynamic sense of the term, with the core lo-
cated on the nodal line. Indeed, small particles which are placed on a nodal line
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Fig. 5.3. (a) Multi-valued helicoidal surface of constant phase, which represents
a wave-field vortex threaded by a nodal line, together with a contour I', which
may be used to calculate the circulation about the nodal line. After Mair et
al. (2001). (b) Plan view of single branch of helicoidal phase surface, showing
the contour I', which is threaded by the vortex core. Lines of constant phase
emanate radially outward from the vortex core. Arrows denote local energy
flow vectors in plan view, which are perpendicular to lines of constant phase.

of a sufficiently intense electromagnetic field, can be made to rotate under the
torque imparted by the optical vortex on the particle (see, for example, He et al.
(1995)).

5.4 Polynomial vortex solutions to the d’Alembert equation

Thus far we have relied on topological arguments in our discussion of nodal
lines, making use of the continuity and single-valuedness of complex scalar wave-
functions without reference to the particular partial differential equations that
govern their evolution. While such arguments allow us to proceed up to a certain
point in a very general setting, one must invoke particular equations of evolution
in order to study such questions as the structure of the wave-function in the
vicinity of vortex cores, together with vortex dynamics.

In this section, we restrict ourselves to complex wave-functions ¥(zx,y, z,t)
which are solutions to the d’Alembert wave equation for time-dependent complex
scalar electromagnetic fields (see eqn (1.13)):
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1 62 9
<02 % -V ) U(z,y,zt) =0. (5.3)
Here, (x,y, z) are the usual triad of Cartesian coordinates, t is time, ¢ is the speed
of light in vacuum, and V? = 92 /022 + 8% /0y? + 0% /022 is the three-dimensional
Laplacian.

The main aim of this section is to construct exact polynomial solutions to
the above d’Alembert equation, corresponding to vortical fields. To this end,
consider the following polynomial ¢4 (x,y) in x + iy:

o0
g (z,y) = > (¢ +iy)"gn, (5.4)
n=0
where q,, are arbitrary complex coefficients indexed by the integersn = 0,1, 2,
It is easy to show that:

0? 0?

namely that ¢ (x,y) is a solution to the two-dimensional Laplace equation (see,
for example, Freund (1999)). One can also readily see that the d’Alembert equa-
tion (5.3) possesses the following elementary z-directed plane wave solutions
U, (z,y,2,1):

U, (z,y,2,t) =V, (z,t) = /Ipexpli(kz — wt)], (5.6)

where I is a real constant indicative of the uniform intensity of the plane wave
with wave-number k = w/c.

The product of the wave-fields ¥,(z,t) and ¢4 (z,y) is a solution to the
d’Alembert equation, as shown below:

(6125; _ v2> (V. (2,t)q+ (2, y)]

~ 73 V- 005 0.0)] = V2 [0 2. s (0.9)]
- {gt? (2 tﬂ qi(x’y)_q}z(zvt)%Qi(%y)

02 02
V() s ) — | 00| o)
1 02 02 02 0?
= q+(7,y) (Cgatg s 2) W.(z,t) = V(2 t) ((%2 + 8y2> 4+ (@, y)
- (5.7)

Consider the following class of wave-functions ¥ (x,y,z,t), which obey eqn
(5.3):
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Uy(x,y,2,t) = V,(2,t)q+(z,y)
=/ Ipexpli(kz — wt)] Z(x + 1Y) " qn- (5.8)

n=0

Write the complex number z + 4y in the polar form x + iy = r exp(+i6), where
r = y/x2 + y2 and 6 denotes the angle that the complex number z + iy makes
with the positive real axis in the complex plane. At the risk of stating the obvi-
ous, note that: (i) r is equal to both the modulus of the complex number x + iy
and the radial distance of the point (z,y) from the origin of two-dimensional
Cartesian coordinates; (ii) € is equal to both the phase of the complex number
x + iy (modulo 27) and the polar angle which (x,y) makes with the positive
z-axis of two-dimensional Cartesian coordinates. Bearing this in mind, and set-
ting ¢, equal to unity for a specified integer m and equal to zero otherwise, the
cylindrical-polar-coordinates form of eqn (5.8) becomes (Berry 1980):

UP(r, 0, z,t) = r"/Iyexpli(kz — wt £ mh)]. (5.9)

This solution to the d’Alembert equation possesses a nodal line coinciding
with the z-axis, about which the field has a circulation of +m. The phase of
this solution is evidently a special case of eqn (5.2), with the intensity of the
wave-field proportional to the mth square of the radial distance from the core.
While one may object that these solutions are unphysical because the intensity
grows without bound as one increases the radial distance from the core, this is
of no concern since we are interested in eqn (5.9) as a certain local model for a
vortex core (Berry 1980; Berry and Dennis 2001).

We close this section by obtaining an expression for the current vector associ-
ated with the polynomial vortex in eqn (5.9). Multiply the d’Alembert equation
by the complex conjugate of ¥ (z,y, z,t). Then, multiply the complex conjugate
of the d’Alembert equation by ¥(z,y, z,t). Subtract the resulting pair of equa-
tions to give:

U 92U+

2 ot? 2 Ot?
where ¥ = U(x,y, 2,t), and an asterisk superscript denotes complex conjugation.
Next, make use of the following readily proved identities:

+ UV20* =0, (5.10)

o (. 0¥ o+ L0V R
m(q’m_q’at>_‘yat2_q’at2’ (5.11)
V- (UVI* — U*VT) = UV20* — U V2P, (5.12)

in order to transform eqn (5.10) into:
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(5.13)

o (1,00 1 _9u*\
ot \c2 ot cﬂat)o'

V- (UVT* — UFVD) 4 — <\1/ =

This has the form of a continuity equation, implying that the first term in brack-
ets is proportional to the current-flow vector for the wave-field, while the second
term in brackets is proportional to the energy density. Denoting the associated
proportionality constant by the complex number O, we conclude that the current
vector j is:

j=0(IVI* — U*VT). (5.14)

Next, we state that © is a pure imaginary number, a fact which can be demon-
strated by first substituting the elementary z-directed plane wave (5.6) into the
expression

e[/ 0¥ U
= (qf 5 Vg ) (5.15)

for the energy density, and then demanding that the result be real. Hence we
may write © = in, where 7 is a real number. If we now write ¥ in terms of its
intensity I and phase ¢ as

U = VTexp(i¢), (5.16)

then the current vector in eqn (5.14) becomes the following :

j=in [ﬁewv (\fle—w) —VIem*y (\flei‘f’)} — oIV, (5.17)

Evidently the current vector is orthogonal to the surfaces of constant phase, as
was assumed in the construction shown in Fig. 5.3(b). Further, we can now write
down an expression for the energy-flow vector j7(r, 0, z,t) associated with the
polynomial vortex in eqn (5.9):

0
T (r,0,2,t) = 2nlyr*™V (kz — wt + mo) = 2nlor*™ <ki + m) . (5.18)
r

Here z denotes a unit vector in the direction of the positive z-axis, 6 is a unit
vector in the direction of increasing 6, and we have used the fact that V0 = 6/r.
m

The vortical nature of j7(r,0,z,t) is evident from the term proportional to 6
that appears in the equation above.
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5.5 Vortex dynamics

Here we explore three separate aspects of vortex dynamics, all of which are tanta-
lisingly suggestive of the dynamics of elementary particles: (i) vortex nucleation
and annihilation; (ii) decay of unstable high-order vortices into stable low-order
vortices; (iii) interaction of vortices with the background wave-field in which they
are embedded.

5.5.1 Vortex nucleation and annihilation

Consider Fig. 5.2 once again, this time in the context of vortex nucleation and
annihilation for complex wave-functions ¥ (x,y, 71,72, -+ ) which depend contin-
uously on two spatial coordinates (x,y), together with a number of real con-
trol parameters 71,72, --. With the exception of the single control parameter
denoted by 7 in this diagram, all other control parameters are considered to
be kept fixed.!*? The diagram shows a closed nodal line puncturing the plane
T = Tgxed at the points A and B. Let I'g be the small simple closed curve which
results when T’ is slid along the nodal line towards the point B, such that I'p lies
in the plane 7 = Tgxeq and encloses the point B. Similarly, let I'4 be the small
simple closed curve which results when I' is slid along the nodal line towards the
point A, such that I' 4 lies in the plane 7 = Tgxeq and encloses the point A. The
same circulation 27m is possessed by all closed curves that can be continuously
deformed into one another without encountering a zero of the field, so:

74 d¢ = d¢ = 2mm. (5.19)
Ta s

However, when viewed from the right side (i.e. from the half-space 7 > Txed),
the curve I'p is traversed in an anti-clockwise fashion, while I'4 is traversed in
a clockwise sense. We conclude that the ‘point vortices’, in the plane 7 = Tgyed,
form a vortex—antivortex pair.

Let us study the process of vortex nucleation in more detail, in order to de-
duce that there is no meaning to the notion of vortex—antivortex nucleation at
a point (Berry 1998; Freund 2000). For concreteness, rather than considering a
wave-function which depends on two spatial variables (x,y) and a number of
other control parameters 7y, 7s,---, let us for the purposes of illustration con-
sider a complex scalar wave-function ¢ (x,y, z) which depends on the Cartesian
coordinates (z,y, z) in three-dimensional space.

Consider the scenario shown in Fig. 5.4(a). Here we see a smooth closed nodal
line of the complex wave-function ¢ (x,y, z), with the z direction of the Cartesian
coordinate system (z,y, z) as shown. Several parallel two-dimensional planes of
constant z are as indicated. Over plane A there will be no discontinuities in
the phase of the wave-function 1. Over plane B however, a pair of counter-
propagating point vortices will be ‘nucleated’, at the point C. These vortices

142Gee the first footnote to this chapter, regarding parameterized one-dimensional curves
within the control space, which may also be applied in the present context.
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(a) (b)

Fig. 5.4. Both (a) and (b) show the same closed nodal line, for a complex scalar
wave-function 1 in three-dimensional space. In (a), the space is coordinatized
by (z,y, z), while in (b) the space is coordinatized by (2/,y’, 2’). Several planes
of constant z (z’) are shown, together with a vector pointing in the z (2’)
direction.

move apart and then coalesce, ‘annihilating’ once we reach plane D, at the point
E. Finally, over plane F' there will be no point vortices.

Now, one could certainly choose to coordinatize the space with different
Cartesian coordinates (z',y’, '), as shown in Fig. 5.4(b). Several parallel two-dim-
ensional planes of constant 2’ are shown, these being pierced by the same nodal
line as was shown in Fig. 5.4(a). Now, according to an observer who registers
the phase over the illustrated sequence of parallel planes from I to J, a pair of
counter-propagating point vortices will be ‘nucleated’ at the point G in plane I,
with the pair subsequently ‘annihilating’ at the point H in plane J.

According to the description accompanying Fig. 5.4(a), a counter-propagating
vortex pair was ‘created’” at C' and ‘annihilated’ at F, while the description ac-
companying Fig. 5.4(b) concluded that counter-propagating point vortices were
‘nucleated” at G and ‘annihilated’ at H. By appropriately choosing the coor-
dinate system, one could choose any point along the nodal line to be a point
where counter-propagating point vortices are ‘created’ or ‘annihilated’. Thus the
concept of two-dimensional vortices ‘nucleating’ or ‘annihilating’ at a point does
not have a precise meaning, as it depends on the set of parallel planes (‘folia-
tion’) with which one chooses to ‘slice up’ the space. Rather than point vortices,
represented by screw dislocations over two-dimensional planes lying within the
three-dimensional space, one should instead consider the complete nodal line
as the fundamental entity (Berry 1998; Freund 2000). Our earlier statements,
regarding the ‘nucleation’ of counter-propagating point vortex pairs, should be
tempered in light of the above discussion.
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5.5.2  Stability with respect to perturbations: decay of higher-order vortices

Consider a coherent X-ray scalar optical wave-field that contains vortices. Sup-
pose that one perturbs either or both of (i) the optical system used to generate
such a vortical wave-field; (ii) the ‘initial’ two-dimensional wavefront, which was
input into an optical system (cf. Section 4.1) used to generate the vortical wave-
field. Are wave-field vortices stable with respect to such perturbations? Focusing
on the polynomial solutions outlined in Section 5.4, we shall see that first or-
der polynomial vortices (i.e. those with m = +1) are stable with respect to
perturbations, whereas those with higher m are unstable with respect to such
perturbations. Note that we will henceforth speak of m, which appears in eqn
(5.1), as the ‘topological charge’ of a nodal line.

Consider the first-order polynomial vortex, obtained by setting Ip = 1, = 0,
and g, = 01, (Kronecker delta) in eqn (5.8). In the plane z = 0, the resulting
wave-function ¥4 (x,y,z = 0,t = 0) = ¢(z,y) is:

Y(z,y) =z +iy. (5.20)

Following the explanation in Freund (1999) it is evident that the real part of
¥ (z,y) vanishes along the line = 0 in the zy plane, as indicated by the solid
line in Fig. 5.5(a), while the imaginary part of ¢ (z,y) vanishes along the line
y = 0 in the zy plane, as indicated by the dashed line in Fig. 5.5(a). These two
lines (‘zero lines’) cross at (z,y) = (0,0) (‘zero crossing’), at which point both
the real and imaginary parts of the wave-function vanish. This vanishing, of both
the real and imaginary parts of a wave-function at a given point, is a necessary
but not sufficient condition for the existence of a wave-field vortex at that point.
In fact there is a vortex located at the origin of coordinates (x,y) = (0,0), as
shown earlier in the chapter, where we saw that the above polynomial wave-
function corresponds to a point vortex with topological charge m = +1, which
is centred at (z,y) = (0,0).

With reference to Fig. 5.5(b) let us now suppose that our wave-function is
perturbed in some way, such that the two zero lines are continuously deformed in
a manner consistent with the equation of motion governing the wave-function.
Assuming the deformation to be such that the two zero lines still cross, the
resulting zero crossing will correspond to a first-order vortex with the same
topological charge as the undeformed vortex. The location of the vortex core
will have shifted, in general, but this does not alter the fact that the vortex is
stable with respect to such perturbations.

Stability with respect to perturbations is not enjoyed by polynomial vortices
with topological charges of modulus greater than unity. For example, consider
the following second-order polynomial vortex, which is a special case of eqn (5.8)
with z =t =0, Iy =1, and ¢,, = d2,, (Freund 1999):

Y(z,y) = (z +iy)? = 2% — y* + 2ixy. (5.21)
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(a) (b) (©) ()

Fig. 5.5. Solid and dashed lines, respectively, denote lines along which the
real or imaginary parts of certain two-dimensional wave-functions ¥ (x,y)
vanish. Associated vortex and antivortex cores are denoted by black dots.
(a) First-order polynomial vortex; (b) perturbed first-order polynomial vor-
tex; (c) second-order polynomial vortex; (d) perturbed second-order poly-
nomial vortex has decayed into three first-order vortices and one first-order
anti-vortex.

In this case, the real part of the wave-function vanishes when z? — y? = 0
(i.e. along the curves y = +x), while the imaginary part vanishes when zy =
0 (i.e. along the curves x = 0 and y = 0). These zero lines are respectively
indicated by the solid and dashed lines in Fig. 5.5(c). As is evident from Fig.
5.5(d), continuous perturbation of the real and imaginary parts of the wave-
function, in a manner consistent with the equation governing the evolution of
that wave-function, leads to the decay of the second-order vortex into three first-
order vortices and one first-order antivortex. This phenomenon, indicative of the
instability of higher-order polynomial vortices leading to their decay into stable
first-order vortices and anti-vortices, has been termed a ‘critical-point explosion’
by Freund (1999). Such instability of higher-order vortices is not restricted to
polynomial vortices—see Freund (1999), and references therein, for a discussion.
Note, further, that critical-point explosions are a source of the branched nodal
lines mentioned earlier in this chapter. Lastly, we note that topological charge is
conserved during the process of vortex decay.

5.5.3 Vortex interaction with a background field

We complete our discussions on vortex dynamics, which have already consid-
ered phenomena such as vortex nucleation/annihilation and higher-order vortex
decays, with a treatment of how a single first-order vortex interacts with the
background field in which it is embedded. In this context, recall our earlier
discussions on the stability of first-order vortices with respect to perturbations
(Section 5.5.2). In the present sub-section we go a step further and ask: how
does a first-order polynomial vortex move in response to amplitude or phase
variations in the immediate vicinity of its vortex core?

Following the methodology outlined in Rozas et al. (1997), begin by assum-
ing that we have paraxial monochromatic scalar electromagnetic radiation whose
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nominal direction of propagation coincides with the z-axis of a Cartesian coor-
dinate system. As discussed in Chapter 2, such radiation obeys the paraxial
(parabolic) equation, which it will prove convenient to write in the form (see eqn
(2.34)):

) .
oy 2) = 3 Viv(e.y.2). (5.22)

Written in this way, we see that the transverse Laplacian of the complex distur-
bance, across any plane z = constant, is proportional to the z rate of change of
that complex wave-function. This allows us to take any ‘initial’ disturbance in a
given plane of constant z and then study how it evolves as it propagates through
a small distance dz, to first order in that quantity:

Dy, = = 62) = Yl y, = = 0) + 025 (2,3, ) + O(52?)

10z
2k
This formula will allow us to study the effects of certain perturbations on
the polynomial first-order point vortex given in eqn (5.20). For example, if we
multiply this point vortex by the perturbation 1 + ax, where « is a small real
number, we have the following amplitude-perturbed vortex in the plane z = 0:

= (z,y,2 =0) + —V3(z,y,2 = 0) + O(62%). (5.23)

Y(z,y,2=0) = (14 ax)(z £ iy). (5.24)

Substituting this boundary value into eqn (5.23), we can compute the wave-
function that results when the field is propagated through an infinitesimally
small distance dz, to first order in that quantity:

Yz, y,2 =02) =z +az® +i (iy + azy + oz;jz) +0(62%). (5.25)

Separating out real and imaginary parts, we see that the real part of the wave-
function vanishes along the line x = 0, while the imaginary part vanishes along
the curve:

adz
k(1 + ax)’
The vortex core, for a given Jz, is located at the intersection of these two curves,
which is at:

y=% (5.26)

(z,y) = (0, :Fagz> : (5.27)

We see that the vortex moves in a direction perpendicular to the background
amplitude gradient, that is, the vortex moves in the direction of the y-axis in
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response to a local variation in amplitude along the = direction. Vortices and
antivortices move in opposite directions. When « vanishes, the core runs along
the z-axis.

Having studied the response of first-order polynomial vortices to a linear
background amplitude gradient, let us consider the response of such vortices to
a linear background phase gradient. To this end consider the following unprop-
agated value for a phase-perturbed first-order polynomial vortex in the plane
z =0

Y(z,y,2 = 0) = exp(ifz)(z £ iy). (5.28)

Here, ( is a small real number equal to the phase gradient, at the vortex core,
in the x direction. Substituting eqn (5.28) into eqn (5.23), we see that the in-
finitesimally propagated wave-function is:

Y(x,y,z = 02) = exp(ifx) {x + iy — = (1 + 25717 + iy)] + 0(62%). (5.29)
Setting the real part of ¥(x,y,z = dz) to zero we see that, for a propagation
distance ¢z, the real part of the wave-function vanishes along the line:

_ poz By

Similarly, setting the imaginary part of the wave-function to zero, for a given
propagation distance dz, we see that the imaginary part of the wave-function
vanishes along the line:

BPxéz
2k

The vortex core is located at the intersection of these two lines. To order dz, and
for a given propagation distance dz, the vortex core is located at

(z,y) = (522 0) . (5.32)

We conclude that both polynomial vortices and antivortices, of first order, travel
in the direction of the linear background phase gradient. Note that this back-
ground phase gradient may be produced by another vortex, in which case vortices
may orbit one another.

The above methodology is rather general, and may also be used to study:
(i) transverse phase-amplitude perturbations of linear and higher orders; together
with (ii) critical-point explosions; and (iii) response of vortices, to phase and/or
amplitude background perturbations, for wave-fields that obey partial differential
equations other than the paraxial equation.

y=+ (5.31)
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5.6 Means of generating wave-field vortices

Having outlined some of the key theoretical ideas necessary for an appreciation
of the role played by vortices in coherent X-ray optics, we are ready to outline
four different means of generating wave-field vortices in coherent X-ray optical
systems. The first of these methods is remarkable simple, indicating that a lattice
of vortices can be formed from the coherent superposition of three plane waves,
which are inclined with respect to one another. The second method will outline a
form of ‘forked’ diffraction grating that encodes vortices in its various diffracted
orders. The third method passes from a diffractive to a refractive optical element,
this being the ‘spiral-phase plate’ used to imprint a vortical phase on a coherent
plane wave passing through it. The last method to be considered uses free-space
propagation in order to spontaneously nucleate phase vortices in a coherent X-
ray optical field.

5.6.1 X-ray vortex generation by interference of three coherent plane waves

For our first means of generating coherent X-ray vortices, we consider the remark-
ably simple method of interfering three coherent plane waves. As we shall see,
this method is able to yield a lattice of infinitely many vortices. Our treatment
is adapted from Masajada and Dubik (2001).

As discussed in Chapter 1 the spatial wave-function ¥ (z, y, z) for a monochro-
matic scalar electromagnetic wave-field, not necessarily paraxial, is governed by
the Helmholtz equation given in eqn (1.16):

(V2 + E*)Y(z,y,2) = 0. (5.33)
Here, k = 27/, where X is the radiation wavelength, and (z,y, z) is the usual

triad of Cartesian coordinates. One can readily see that this equation possesses
the elementary plane-wave solutions:

expli(kzx + kyy + k. 2)], (5.34)

where

k24 ko + k2 =K. (5.35)

This last equation can be solved for k., to give:

ko= (/K2 — k2 — k2. (5.36)

Note that the positive square root has been chosen, as we shall only be consider-
ing plane waves that are forward propagating with respect to the z-axis. Hence
our elementary plane waves may be written in the form (cf. eqn (1.20)):
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exp [z (k;wac Fhyy + 2y k2 — k2 — k;)] . (5.37)

We shall henceforth assume that k? > k2 + kg This ensures that: (i) k, is real
and (ii) we only consider plane waves whose modulus is constant for all (z,y, z)
in a space free of sources (i.e. evanescent plane waves are excluded from the
analysis).

For the moment, restrict our consideration to the plane z = 0. Consider
the z-directed plane wave Aexp(ikz), which has a value of A at every point in
the plane z = 0, where A is a complex constant. Add a second, tilted plane
wave to the first. Now, we can always choose the z-axis such that the second
plane wave is tilted only along the x-axis. Hence we write the wave-field, due
to the second plane-wave in the plane z = 0, as Bexp(ikPz), where B is a
complex constant and k2 < k is a real constant (this may be positive or negative,
but not zero). We then add a third plane wave, which produces a disturbance
Cexpli(kSz + kSy)] in the plane z = 0, where kS and kS are real non-zero
constants with (k$')? + (kS)? < k?, and C is a complex constant. Bearing in
mind the results of the previous paragraph, we can now write down our three-
dimensional disturbance ¥ (x,y, z), which consists of a sum of three elementary
plane-wave solutions to the Helmholtz equation, as:

U(z,y, 2) =Aexp(ikz) + Bexp [z (kfx + ZW)]

+ Coxp [i (Ko + Ky + 2\ /12 = (KE)2 = (65)2) ] (5.38)

In the ensuing paragraphs we shall show the range of conditions under which
the above superposition, of three elementary plane-wave solutions to the Helm-
holtz equation, is able to yield a lattice of wave-field vortices (‘screw dislocations’
in the phase). Choose any plane of constant z, denoted by z = zg. Let us absorb
all z-dependent phase factors into appropriately redefined versions of A, B, and
C, which are respectively denoted D, F, and F"

D = Aexp(ikz), E = Bexp [izm/kQ - (k:f)ﬂ )

F = Cexp {z‘zo \/k2 — (kC)2 — (kyC)Q} . (5.39)

Write the complex numbers D, E, and F' in terms of their modulus and phase
as:

D = |D|exp(i¢p), E = |E|exp(i¢r), F = |F|exp(i¢p). (5.40)

Therefore, in the plane z = 2z, eqn (5.38) becomes:



Means of generating wave-field vortices 359

U(x,y, 2 = 20) =|D| exp(i¢p) + |E| exp [i(k7x + ¢p)]
+ |Flexp [i (kSz + kSy + or)] - (5.41)

Factoring out exp(i¢p) from the right side of this equation, and then introducing
the real quantities:

o =¢p — ¢p, B=o¢r— ¢p, (5.42)

we obtain

Y(z,y, 2z = 29) =exp(idp){|D| + | F|exp [z(kfm + a)]
+ [Flexp [i (k{z + kSy + B)]}. (5.43)

A necessary condition for a point vortex to be present, at (z,y, zp), is that
the quantity in braces vanish. Thus we seek ordered pairs (Z,7), if they exist,
which solve the following equation:

ID| + |E|exp [i(k2F + )] + |Flexp [i (kS + kS G+ 8)] =0.  (5.44)

Assume that |D| > |E| > |F|, which implies no loss of generality if the intensity
of each of the three interfering plane waves is different.'3 With reference to the
geometric construction shown in Fig. 5.6, we separately consider the following
three cases: Case #1: |D| < |E| + |F|; Case #2: |D| = |E| + |F|; Case #3:
[D| > B[+ |F].

Case #1: This case, where |D| > |E| > |F| and |D| < |E| + |F)|, is shown
in Fig. 5.6(a). The first term of eqn (5.44) is represented by the complex-plane
phasor O A. Next, noting that the second term of eqn (5.44) is a complex number
of modulus |E|, we draw a circle of radius |E| which is centred at A. The phasor,
representing the second term of the equation, can be placed so as to reach from
A to some point on the perimeter of the circle that has just been described. Next,
we draw a circle of radius | F'| which is centred at O. Since |D| < |E|+|F|, our two
circles will intersect at two points denoted by B and C. Evidently, if eqn (5.44) is
to be obeyed, the corresponding phasors of the three terms on the left side must
form either the closed triangle OAB, or the closed triangle OAC. Since we are
here interested in demonstrating the existence of vortices in the plane z = z,
we shall concentrate on the upper triangle OAB, leaving the case of the lower

143When |D| # |E| # |F|, this ordering of plane-wave moduli can always be achieved, by an
appropriate re-ordering of the plane waves used in constructing our three-plane-wave distur-
bance, together with an appropriate rotation of Cartesian coordinate system. Note also that
consideration of the following cases is left as an exercise for the reader: (a) |D| = |E| > |F|;
(b) ID| > |E| = |F[; (c) |D| = |E| = |F]|.
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A Im n=kiX+k/y+p+2zn

y=kiX+o+2zm

(a) C 3 » Re

|F | ple— \D\—>|<— |E|

k;X+k,y+p=(2n+1)x

KX +o=(2m+Drx

A

» Re

| 7|

SN

4_

Fig. 5.6. Geometric constructions, in the complex plane, to aid in finding or-
dered pairs (z,y) = (Z,9) which solve eqn (5.44), where |D| > |E| > |F|. The
three terms on the left side of this equation are respectively denoted by the
complex-plane phasors OA, AB, and BO. Three separate cases are shown:
(a) |D| < |E|+ |F|; (b) |D| = |E|+ |F|; (¢) |D| > |E| + |F|. Note that the
phasor BO cannot be constructed for the last of these cases, as the point B
must lie on both circles in the diagram if eqn (5.44) is to be fulfilled.



Means of generating wave-field vortices 361

triangle as an exercise for the reader. Specifically, we shall now determine the
points (Z,g) in the xy plane, corresponding to the upper triangle in Fig. 5.6(a),
which are such that eqn (5.44) is obeyed. With reference to this figure, note that
the anti-clockwise angle, made by the phasor AB with respect to the positive
real axis, must be equal to k2% + a, modulo 27. This angle, denoted here by
v, can evidently be calculated by application of the cosine rule to the triangle
OAB, whose side lengths are known (by taking the modulus of each member of
eqns (5.39)). Hence one can determine -, which obeys:

y=kPz +a+2mm, (5.45)

where m is any integer. Using a similar argument we can write down:

nzkz?i—l—k?@—i—ﬁ—i—?wn, (5.46)

where 7 is the known angle at B which is indicated in Fig. 5.6(a), and n is an
integer. This may also be computed using the cosine rule. Solving the last two
simultaneous equations for Z and g, we see that the wave-function ¥ (x,y, z = 2p),
formed by the coherent superposition of three plane waves which is given in eqn
(5.38), vanishes at each member of a certain lattice of points (Z,§). These points
are given by:

_ oy —a—2mm . kB(m—pB-2mn) + kS (a+2mrm — )

where m and n are integers. Having determined certain points (Z,¢) at which
the wave-function vanishes, we need to test for phase vortices at each of these
points.!'4* Accordingly, denote a point in the vicinity of a wave-function zero
by (Z + dx,§ + dy), where dz and dy are small real numbers. Evaluate ¢ (Z +
0x,y + 0y, z = 2zp) with the use of eqn (5.43), then isolate complex exponential
terms with exponents proportional to linear combinations of jz and/or dy, before
Taylor expanding these exponentials to first order in dz and dy. Then, make use
of eqn (5.44) in order to discard three terms in the resulting equation. Up to
an irrelevant multiplicative complex constant, which may be factored out of the
resulting expression, the approximate equation for ¢(Z + dx, § + 0y, z = 2o) will
equal a linear combination of dx and dy, with the coefficient of oy being real and
the coefficient of dx in general containing both real and imaginary components:

144\We have shown that the wave-function, in the plane z = zp, vanishes at certain points
(Z,7). This is a necessary but not sufficient condition for the existence of vortices at these
points. To show that there are indeed phase vortices at these points, we need to show that the
phase winding about such points is equal to an integer multiple of 2.
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(T + 0,5 + 0y, 2 = 2)
~ iexp(igp)|F|expli(k{E + kS5 + B)]

c |E|k2 expli(kP T + o)) c
({4 Femiaes iy ey oK) @

Provided the term in braces is not real, the lowest line of the above expression
indicates that there exists a phase vortex about the points (Z,§) where dz =
o0y = 0. This completes the proof that there are ‘upper triangle’ point vortices
located at the lattice of points (Z, §) given in eqn (5.47). We leave it as an exercise
to both deduce the handedness of these point vortices, and to study the lattice
of wave-field zeros associated with the ‘lower triangle’ OAC in Fig. 5.6(a).

Case #2: This case, where |D| > |E| > |F| and |D| = |E| + |F|, is shown
in Fig. 5.6(b). Once again, the three terms on the left side of eqn (5.44) are
respectively denoted by the phasors OA, AB, and BO. Since |D| = |E| + |F|,
it is evident that there is a single point of intersection, denoted by B, between
(i) the circle of radius |E| centred at A and (ii) the circle of radius |F| centred
at O. Evidently the second term of eqn (5.44) must be purely real and negative,
so that:

kB 4+ o= (2m+ 1), (5.49)
where m is an integer. Applying a similar argument to the phasor BO, we see
that:

kSE 4+ kS G+ 8= (2n+ 1), (5.50)

where n is an integer. Solving these last two simultaneous equations for & and
7, we see that:

_ @2n+Dr -8 KJ[(2m+ D)7 —q]
= o - Wi . (5.51)

2m+ ) —«
kB ’

T =

Since m and n can take on any integer values, it is evident from eqn (5.51) that
this defines an infinite lattice of points (Z,¢) which obey eqn (5.44). In order
to show that the points in eqn (5.51) correspond to vortex cores, it is necessary
for us to compute the phase winding about any one of these cores. Accordingly,
denote a point in the vicinity of a wave-function zero by (& + dx, § + dy), where
dx and Jy are small real numbers. Using similar logic to that presented for the
previous case, one concludes that there are point vortices coinciding with the
lattice of points (Z,¥) given in eqn (5.51), provided that the braced term in eqn
(5.48) is not real. Once again, we leave it as an exercise to the reader to deduce
the handedness of these point vortices.

Case #3: This case, where |D| > |E| > |F| and |D| > |E| 4 |F|, is shown in
Fig. 5.6(c). The first term on the left side of eqn (5.44) is denoted by the phasor



Means of generating wave-field vortices 363

OA; the second term, being of modulus |E|, stretches from A to the edge of the
circle centred at A; the third term, being of modulus F', stretches from the edge
of the circle centred at O, to O itself. For this case, where one of the three plane
waves has an intensity that is sufficiently greater than that of the other two, no
solution exists for eqn (5.44). Hence no vortices are generated. From a physical
point of view, this is to be expected: if the second and third plane waves both
have an intensity that is sufficiently smaller than that of the first plane wave, they
will never be able to completely cancel the complex amplitude (at any point in
space) of the first plane wave. Since such a complete cancellation (wave-function
zero) is a necessary condition for the existence of a wave-field vortex, no vortices
are produced in this case.

To conclude, in the present sub-section we have explored the remarkable re-
sult that the coherent superposition of three monochromatic scalar plane waves
can yield a lattice of phase vortices in the resulting wave-field (Masajada and
Dubik 2001). Of the many X-ray-optics implementations of this idea that im-
mediately spring to mind, one of the simplest is the following. Take a Fresnel
zone plane, and block off all but three simply-connected regions (e.g. by holes in
a suitable aperture), each of which is sufficiently small for the frequency of the
zones to not change appreciably over that region, while being sufficiently large
to contain enough zones for the region to comprise a diffraction grating. Upon
illumination with paraxial plane monochromatic X-ray radiation, the three illu-
minated regions of the zone plate will each contribute a roughly plane wave to
the focal volume of the zone plate. In this focal volume, one will therefore have
three approximately plane waves, the relative intensities and phases of which
can be tuned using thin slabs of material placed over two of the three apertures
in the zone plate. One will thereby have created a vortex lattice in this focal
volume. Rather than zone plates, multi-faceted X-ray prisms with an irregular
pyramidal shape could also be used, to similar effect.

5.6.2 X-ray vortexr generation using synthetic holograms

Pushing the previous paragraph’s simple zone-plate example a little further,
one can seek to actively design two-dimensional masks which, when illuminated
with coherent X-ray radiation, lead to vortical structures in the X-ray wave-
field downstream of the mask. Means for doing so are outlined below, using an
extension of the fundamentals of off-axis holography which were presented in
Section 4.3.2. Note that there are also some overlaps with ideas employed in our
earlier discussions on linear and circular diffraction gratings, in Sections 3.2.1
and 3.2.2, respectively.
Consider the two-dimensional first-order monochromatic point vortex:

P(r,0) = f(r) exp(if), (5.52)

where (r,0) are plane polar coordinates and f(r) is any real non-negative func-
tion that vanishes when r = 0. For simplicity we assume f(r) to be real. We wish
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to holographically create this vortical two-dimensional wave-field downstream of
a suitable mask, which is assumed to be located in the plane z = 0 of a Cartesian
coordinate system (z,y, z). Accordingly, let us mathematically interfere this de-
sired field with the z = 0 disturbance created by a tilted monochromatic plane
wave solution expli(—k,z + z+1/k? — k2)] to the Helmholtz equation (5.33), cor-
responding to the same wavelength A as the desired first-order vortex, where
k = 27 /)X and the real number k, quantifies the tilt of the plane wave. Note that
we speak of ‘mathematically’ interfering the two complex amplitudes, since this
procedure evidently corresponds to the off-axis holographic procedure of phys-
ically interfering ¢ (r,0) = f(r)exp(if) with a tilted plane wave. The intensity
In(z,y,z = 0) = In(z,y) of the resulting wave-field over the plane z = 0 is:

In(z,y) = | f(r) exp(if) + exp(—ik,z)|?
=14 |f(r)] + f(r)expli(ksx + 0)] + f(r) exp[—i(ksz + 6)]

— 14 |f("))? + 2f(r) sin (kmx+0+ g) (5.53)

As should be clear from the second line of the previous equation, if one should
make a purely amplitude-shifting mask with a real transmission function equal
to Ig(z,y), then illumination of the mask (which may be viewed as a holographic
diffraction grating) with normally incident plane monochromatic X-rays exp(ikz)
will result in a real exit-surface wave-function that contains a superposition of
three terms (two of which are complex).' The first of these terms, namely
1+]f(r)|?, corresponds to the zeroth-order mode of the diffraction grating, which
will travel in the z direction provided that f(r) is not too strongly varying. The
second term, namely f(r)exp(if) exp(ik,x), is equal to a product of the vortical
wave-field f(r)exp(if) which we wished to synthesize, and a tilted plane wave
exp(ik,x); evidently, this corresponds to a tilted version of the desired first-order
vortex beam, which will become separated from the other diffraction orders upon
propagation through a sufficient distance. Finally, the third term is equal to the
complex conjugate of the second term, which is a tilted version of the complex
conjugate of the desired vortical wave-field, corresponding to an first-order anti-
vortex tilted in the opposite direction to the reconstructed vortex.

Regarding the preceding analysis, one may object that it is extremely difficult
to fabricate a two-dimensional grey-tone mask that affects the intensity but not
the phase of the illuminating radiation passing through it. In addition, there
is the technical difficulty of constructing a mask with a continuously varying
transmission function. It is often more practical to fabricate binary masks, of
which the simplest instance is a single-material mask whose projected thickness
(projected along the z-axis) is either A or B, with A and B being different real
numbers. With this in mind, let us binarize the function sin[k,z + 6 + (7/2)]

145The projection approximation has been assumed in making this statement (see Section
2.2).
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which appears in the expression for Iy(zx,y), to yield a two-level holographic

diffraction grating that is composed of a single material and whose projected
. binary : : .

thickness Ty (z, y) is given by:

A, sin (kx:c—|—9+ g) >0,

. (5.54)
B, otherwise.

Ty () = {

Assuming the projection approximation to be valid, one may ask what wave-
field results when the binarized mask in the above equation is illuminated with
normally incident monochromatic plane waves. To answer this question, we make
an apparent digression by considering the Fourier-series decomposition of a pe-
riodic square wave with period 27. The square wave may be written as T(t),
where t is a real parameter and'*6:

~ {+1, 0SE<™ 4 1om) =T (5.55)

T(t) =
-1, w<t<2m,

The Fourier-series decomposition of this square wave is (cf. eqn (3.12)):

T4 . 1. 1. 2, sin[(2m — 1)t]
ZT(t)—Slnt—i—gsm3t+gsm5t+---— ZW (5.56)
m=1

Now, let us view this series in a slightly unorthodox manner. If one keeps
only the m = 0 term in the Fourier series above, one has a purely sinusoidal
function with period 27. Inclusion of all remaining terms in the Fourier series
serves to change this sinusoidal function of period 27, into a square wave with
period 27 and amplitude 7/4. Stated differently, one can binarize the function
sin(t) by the mapping:

. otherwise.

— sin[(2m — 1 Z, 0< 2
sint — sint + Z sin[(2m — 1)1] = {+4’ 0 < #(mod2m) <, (5.57)
-z

m=2

The binary function, given above, takes on the two values {7 /4, —m/4}. Sup-
pose, instead, that we wanted the binary function to take on the two real values
A and B, where A # B. With this in mind, note that the pair of numbers
{m/4,—7/4} can be transformed into the pair of numbers {A, B} by first mul-
tiplying each number by 2(A — B)/x and then adding (A + B)/2. Hence, the
mapping required to binarize the function sint such that the resulting binary
function takes on either the values A or B, is given by:

146Note that this is the L = 2 case of eqn (3.11).
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B, otherwise.

+2(A; B) [t i sin[(2m — 1)t]] _ {A, 0 < t(mod2r) < T,

(5.58)

Now, while we have hitherto viewed ¢ as an independent real variable, we
could instead view t as a dependent variable. For example, if we let:

t=t(z,y) = ko + 0+ g (5.59)

in the equation above, then we will have written down a representation for the

projected thickness Tbmary (z,y) of the binarized holographic grating, appearing
in eqn (5.54). Therefore

inar A+B
Tg y<$7y) = 2
2(A-B) | . 2 sin[(2m — 1) (kpz + 0 + 7/2)]
+7r{bm(k”“+9+ )+22 2m — 1 '

(5.60)

Now let us adopt the projection approximation and assume that this grating
is illuminated with normally incident monochromatic plane waves exp(ikz), with
the grating itself lying in the plane z = 0. If the binary mask is made of a single
material with complex refractive index n and linear attenuation coefficient pu,
then the exit-surface wave-function will take on one of two complex values:

& = exp{ik[Re(n) — 1]A} v/ exp(—pA), (5.61)
¢ = exp{ik[Re(n) — 1]B}\/exp(—uB). (5.62)
Therefore, the exit-surface wave-function ¥y (z,y), which results when the grat-

ing specified by eqn (5.54) is illuminated under the previously-stated conditions,
is:

N 2(5; 0) {Sin (k o >+ Z sin|( 2m—127(nk_x1—|-9+7r/2)]}.
=2

(5.63)

If we now make use of the fact that:
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sinz — SPU) ;;Xp(’”), (5.64)

we arrive at the central result for this sub-section:

Yu(z,y) = 5 RS + &~ Cei’%mei‘) + ge—ime—ie
2 T =
> i(2m—1)(kex+6+7/2) _ ,—i(2m—1)(kyz+0+m/2)
* e Z - ) (5.65)
i m=2 2m — 1

This equation gives the exit-surface wave-function which results when our
binarized hologram is illuminated with normally incident plane waves. We now
give a brief description of the physical meaning of each term appearing in this
expression. (i) The first term, on the right-hand side of eqn (5.65), corresponds
to the zeroth diffracted order of the grating—that is, to the undiffracted beam.
Note that this term can be made to vanish by having £ = —(, which will be the
case if one has a non-absorbing grating (‘phase grating’), so that the exit-surface
wave-function is everywhere constant in modulus. (ii) The second term, on the
right side of eqn (5.65), corresponds to the first positive diffracted order of the
grating. This order carries a first-order vortex exp(if), tilted at an angle of:

tan~! ke (5.66)
N

with respect to the zy plane. (iii) The third term corresponds to the first neg-
ative diffracted order of the grating. This order carries a first-order anti-vortex
exp(—if), tilted at an angle of:

—tan (\/%) (5.67)

with respect to the zy plane. (d) The final term, on the right side of eqn (5.65),
corresponds to diffracted orders higher than the first. Evidently, these orders
contain vortices and anti-vortices with odd topological charge, contained within
a diffraction order making an angle to the xy plane, whose modulus:

- l (2lm] = D)k, ]
Vk2 — k2(2|m| —1)2

increases with the magnitude of the topological charge of the vortex contained

within it. Note that when the angle becomes complex, which will evidently be

the case when m is sufficiently large in magnitude, no propagating diffracted
beam is created for the corresponding order.

We close this sub-section with some computer modelling, to demonstrate the

use of diffractive optical elements to form X-ray vortices. Figure 5.7(a) shows

(5.68)
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a 500 x 500 pixel image of a continuous diffraction grating which is such that
its transmission is purely real, and given by cos(k,z + 0).147 The salient feature
of this figure is the fork in what would otherwise be considered a sinusoidal
diffraction grating. A binarized form of the same mask is given in Fig. 5.7(b).
For the purposes of numerical modelling, we have assumed that the two masks,
mentioned above, are (i) illuminated with a Gaussian distribution of intensity,
such that the phase at the exit surface of the mask is approximately uniform;
(ii) such that the complex transmission function of the masks are respectively
given by cos(k,x + 6), and the binarized form of cos(k,z + 6). The intensity
distribution in the far field of the continuous mask was obtained by zero-padding
the unpropagated wave-function in a 1000 x 1000 pixel array, taking the squared
modulus of the Fourier transform of the wave-field at the exit surface of the
mask, and then cropping the resulting image to a central stripe which was 1000
pixels wide and 200 pixels high. The result is given in Fig. 5.7(c). The intensity of
this diffraction pattern is plotted on a logarithmic scale, with the corresponding
phase map'“® being given in Fig. 5.7(d). The central diffracted order, together
with the +1 and -1 diffracted orders, are clearly visible. Further, the +1 and -1
orders evidently carry oppositely charged first-order vortices, as can be seen from
the phase map in Fig. 5.7(d). Passing over to the binarized form of the diffraction
grating, the simulated far-field intensity and phase are respectively given in Figs
5.7(e) and (f). We see that the effect of binarization has introduced additional
odd diffracted orders: in addition to the central order and the £1 orders, we see
the +3 and £5 orders that were predicted by eqn (5.65). The +1, +3, and +5
diffracted orders are marked with white arrows in Fig. 5.7(¢)—note that each of
these orders has a dark core. As was the case with the continuous grating, the
+1 orders are associated with a first-order vortex and a first-order anti-vortex.
Third order phase vortices and anti-vortices are associated with the +3 diffracted
orders, with fifth-order vortices and anti-vortices being associated with the £5
diffracted orders. The charge-one, charge-three, and charge-five nature of the
three positive diffracted orders, are indicated by white arrows in Fig. 5.7(f). In
addition to the vortex nature of the various diffracted orders, note that there
is a low-intensity speckled background in the far-field diffraction pattern of the
binary grating, containing a rich structure of propagation-induced phase vortices
(cf. Section 5.6.4).

We close this sub-section with some remarks on the feasibility of the experi-
mental situation which has just been modelled. In order to be in the far-field, one

147This assumption is, of course, rather unrealistic. We are unconcerned with this fact, how-
ever, in light of the fact that we will later binarize the mask.

148By invoking the two-dimensional form of the Fourier shift theorem, it is evident that a
transverse shift in the unpropagated wave-field will lead to a linear ramp in the phase of the
far-field diffraction pattern. It is undesirable to have such a linear phase ramp in our plots
of the phase of the far-field diffraction pattern. Therefore, in the simulations presented here,
this linear phase ramp was removed by forcing the ‘centre of mass’ of the modulus of the
undiffracted wave-function to coincide with the central pixel in the image.
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& 5’ fi"

Fig. 5.7. Exit-surface intensity of (a) continuous and (b) binary vortex mask for
Gaussian illumination; (c¢) far-field diffraction pattern corresponding to (a),
on logarithmic scale, showing undiffracted beam and +1 orders; (d) phase
corresponding to (a), showing first-order vortex and first-order anti-vortex
associated with +1 orders; (e) far-field diffraction pattern corresponding to
(b), on logarithmic scale, showing zeroth and odd diffracted orders (positive
odd diffracted orders marked with white arrows); (f) phase corresponding
to (b) (charge +1, 43, and +5 singularities, associated with first three odd
diffracted orders, marked with white arrows). All phase maps are modulo 27.
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requires the Fresnel number Ny to be much smaller than unity (see eqn (1.48)).
Therefore,

2

a
Np = — < 1. 5.69
F=\z < ( )

Here, A is the wavelength of the X-rays, z is the propagation distance between the
screen and the detector and a is the characteristic length scale of fluctuations
in the mask. Next, we note that the energy E of a photon is related to the
magnitude of its momentum p via the relation

E = pe, (5.70)

where c is the speed of light in vacuum. Now,

E = Ve, (5.71)
where V' is the energy of the photon in electron volts and e is the magnitude of
the charge on the electron. Also, the de Broglie relation states that:

p= (5.72)

X7
where h is Planck’s constant. Utilizing these last two equations, eqn (5.70) be-
comes:

he
Ve=— 5.73
o=t (573)
which may be solved for A. If this is then used to eliminate A from eqn (5.69),
we arrive at:

a’Ve
he

Now, a = 50 x 1072 m is readily achievable; indeed, this dimension is typical of
the width of outermost zones in contemporary Fresnel zone plates. Inserting nu-
merical values for e, h, and ¢ into the above equation, we obtain the requirement
that z > 0.002Viev, where Viey is the photon energy in keV. For photon ener-
gies in the range 10-50 keV, this requirement is always satisfied for propagation
distances z that are greater than 2 m. Note also that the efficiency of the forked
grating may be studied using methods analogous to those given in Section 3.2.1,
in the context of linear diffraction gratings.

z >

(5.74)

5.6.3 X-ray vortex generation using spiral phase masks

Here we discuss the use of spiral phase masks as a means for generating phase
vortices in coherent X-ray wave-fields. To this end, briefly return attention to
Fig. 5.3(b), which shows constant-phase contours for one Riemann sheet of a
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simple vortex. Adopting plane polar coordinates (r,8) for this figure, we may
write the simple expression:

o(r,0) =10, (5.75)

for the phase of a first-order vortex. Next, recall the projection approximation,
which was introduced in Section 2.2. Under this approximation, the phase shift
induced on a monochromatic plane wave of wavelength A which is normally
incident on a thin single-material mask of projected thickness T'(z,y), is given
by (see eqn (2.41)):

o(r,0) = 72%%(7@ 9). (5.76)

Here,

Re(n)=1-6 (5.77)

is the real part of the refractive index n of the material from which the mask is
composed (see eqn (2.37)).

We seek a mask—a so-called ‘spiral phase mask’, so termed for reasons that
shall become clear in a moment—which will produce an optical vortex when
illuminated with normally incident monochromatic plane waves. The projected
thickness T'(r, ) of such a mask is readily obtained by equating the right-hand
sides of eqns (5.75) and (5.76), and then solving for T'(r,#). This leads to:

T(r,0) = ﬁ, 0< 0 < 2m, (5.78)
276
where we have discarded a minus sign as it influences only the sense of the
vortex, and the restriction on 6 is imposed because of the single-valuedness of
the projected thickness of the mask.
The thickness of the spiral phase mask is proportional to the angle 6 about
a given origin, with a discontinuity along the line § = 0 = 27 (see, for example,
Kristensen et al. (1994)). In practice, workers often use a stepped approximation
to such a mask, such as that sketched in Fig. 5.8. Here we see a spiral phase
plate with 16 steps, the structure of which bears a close resemblance to a spiral
staircase. Note that the height difference h between the first and last steps is:

h=T(r,0 =27)—T(r,§ =0) = 5 (5.79)

The first experimental demonstration, of the use of spiral phase plates to
produce an X-ray vortex, was given by Peele and co-workers (Peele et al. 2002;
see also Peele and Nugent 2003 and Peele et al. 2004). Figure 5.9(a) shows an
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ol

Fig. 5.8. Sketch of a stepped spiral phase mask, which will produce a vortex
when normally illuminated with monochromatic plane waves of a suitable
wavelength. After Beijersbergen et al. (1994).

(@) O

Fig. 5.9. (a) Visible-light micrograph of a 16-step polyimide spiral phase plate,
designed to produce a first-order vortex when normally illuminated with
near-plane 9 keV X-rays. The difference in projected thickness, between
thinnest and thickest steps, is h = 34.2 + 0.5um. (b) Fresnel diffraction
pattern located 5.8 m from the spiral phase plate, when illuminated with
9 keV plane X-rays. Inset shows an average of horizontal and vertical profiles
recorded through the centre of the vortex core, which is evident as a black
spot between the white cross-hairs. Image taken from Peele et al. (2002).
Used with permission.

optical micrograph of their 16-level polyimide spiral phase plate. Viewed from
above, this image is focussed on the step furthest from the viewer, so that the
top-most step is most blurred, with the thickness of the mask increasing as one
moves anti-clockwise about its axis. The thickness difference between the highest
and lowest steps was h = 34.2 £ 0.5 um, which equates to a total phase winding
of (1.90 & 0.03)7 at a photon energy of 9 keV.

When illuminated with double-crystal monochromated X-ray photons with a
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mean energy of 9 keV and an energy spread of 1 part in 7000, the mask resulted
in the image of Fig. 5.9(b) being recorded 5.8 m downstream of the spiral phase
plate. Note that, in obtaining this image, a flat-field correction was performed
(i.e. to compensate for non-uniformity in the intensity of the illuminating beam,
the image in the presence of the spiral phase plate was divided by an image
obtained in the absence of the spiral phase plate).

The top-right and bottom-right corners show the effects of Fresnel diffrac-
tion from the edges of the mask. Fifteen weaker and one stronger black-white
fringes can be seen to emanate radially from the central dark spot in the image.
The weaker black-white fringes correspond to diffraction from the interface be-
tween steps whose projected thickness varies by h/15, with the stronger fringe
corresponding to diffraction from the interface between steps whose projected
thickness varies by h. Note that multiple Fresnel diffraction fringes are evident
in this feature. The central black spot in the image, which is located at the
centre of the white cross hairs, corresponds to the vortex core created by the
spiral phase plate. The inset graph gives an average of two graphs: a horizontal
profile through the core of the vortex, and a vertical profile through the core of
the vortex. Note that the vortex character of the beam was ascertained using
an interferometer, constructed by interfering the X-ray vortex with the conical
waves scattered by a tungsten wire (diameter = 7.5 pum) placed 3 mm behind
the spiral phase plate. The resulting interferogram displayed a forked appearance
characteristic of a vortex phase. Recall, in this context, the previous section’s
result that a forked interferogram results when a vortex beam is interfered with
an off-axis plane wave (see Fig. 5.7(a)).

5.6.4 Spontaneous vortex formation in coherent X-ray imaging systems

In the preceding sub-sections we described three different methods to engineer
vortex states in a coherent X-ray wave-field. In this final sub-section, we examine
the notion of spontaneous vortex formation, whereby wave-field X-ray phase
vortices are ‘naturally’ or ‘accidentally’ formed in the absence of any specific
optical elements being designed to create them (see, for example, Nye (1999)).
This notion of spontaneous vortex formation is in harmony with our earlier
discussions emphasizing the ubiquity of the optical vortex.

Before considering some specific instances of spontaneous vortex creation in
X-ray wave-fields, let us recall the operator theory of two-dimensional imaging
systems described in Section 4.1. In the first equation of that section, we wrote
an expression characterizing the action of an X-ray imaging system, which takes
as input a given coherent two-dimensional complex scalar electromagnetic field
Yin(z,y), in order to produce a field Your(z,y, 71,72, - - ) as output. The action
of this imaging system was represented in operational terms as:

’(/}OUT(:L‘7ya71a T2, ) = W(Tla T2, )1/JIN($7?J)7 (580)

with W(71, 72, - - - ) being an operator completely characterizing the imaging sys-
tem, in a state specified by the set 7, 7o, - - - of real control parameters. By allow-
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ing only one control parameter (or a given combination of control parameters) 7
to vary, while keeping all others fixed, wave-field phase vortices may be induced
in the wave-function ¢ (z,y, 1, 72, - - - ) that emerges from the exit surface of the
coherent imaging system. In the following paragraphs, we shall consider two such
examples of optical systems, which spontaneously create such wave-field vortices:
those that yield far field diffraction patterns, and those involving scattering from
random media.

As a first example of spontaneous vortex formation in coherent X-ray imag-
ing systems, we consider the deceptively simple case of a far-field diffraction
pattern. In this context consider the far-field diffraction pattern of a finite-sized
but otherwise perfect crystal. As discussed in Section 2.5.1, the far-field diffrac-
tion pattern of a perfect crystalline slab will consist of series of spots (see Fig.
2.7). This series of spots will be smeared out by a ‘shape function’ (see, for ex-
ample, Cowley (1995)), which will be considered negligibly small for our present
purposes. Evidently, such a far-field diffraction pattern is inconsistent with the
existence of vortices, since a necessary condition for the existence of a point
vortex is that there be an intensity zero at the centre of this vortex. Since the
Fraunhofer diffraction pattern of a perfect crystal is non-zero only at a given set
of spatially separated points, there will be no vortices present in the far zone.
Note that there may be vortex—antivortex pairs present at the exit-surface of
the crystalline slab; however, the preceding analysis implies that all vortices will
have annihilated once the wave-field has propagated to the far zone.

The situation changes when one considers the far-field diffraction pattern of
a non-crystalline object. In this case, vortices may be present in the far field.
As a first example of this fact, consider the case of a coherent exit-surface wave-
function ¢ (z,y) which consists of three bright points, each with arbitrary am-
plitudes and phases. Such a disturbance can be written in the form:

¥(x,y) =A16 (a: — x(()l), Yy — y(()l)) + A6 (x - x((f), Yy — y(()2)>

+ Asd (a? — 33((33), Yy — y(()g)) , (5.81)

where xél), y(()l), 9382), y((f), z(()?’), y(()s) are real numbers specifying the Cartesian co-

ordinates of the three distinct bright points in the exit-surface wave-function, and
A, Ay, As, are non-zero complex numbers specifying the amplitude and phase of
the disturbance at each of these points. Taking the Fourier transform of this exit
wave-function, and then making use of the Fourier shift theorem, it is evident
that the resulting far-field diffraction pattern consists of three plane waves, each
of which is inclined with respect to the other two, and each of which has an arbi-
trary amplitude and phase fixed by A1, Ao, and A3. Now, we have already seen in
Section 5.6.1 that it is possible for vortices to form as a result of the interference
between three mutually inclined plane waves, thereby proving by example the
assertion that the far-field diffraction pattern of a given two-dimensional wave-
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function (which may itself be free of vortices) may contain propagation-induced
vortices.

The above example may appear rather artificial, as the possibility of propa-
gation-induced vortices in the far field does not imply that these are a generic
feature of far-field diffraction patterns for non-crystalline objects. Notwithstand-
ing this caveat, a stronger statement is in order: propagation-induced vortices
appear to be a generic feature of far-field diffraction patterns of non-crystalline
objects that possess no particular symmetries. The author is unaware of any
proof for this conjecture.

As a simple computational example of propagation-induced phase vortices
in the far field, which constitutes our second example of propagation-induced
phase vortices in coherent X-ray optics, consider the simulations shown in Fig.
5.10. In Fig. 5.10(a), we have plotted the intensity distribution of a simple
two-dimensional wave-function, the associated phase for which is taken to be
constant. The image is 1000 x 1000 pixels in size, with black corresponding to
zero intensity and white corresponding to an intensity of unity. At the centre
of this image is an 84 x 84 pixel white square, inside which is the letter ‘a’.
Taking the given intensity and trivial phase to correspond to the exit-surface
wave-function of a given coherent X-ray wave-field, one obtains the Fraunhofer
diffraction pattern by taking the squared modulus of the Fourier transform of this
disturbance. The resulting simulated far-field diffraction pattern is given in Fig.
5.10(b), on a logarithmic scale.!*® Salient features of this image include a strong
cross-shaped intensity distribution, which is due to the square shape present
in the unpropagated intensity. Outside of this cross-shaped region the far-field
diffraction pattern has a speckled appearance, which may be compared—on a
qualitative level, of course—with the speckled appearance of the far-field diffrac-
tion pattern given in Fig. 4.18(b). The phase of the far-field diffraction pattern
is shown in Fig. 5.10(c), with a 300 x 300 pixel central sub-image of the same
given in Fig. 5.10(d).'*® The phase of this simulated far-field diffraction pattern
contains a complex network of propagation-induced phase vortices, including the
pair of counter-propagating vortices, which are marked with white arrows in Fig.
5.10(d).

As a third example of spontaneous vortex formation, we briefly treat the case
of scattering from a random phase screen. In both the near and far fields of a
random phase screen, phase vortices will typically be present. For example, Berry
(1978) has calculated the density of phase vortices in the far-field of a random
phase screen, upon which a scalar plane wave is normally incident, under the

149Using an identical argument to that which was presented in Section 5.6.2 on X-ray vortex
generation using synthetic holograms, a far-field diffraction pattern can be achieved using
propagation distances of no more than 2 m if the characteristic length scale of the diffracting
structure is on the order of 50 nm, and the radiation energy is between 10 and 50 keV.

150The previously footnoted method, of eliminating a linear ramp in the phase of the far-field
diffraction pattern by forcing the ‘centre of mass’ of the undiffracted field to coincide with the
centre of the pixellated image array, was employed in the present analysis (see Section 5.6.2).
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Fig. 5.10. Simulations giving an example of propagation-induced vortices in

the far-field diffraction pattern corresponding to a vortex-free unpropagated
wave-function. Intensity of unpropagated two-dimensional coherent scalar
wave-function is given in (a), which consists of the black letter ‘a’ embed-
ded in a white 84 x 84 pixel sub-image of a 1000 x 1000 pixel array. The
phase of the unpropagated wave-function was chosen to be constant. (b) In-
tensity of far-field diffraction pattern, corresponding to previously described
unpropagated field, plotted on a logarithmic greyscale. (¢) Phase of far-field
diffraction pattern, modulo 27. (d) Central 300 x 300 pixel sub-image of (c),
with counter-propagating vortex pair indicated by white arrows. Note that,
in all intensity images, black corresponds to the minimum intensity (or loga-
rithm of intensity, for the diffraction pattern) with white corresponding to the
maximum. For the phase maps, which are all modulo 27, black corresponds
to a phase of 0 and white corresponds to a phase of 27.
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assumptions that: (i) the wave-field in the half-space downstream of the screen
is both quasi-monochromatic and paraxial; (ii) the wave-field downstream of
the screen is a Gaussian random function of both position and time; and (iii)
the phase screen is sufficiently strong such that its root-mean-square value is
at least several radians. In the same paper, Berry remarks that propagation-in-
duced vortices are to be expected in the Fresnel zone, although the calculation
of such quantities as vortex densities is then made considerably more difficult by
the non-Gaussian nature of the wave-field statistics in this zone. For more detail
on phase singularities in random wave-fields, see Freund (1996), Freund (1998),
and Berry and Dennis (2000b), together with references therein.

As an experimental example of the use of random phase screens to induce
vortices in a coherent X-ray wave-field, we treat the case of lung imaging using
propagation-based phase contrast. We can treat this form of imaging as arising
when a normally-incident monochromatic X-ray plane wave passes through a
random phase screen (in this case, the lung of an animal such as a rabbit or a
mouse), with the resulting exit-surface wave function being allowed to propagate
through some distance before the resulting intensity is registered over the surface
of a two-dimensional imaging device. An example of such an image is given in
Fig. 5.11 (Suzuki et al. (2002); see also Yagi et al. (1999)). Here we see both a
contact image!®! and a propagation-based phase contrast image (Section 4.4.4)
of a hairless rat’s thorax. Both images were obtained using monochromated 35
keV synchrotron X-rays, normally incident upon the rat, with both contact and
phase-contrast images being recorded using a two-dimensional position-sensitive
imaging detector placed downstream of the sample. The salient feature of these
images is the strong speckled appearance of the lungs in the phase contrast
image, together with the absence of speckle in the corresponding contact image.

Kitchen and co-workers have investigated the origin of the speckled appear-
ance of such phase-contrast images of lung tissue, within the contexts of both the
ray and wave theories of X-ray radiation (Kitchen et al. 2004). For both ray and
wave treatments, they chose—as one of the simplest non-trivial models intended
to capture the essence of the speckle-formation phenomenon—to model the lung
as a uniform-thickness slab of a single material, inside which was embedded a
random distribution of spherical cavities which serve as an approximation to the
air-filled alveolar sacs in the lung. Having modelled the lung in this manner,
the projection approximation was made, allowing them to relate the projected
thickness of lung material to the phase of the exit-surface wave-function, which
would result if the lung were illuminated with normally incident monochromatic
scalar X-ray radiation.

Specifically, the simplified model for lung tissue comprised a slab of material
with complex refractive index n = 1 —§ 443, with § = 2.21x10~7 and p = 2k8 =

151 A ‘contact image’ is an X-ray image of a specimen, obtained by causing X-rays to pass
through the specimen prior to being registered by a position-sensitive detector, with the dis-
tance between the exit-surface of the object and the surface of the detector being sufficiently
small for the effects of free-space diffraction to be negligible.
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Fig. 5.11. (a) Contact image and (b) propagation-based phase contrast image
of a hairless rat’s thorax. Both images were obtained using 35 keV monochro-
mated synchrotron radiation, with the propagation-based phase contrast im-
age being recorded 5.5 m downstream of the exit surface of the rat. In the
phase contrast image, the lungs have a strongly speckled appearance, due to
the diffraction of the X-rays by the near-random phase screen provided by
the network of alveoli in the lung. Image taken from Suzuki et al. (2002).
Used with permission.

@ (b)

Fig. 5.12. (a) Projected thickness and (b) magnification of inset, for a simple
model of lung tissue. Details in main text. Image taken from Kitchen et al.
(2004). Used with permission.
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12.6 m~1! (see eqns (2.37) and (2.44)). This complex refractive index matches that
of lung tissue illuminated with 33 keV X-rays. The slab of tissue was taken to be
11.6 mm thick, with the slab containing randomly-positioned spherical cavities.
These spherical cavities had a range of radii, following a Gaussian distribution
with a mean radius of 60 um and a standard deviation of 10 um. A packing
fraction of 74% was chosen, that is, 74% of the model lung volume was considered
to be filled with air. As one realization of a random object generated in accord
with the above specifications, there is the projected thickness of ‘lung’ tissue
shown in Fig. 5.12(a). This image, which is 0.6 mm x 0.6 mm in size, shows the
projected thickness of lung tissue associated with the model described above.
The minimum and maximum values of the projected thickness are respectively
denoted by black and white pixels, with a linear interpolation of greyscale for
projected thickness values that lie between these two extremes. A magnified
version of the area in the white square is given in Fig. 5.12(b).

Proceeding further, one can take the projected thickness T'(x,y) shown in the
inset to Fig. 5.12(b) and then use the projection approximation to estimate the
phase ¢(z,y) of the exit-surface wave-function using eqn (2.41):

o(x,y) = —kéT(x,y). (5.82)

Here, k = 27/, with A being the wavelength of the 33 keV plane X-rays which
are assumed to be normally incident on the sample. Similarly, the projection ap-
proximation allows us to estimate the intensity of the exit-surface wave-function
using eqn (2.43):

I(x,y) = exp[—pT(z,y)]. (5.83)

Uniform unit intensity, of a normally incident monochromatic scalar plane wave,
has been assumed. The intensity and phase, so modelled, are given in the left
column of Fig. 5.13. Minimum and maximum values of the intensity correspond
to black and white, respectively, with all phase maps being modulo 27. Note
how the maxima of the exit-surface intensity correspond to the minima in the
projected thickness, and vice versa.

Using the angular spectrum formalism outlined in Section 1.3, to computa-
tionally propagate the exit-surface wave-function through distances of 0.67 m
and 2.22 m, one obtains the images for intensity and phase shown in the second
and third columns of Fig. 5.13. Propagation-induced phase vortices are evident
in all propagated phase maps, with one counter-propagating pair of vortices be-
ing indicated by white arrows in the figure. However, the detectors used in the
experimental component of the present investigation were of too coarse a res-
olution to resolve the fine speckles associated with these propagation-induced
vortices. Notwithstanding this fact, the rebinning of a speckled pattern was it-
self seen to produce a speckled pattern. Specifically, when these vortex-riddled
X-ray wave-functions are binned to coarser-resolution pixels which are 12 um
in size, there is broad agreement between the previously mentioned computer
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Fig. 5.13. Using the projected thickness in Fig. 5.12(b), and the projec-
tion approximation, results in the intensity and phase for the exit-surface
wave-function given in the left column. Pixel size is 0.3 pm x 0.3 wm, with
radiation energy at 33 keV. Upon using the angular-spectrum formalism to
computationally propagate this wave-field through distances of z=0.67 m and
z=2.22 m, one obtains the simulated maps of intensity and phase given in
the second and third columns, respectively. Inset shows a greyscale map of
the phase associated with a first-order vortex. Location of two phase vortices
indicated by white arrows. Image taken from Kitchen et al. (2004). Used with
permission.

modelling, and the speckled appearance of lung tissue observed in experimental
data (Kitchen et al. 2004).

5.7 Domain walls and other topological phase defects

Thus far the vortex has been our only example of a topological defect in the
phase of a coherent wave-field. A simpler form of defect, known as the domain
wall, will be briefly considered here. For an example of a domain wall, consider
the wave-field ¢ (x, y, 2) associated with two counter-propagating monochromatic
plane waves:

Wy, ) = exp(ikz) —l—;xp(—ikz) — cos(k2). (5.84)

The cusped but continuous amplitude of this wave-function is given by:
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Fig. 5.14. (a) Graph of the real wave-function ¥ (z,y, z) = ¥(z) = cos(kz) as
a function of z, which corresponds to two counter-propagating plane waves;
(b) Modulus of ¥(z), as a function of z; (c) Phase of ¥(z), as a function of z.

|(z,y, z)| = | cos(kz)|, (5.85)

with the discontinuous phase of the wave-function equal to 0 when z is such that:

cos(kz) > 0, (5.86)

and equal to m when z is such that:

cos(kz) < 0. (5.87)

Plots of this wave-function, together with its amplitude and phase, are given in
Fig. 5.14.

The phase of this wave-field has a discontinuity along the planes z = (2m +
1)\/4, where m is any integer and A = 27 /k is the wavelength of the field. These
planes are examples of domain walls, these being two-dimensional surfaces across
which the phase of the wave-field changes discontinuously. To generate domain
walls which are not planar, one might superpose a given coherent scalar wave-field
with its complex conjugate—the resulting superposition will yield a real wave-
function, whose phase is equal to zero over volumes where the wave-function is
positive, and equal to m over volumes where it is negative. Irrespective of the
form of the domain wall, there is an evident analogy with domain walls in hard
three-dimensional ferromagnetic materials, these being two-dimensional surfaces
which are such that the magnetization changes very rapidly (from one value,
corresponding to the bulk of a given magnetic domain on one side of the wall,
to another value, corresponding to the bulk of a given magnetic domain on the
other side of the wall) as one passes from one side to the other side of the wall.

By appropriately adapting our earlier discussions of the stability of phase
vortices with respect to continuous perturbations in the wave-fields carrying
such defects, the reader can readily show that domain walls (in the phase of
scalar X-ray fields) are unstable with respect to perturbation. They, therefore,
do not represent generic features of the phase of an optical wave-field, unlike the
case of first-order optical vortices. Note, further, that in this context the analogy
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with ferromagnetic materials breaks down, for in this case the domain walls are
in general stable with respect to perturbation.

Despite their instability with respect to perturbation, domain walls are worth
mentioning for at least two reasons. First, if we restrict ourselves to two-dim-
ensional sections through a coherent scalar X-ray wave-field, then domain walls
(which, in this case, are one-dimensional rather than two-dimensional) will be
present whenever a portion of a nodal line lies in the planar section. For example,
when looking at a planar section in the focal region of a perfect rotationally
symmetric lens of finite size, with the planar section being normal to the optic
axis, each of the Airy rings will be separated by a zero-intensity circle that
coincides with a domain wall.

As a second reason for introducing the notion of a domain wall, we note that
the domain wall and the vortex are the first two members in a hierarchy of topo-
logical defects, which can be categorized and studied with the use of homotopy
theory. This classification of defects is applicable to a vast range of wave-functions
and order-parameter fields, ranging from cosmology and particle physics through
to condensed-matter physics and optics. Richly referenced introductions to the
use of this theory for defect classification are given in the books by Vilenkin and
Shellard (1994) and Pismen (1999). Regarding the application of these ideas to
X-ray optics, note that defects other than vortices and domain walls are possible
when one takes into account the vector nature of the electromagnetic field: for
overviews and references, see Nye (1999).

5.8 Caustics and the singularity hierarchy

Thus far we have made little mention of the ray formalism for modelling X-
ray disturbances. This is appropriate since, with the exception of semi-classical
theories of diffraction,'®? geometric optics ignores the fact that light beams are
able to coherently interfere with one another. Notwithstanding this, for reasons
that will soon become clearer, let us turn to the ray theory of X-rays. We are
particularly concerned with the singularities of the ray theory, where this theory
predicts regions of infinite intensity known as ‘caustics’.

Consider the sketches in Fig. 5.15. Figure 5.15(a) shows the elementary geo-
metric-optics example, which will be revisited several times in the course of this
section, of a source of rays A being focused by a thin perfect lens BC' in order to
produce a point focus D. According to the ray theory, the intensity of the rays
will be infinite at this point focus, constituting a singularity of the ray theory.
This furnishes our first example of a caustic. Specifically, we have here a ‘point
caustic’, since the region of infinite intensity occupies a single point in space.
Note that this is a singularity of the theory rather than one of Nature, since
the ray theory’s prediction of infinite intensity is inconsistent with experimental
observations.

152Gee, for example, the papers on the ‘geometric theory of diffraction’ in the collection edited
by Oughstun (1992).
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Fig. 5.15. (a) A source of parallel rays A is focussed by a perfect thin lens BC
to a point D. This focal point is an example of a caustic. (b) As a result of
making use of an aberrated lens EF, the point caustic D is transformed into
the caustic surface GH.

Returning to the main thread of the argument, one might enquire into the
stability of this point caustic with respect to perturbations in the lens used to
create the caustic (Berry 1980).1%3 If the lens is aberrated, as denoted by EF in
Fig. 5.15(b), then the point caustic will be destroyed. Rather than having a point
at which the intensity is predicted to be infinite, one will instead have a surface
(known as a ‘caustic surface’) over which geometric optics predicts an infinite
intensity. Rather than having infinitely many rays passing through the point
caustic D, one now has the caustic surface forming an envelope for a ‘family’ of
rays. A cross-section through this two-dimensional caustic surface is indicated by
the bold line GH in Fig. 5.15(b). To visualize this line in an actual experiment,
one might place a piece of white card in the vertical plane containing the optic
axis, and then directly observe the light that is scattered from the card.

Unlike the point caustic, which is unstable with respect to perturbations
in the ray-field which created it, caustic surfaces may be stable with respect
to perturbations. The stable caustic surfaces may be classified with the help
of catastrophe theory, introductions to which are given in the texts of Thom
(1975), Arnol’d (1986, 1990), and Nye (1999). In three dimensions,'®* the theory

153Compare the discussions, earlier in this chapter, on the stability of wave-field vortices with
respect to perturbations in the coherent X-ray wave-field in which they are embedded (Section
5.5.2).

154Note that the dimensionality of a caustic surface can be arbitrarily large. To appreciate
this point, consider once more the point caustic indicated by the point D in Fig. 5.15(a).
This point caustic occupies a point (i.e. a zero-dimensional region) of the three-dimensional
half-space downstream of the lens. Rather than viewing this caustic as being embedded in
three dimensions let us erect a plane II, passing through the point D and parallel to the
plane BC' occupied by the thin lens. Notwithstanding the fact that we are here dealing with
geometric optics rather than wave optics, one may view this optical setup in the operational
terms introduced in Section 4.1, so that the ‘input’ ray-field at the entrance surface of the lens
is mapped to the ‘output’ ray-field (which may be multi-valued, since more than one ray can
pass through a given point in the output plane) over the plane II. We can consider this imaging
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predicts five types of stable caustic surfaces, the simplest two of which are the
‘fold’ (whose essence is one-dimensional, in the sense described in the preceding
footnote) and the ‘cusp’ (whose essence is two-dimensional). The remaining three
caustic surfaces, which are in essence three-dimensional, are the ‘swallowtail’, the
‘hyperbolic umbilic’, and the ‘elliptic umbilic’. Note that these five equivalence
classes of caustic surface are the first in an infinite hierarchy of catastrophes, the
remainder of which are higher than three-dimensional. This sequence of caustic
surfaces, which are stable with respect to perturbation, may be thought of as
exhibiting ‘natural focusing’ (a term due to Hannay—see Nye (1999)), as it is a
form of focussing, which occurs without the need to engineer a particular optical
element or system for the purpose of effecting a focus.

To illustrate the above notions, consider the ‘coffee-cup cusp caustic’ shown
in Fig. 5.16. As a result of a suitably distant source of light being reflected from
the inside edge of a coffee cup, a two-dimensional caustic surface (this is a cusp,
which has already been mentioned as being one of the five possible forms for
stable caustic surfaces in three or fewer dimensions) is formed in the reflected
light. This caustic intersects the surface of the coffee along a cusp-shaped line,
which is seen as a bright line along the surface of the liquid. The stability of this
structure with respect to perturbations can be experimentally demonstrated if
the coffee cup is sufficiently flexible to be deformed by hand in real time. Provided
that the deformations of the coffee cup are not too extreme, one will notice that
the location of the caustic is moved about but remains otherwise stable as the
cup is deformed. For another everyday example of the stability of caustics with
respect to perturbations, one may consider the pattern of propagation-induced
caustics (a ‘caustic network’) which dances about the bottom of a swimming
pool floor on a sunny day—small perturbations of the water surface, which arise
as water waves evolve through a small time interval, serve only to deform most
of the caustic surfaces that intersect the plane formed by the floor of the pool.

At this point, the reader may be enquiring into the relevance of the preceding
discussion on singularities of the ray theory, given that this book is concerned
with coherent X-ray optics. With this in mind let us again return to the example
of a point caustic, with which we opened the present section. As mentioned

system to be characterized by a single control parameter 7, this being equal to the focal length
f of the lens BC'. The point caustic is, in essence, zero-dimensional because one can ‘see’ the
entire caustic surface over a single point in a single output plane II, when—and only when—the
previously mentioned control parameter has a specific value. Moving up two dimensions, we
have the cusp caustic that is illustrated in Fig. 5.16. This caustic is, in essence, two-dimensional
because it can be completely ‘seen’ in a single two-dimensional output plane II, for a given
set of control parameters in the imaging system which leads to that caustic, but cannot be
completely ‘seen’ across a one-dimensional line that forms a subset of the output plane. Moving
up a dimension, one can consider a caustic surface which is intrinsically three-dimensional, so
that one would need to sweep through a given range of values of a suitable control parameter in
order to entirely ‘see’ such a caustic in the output two-dimensional image plane, as a sequence
of two-dimensional slices through the three-dimensional caustic surface. A four-dimensional
caustic would require one to sweep through two appropriate control parameters, in order to
‘see’ the entire caustic over a two-dimensional output plane, and so on ad infinitum.
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.

Fig. 5.16. Visible-light cusp caustic over the surface of a cup of coffee. After
Nye (1999).

earlier, the ray theory incorrectly predicts a point of infinite intensity at the focal
point of a finite but otherwise perfect lens. This singularity of the ray theory is
an infinity which heralds the breakdown of geometric optics, ushering in the need
for a more general formalism—in this case, the wave theory. The singularity of
the ray theory (the point caustic) is ‘tamed’ by the wave theory, which instead
predicts a sharply peaked but nevertheless finite intensity in the focal volume of
the lens. The caustic therefore appears softened when a wave-optics calculation
is taken into account.

Pushing this notion further, we have already made mention of the Airy rings
which surround the point focus of a finite but otherwise perfect rotationally sym-
metric converging lens, according to the scalar wave theory of electromagnetic
radiation. In the focal plane of the lens, each of these Airy disks is separated
by a domain wall, across which the wave-function intensity vanishes, coinciding
with a discontinuous jump of 7 radians in the phase of the wave-field over the
nominal focal plane of the lens.'®® This is a singularity of the wave theory, for
it is at the points of vanishingly small intensity where the photon nature of the
radiation must be taken into account, with scalar wave optics needing to be re-

155Note that the wave theory can never predict propagation-induced vortices to form in a
coherent field that exhibits rotational symmetry.
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placed by quantum optics. Intermediate between the scalar wave theory and the
quantum theory of light, there is the vector theory of light, which possesses its
own singularities (disclinations and C-lines).

What all of this points to is the notion of a hierarchy of singularities, as-
sociated with a hierarchy of theories—in order of increasing generality, these
are the ray theory of optics, the scalar wave theory of optics based on the in-
homogeneous d’Alembert equation, the vector wave theory of optics based on
Maxwell’s equations, and the equations for the quantized electromagnetic field
(Berry 1998). Caustics are the singularities at which the ray theory breaks down,
ushering in the need for the scalar wave theory of optics, which softens or tames
the singularities of the ray theory. When the scalar wave theory breaks down,
near the phase singularities, the vector theory based on Maxwell’s equations will
need to be invoked. When classical electromagnetism breaks down, in regions of
zero energy density as predicted by that theory, the photon nature of light will
become important and one will need to invoke a photon theory based on the
quantized electromagnetic field (Berry 1998).

One can view the caustic surfaces of the ray theory as a singular ‘skeleton’,
which becomes ‘decorated’ with vortices as one makes a transition from the ray to
the wave theory (see, for example, Angelsky et al. (2004), together with references
therein). In this context, we point out the well-known fact that the focal volume
of an aberrated lens is typically littered with propagation-induced phase vortices
whose location depends sensitively on both the nature and magnitude of the lens
aberrations, when the optical system is not rotationally symmetric (see Born
and Wolf (1999) and references therein). As another example, one can view the
propagation-induced vortices in X-ray speckle patterns, such as those arising in
phase contrast images of lung tissue, or those found in the far field diffraction
patterns of aperiodic objects, as being nucleated in the vicinity of aberrated foci
created in regions downstream of the sample where rays cross (Kitchen et al.
2004).

Associated with the notion of a hierarchy of theories, is the notion of a hi-
erarchy of length scales (Berry and Upstill 1980). At the largest length scales,
and for X-ray wave-fields that possess no particular symmetry, the effects of the
finite wavelength of the radiation may be ignored. Accordingly, the ray theory
is appropriate for describing the field, with the associated singularities of the
ray theory—mnamely the caustics—being the dominant feature of the field at this
length scale. If one zooms in, as it were, to a length scale which is sufficiently
small for the effects of the finite wavelength of the radiation to be significant,
the singularities of the ray theory—the caustics—will appear softened by diffrac-
tion. Thus, the singularities of the ray theory will no longer dominate; rather,
the singularities of the wave theory—namely the nodal lines—will now dominate
the field, which will be speckled in appearance. One can zoom in still further,
passing onto the theory of X-ray waves based on classical electromagnetism and
then quantum electrodynamics, although we will not examine this here. Rather,
we remark that the wave-field is neither a ray, nor a scalar wave, nor an elec-
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tric and magnetic field, nor a quantized electromagnetic field. Each of these
constructs associated with four different theories, together with their associated
singularities, will be the dominant feature of a given nontrivial partially coherent
electromagnetic field, depending on the level of detail at which one chooses to
examine the field.

As an example of this notion of multiple length scales, consider once again
the computer simulations shown in Fig. 5.13. At a propagation distance of 0.67
m, the resulting simulated intensity has the form of a network of caustics, which
is viewed at a sufficiently fine scale that the softening effects of diffraction are
evident, replacing the very sharp caustic skeleton of the ray theory with strongly
peaked lines decorated with fine diffraction structure. The resolution at which
these images are sampled is just fine enough to resolve propagation-induced
vortices. Thus at the coarser length scale we see a caustic-dominated pattern,
while at sufficiently fine length scales the caustics dissolve, being replaced with
a vortex-dominated speckle field. At this fine scale, the vortex density is seen to
be particularly strong in the focal volumes, which may be associated with the
aberrated compound refractive lenses (see Section 3.4.2) that can be thought to
form as the result of many spherical cavities overlapping in projection (Kitchen
et al. 2004).

As a corollary to the idea of multiple length scales, at each of which a particu-
lar type of singularity is seen to be dominant, one has the concept of caustics and
vortices being complementary singularities (Berry 1980; Berry and Upstill 1980;
Berry 1998). This complementarity exists on at least two levels. First, there is the
obvious counterpoint of the caustic’s infinite intensity versus the zero intensity
of the phase singularity. Second, there is the fact (which Berry has conjectured
to bear a deep relationship to the wave-particle duality of quantum mechanics
(Berry 1980)) that these singularities are not simultaneously observable, since
caustics dominate at length scales sufficiently coarse for the finite wavelength of
the radiation to be neglected, while vortices dominate at finer length scales for
which the finite radiation wavelength gives rise to diffraction effects that serve
to soften the caustics.

5.9 Summary

The near-ubiquity of vortices, cutting across a very wide range of fields of study
in physics, was emphasized in Section 5.1. In Section 5.2, we followed Dirac’s
analysis for the study of nodal lines in complex scalar fields, these being ‘lines
of nothingness’ along which the wave-function vanishes. Section 5.3 connected
these nodal lines with the notion of vortex cores, which thread wave-field phase
vortices. The topological analysis of the just-listed pair of sections was seen to
be rather general, as its results were not predicated on the particular functional
form of the differential equation governing the evolution of the complex scalar
field under study. Rather, these results were obtained solely from the demand
that the wave-function should be both single-valued and continuous.
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Notwithstanding the powerful generalities mentioned above, a detailed anal-
ysis of vortex dynamics and core structure requires a statement of the differential
equation obeyed by a given complex scalar field. Accordingly, in Section 5.4 we
saw how to construct exact polynomial vortex solutions to the d’Alembert wave
equation governing complex scalar electromagnetic waves. These allowed us to
gain some deeper analytical insights into the nature of vortical X-ray wave-fields.
While these exact solutions were seen to diverge as one moves sufficiently far from
the vortex core, it was argued that this was of no consequence on account of the
fact that the polynomial solutions were considered to be local models for vortical
behaviour in coherent X-ray optics.

The vortical polynomial solutions to the d’Alembert wave equation were also
seen to provide some insight into the question of vortex dynamics, as discussed
in Section 5.5. We saw that the notion of ‘vortex nucleation at a point’, together
with that of ‘vortex annihilation at a point’, is devoid of meaning. Rather, we
saw that the nodal lines are the fundamental entities. Higher-order polynomial
vortices were seen to be unstable with respect to perturbations, decaying into
first-order vortices in so-called ‘critical-point explosions’. We also examined the
question of how vortices interact with the background field in which they are
embedded.

We then moved onto a discussion of different means for generating wave-field
vortices, in Section 5.6. Remarkably, we saw that a vortex lattice may be gen-
erated by interfering three mutually inclined monochromatic scalar plane waves
(Section 5.6.1). Synthetic holograms (Section 5.6.2) and spiral phase plates (Sec-
tion 5.6.3) were seen to be two additional means for generating X-ray vortices.
Lastly, propagation-based means for spontaneous vortex generation were treated
in Section 5.6.4.

Wave-field phase vortices are not the only class of phase defect. Domain walls,
a second such class, were introduced in Section 5.7. Mention was also made of
other classes of defect, such as C-lines and disclinations, associated with a vector
theory of electromagnetic fields.

The singularities of the ray theory, known as caustics, were examined in Sec-
tion 5.8. We also discussed the notion of a singularity hierarchy, with the singu-
larities of a less general theory of optics being the gateway, as it were, to a more
general optical theory in which such singularities are softened. For example, we
saw that a scalar wave theory of optics was able to tame the caustic singularities
of the ray theory. The wave theory itself was seen to have singularities, associ-
ated with nodal lines and nodal surfaces, where the wave-function vanishes. In
the vicinity of such nodal lines and surfaces, the weak field intensities call for a
quantum description of the electromagnetic field.

Further reading

Regarding general references for a deeper treatment of many of the topics in this
chapter, see Dirac (1931), Riess (1970), Nye and Berry (1974), Hirschfelder et al.
(1974), Berry (1980), Berry and Upstill (1980), and Nye (1999). This last-men-
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tioned text covers most of the material given in the first four sub-sections of the
chapter. Regarding both vortex dynamics and exact polynomial solutions to the
d’Alembert equation, see Berry (1980, 1998) and Freund (1999, 2000), together
with references therein. For vortex generation via the interference of three plane
waves, see Masajada and Dubik (2001). For more on the use of holograms to
generate phase vortices, see Vasara et al. (1989), Heckenberg et al. (1992), and
Brand (1999). Regarding X-ray vortex generation using spiral phase masks, see
Peele et al. (2002), Peele and Nugent (2003), and Peele et al. (2004). Regarding
spontaneous vortex creation, see Nye (1999) and references therein, together
with the X-ray demonstration by Kitchen et al. (2004). Vilenkin and Shellard
(1994) and Pismen (1999) give good general introductions to the use of homotopy
theory to study domain walls, vortices, and more exotic topological defects in
a general setting. For more on caustics and the singularity hierarchy, see Berry
(1980, 1998).
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Appendix A

Review of Fourier analysis

Here we review the fundamentals of Fourier analysis which are employed through-
out the main text. We begin by defining the one-dimensional and two-dimensional
forms of the Fourier transform, together with the corresponding inverse trans-
formations. We then outline the convolution theorem, the shift theorem, and the
derivative theorem. Lastly, we mention the sifting property of the Dirac delta.

A.1 Fourier transforms in one and two dimensions

Consider a function f(z) of one real variable x, which is assumed to be sufficiently
well behaved to admit representation as a Fourier integral:

v

1 <y . _
f@) = <= [ F)epliba)i, fk) = Fl@) (A

The function f(kz) is said to be the ‘Fourier transform’ of f(z) with respect
to z, with k, being the Fourier variable conjugate to (dual to, or reciprocal
to) z. The Fourier-transform operator F maps f(z) to its Fourier transform
f (kz). To derive the corresponding inverse transform, multiply eqn (A.1) by
exp(—iklx)/v/27, integrate over all z and then make use of the Fourier integral
representation of the Dirac delta §(x):

5(x) = % /_ Z expl(ikoa)dk,. (A.2)
One thereby arrives at:
) = —— [ f@)exp(ciken)d, @)= FUf(R).  (A3)
T =7z ).,

Equations (A.1) and (A.3) form a Fourier transform pair. The second member
of the pair is an integral transform which maps the function f(x) to its Fourier
transform f(k,), with the first member of the pair effecting the corresponding
inverse transformation.

The above can be generalized to two-dimensional Fourier transformations of
a suitably well-behaved function f(x,y) of two real variables x and y:

393
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£aw) =5[] Fhart) expliti + hyy)dbudhy,

F(ka ky) = FIf(z,9)], (A4)
flka, ky) / f(z,y) exp[—i(k,x + kyy)]drdy,
f@,y) = F U f (ko ky))- (A.5)

The function f(k,, k,) is said to be the Fourier transform of f(z,y) with respect
to z and y, with k; and k, being the Fourier variables which are respectively
conjugate to x and y. The Fourier-transform operator F maps f(x,y) to its
Fourier transform f(k,, ky).

Since it will always be clear from the context of a particular calculation, no
confusion should arise from the use of F to denote both one- and two-dimensional
Fourier transformation.

A.2 Convolution theorem

In one dimension the convolution f(x)x g(x) of two suitably well-behaved func-
tions f(z) and g(z) is defined to be:

/ f(2")g(x — a")da'. (A.6)

One can readily establish the one-dimensional form of the ‘convolution theorem’,
which states that the Fourier transform of f(x)x g(z) is equal to the product of
the Fourier transform of f(z) with the Fourier transform of g(z), multiplied by

V2
Ff(x) % g(x)] = V2 {F [f(2)]} x {F [g(2)]} - (A7)

The above formulae are readily generalized to functions of two variables.
Accordingly, the two-dimensional convolution f(x,y) * g(x,y), of two suitably
well-behaved functions f(z,y) and g(x,y), is given by:

fargo) = [[ 1@ ey -y (as)
The corresponding two-dimensional form of the convolution theorem is then:

Flf (@ y) xg(z,y)] =20 {F [f(z,y)]} x {F [9(z,y)]}. (A.9)

It will sometimes prove convenient to write down an alternative form of eqn
(A.9), obtained by taking the inverse Fourier transform of both sides:

f@,y)*gla,y) =20 F " ({F [f(z,9)]} x {F[g(z,9)]}). (A.10)
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A.3 Fourier shift theorem
Take eqn (A.3), writing it in the form:

1 o0
Flf(x)] = —/ ) exp(—ik,x)dz. A1l
[f ()] N _oof() p( ) (A.11)
Replace f(z) with f(x —x0) in the above expression, where x is a real constant.
Make the following change of variables:
X =z — xo, (A.12)
so that eqn (A.11) becomes:

Flf(x — o)) = w [ T F(X) exp(—iky X)dX. (A.13)

Substituting eqn (A.11) into eqn (A.13), we arrive at the one-dimensional form
of the Fourier shift theorem:

Flf (x = x0)] = exp(—ikzo) F[f (). (A.14)

The two-dimensional form of the Fourier shift theorem is similarly derived:

Flf(x — 20,y — yo)] = exp[—i(kzzo + kyyo)|F[f (2, y)], (A.15)

where both zg and gy are real constants.

A.4 TFourier derivative theorem

Take eqn (A.1), writing it in the form:

1 o .
f(z) = oz /_O<> Flf(x)] exp(ikyx)dks,. (A.16)

Differentiate both sides with respect to x a total of m times, where m is an
integer. Taking the derivative operator inside the integral of the right side of the
resulting expression, and noting that it acts only on the term exp(ik,x) within
this integral, we see that:

an
dx™

1 o . \m .
fla) = o= [ @ik espik,a)dk,. (A7)

The term in braces is equal to the Fourier transform of the left side of the equa-
tion, leading us to the one-dimensional form of the Fourier derivative theorem:

F [ ar f(x)} = (ike)" F[f ()] (A.18)

dxm

By taking the inverse Fourier transform of this equation, we obtain a useful
alternative form of the one-dimensional Fourier derivative theorem:
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dm

dx—mf(x) = F 1 (iky)" Ff(x). (A.19)

Note that cascaded operators are assumed to act from right to left, a convention
assumed throughout the text. Thus the right side of the above equation should
be read as follows: ‘The function f(z) is first acted upon by the Fourier transform
operator F, with the result being multiplied by (ik,)™. The resulting expression
is then acted upon by the inverse Fourier transform operator F~!’.

The above argument can be generalized to give the two dimensional Fourier
derivative theorem. The two-dimensional generalization of eqn (A.18) is:

om o e
s )| = (k)™ i, F ), (A.20)
where m and n are integers. The corresponding generalization of eqn (A.19) is:
O ) = F M ika) " i, Ff(2,) (A.21)
a.’bm ayn yY) = ] Yy yY)- .

A.5 Sifting property of Dirac delta
The ‘sifting property’ of the Dirac delta is expressed as follows:

flzo) = / §(x — o) f(x)dx. (A.22)

Here xg is any real number lying between the real numbers a and b.



Appendix B

Fresnel scaling theorem

As shown in Fig. B.1(a), let us consider an in-vacuo point source A of monochro-
matic scalar X-ray waves, which lies on a nominal optic axis z at a distance R
upstream of a sample B. A diffraction pattern of the object is to be recorded
over the plane z = A, this being parallel to the nominal exit surface z = 0 of
the object. The source is considered to be sufficiently distant from the sample
for the radiation to be paraxial over its entrance, with the object being suf-
ficiently weakly scattering for the projection approximation to hold (see eqns
(2.39), (2.40), and (2.42)). Further, we assume that Fresnel diffraction theory is
adequate for calculation of the diffraction pattern over the plane z = A, given
the wave-field over the exit surface z = 0 of the object (see Section 1.4). The
Fresnel diffraction pattern (‘point-projection image’) will have a geometric mag-
nification M, which depends on the source-to-sample distance R, together with
the sample-to-detector distance A. A limiting case of this scenario is obtained
by taking the source-to-sample distance R to infinity, as sketched in Fig. B.1(b).
This unit-magnification limiting case corresponds to a Fresnel diffraction pattern
of the sample which is obtained for the case of plane-wave illumination.

Subject to the approximations listed above, the Fresnel scaling theorem yields
a simple mapping between the Fresnel diffraction pattern of an object which is
obtained for the case of illumination by a point source, and a Fresnel diffraction
pattern obtained for the limiting case of plane-wave illumination. This theorem
states that the point-source-illuminated Fresnel diffraction pattern, obtained over
a plane at a propagation distance z = A from the exit surface of the object with
a source-to-sample distance of R corresponding to geometric magnification M, is
related to a certain plane-wave-illuminated diffraction pattern by the following
sequence of steps: (i) take the plane-wave-illuminated Fresnel diffraction pattern
over a plane at a propagation distance of z = A/M downstream of the exit
surface of the sample, before (ii) transversely magnifying it by a factor of M
and then (iii) dividing the intensity at each point in the resulting image by M?.
This scaling theorem, which will be derived using Fresnel diffraction theory in
the succeeding paragraphs, is of great utility in the computation and analysis of
point-projection X-ray images.

With a view to deriving the Fresnel scaling theorem, recall that one may
expand the free-space propagator in the convolution formulation (1.45) of the
Fresnel diffraction integral, thereby recasting it in the manner given by eqn
(1.46):

397
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Fig. B.1. (a) A monochromatic point source A emits X-rays into vacuum, which
subsequently pass through an object B. A Fresnel diffraction pattern is mea-
sured over a plane at distance A from the exit surface of the sample. The
geometric magnification M of this image is (R + A)/R. (b) The same object
is illuminated by plane waves, with a diffraction pattern being recorded at a
distance of A/M from the exit surface of the object. According to the Fresnel
scaling theorem, the diffraction patterns of (a) and (b) are identical to one an-
other, up to transverse and multiplicative scale factors, if: (i) 6 is sufficiently
small for the paraxial approximation to be valid for all rays/streamlines cross-
ing the detection plane; (ii) the object is sufficiently weakly scattering to obey
the projection approximation.

_ ikexp(ikA)

Uy 2= A 0) = exp [ ox e +17)]

27
x //OO PP (2, y, 2 = 0) exp ﬁ(:ﬂ2 +y?)
oo w b b 2A

k
X exp {Az(asx’ + yy')] dx'dy’. (B.1)

Here, wU(JR)(a:,y,z = 0) denotes the exit-surface monochromatic scalar X-ray
wave-field over the plane z = 0 in Fig. B.1(a), R (z,y,z = A > 0) denotes the
corresponding propagated disturbance over the plane z = A > 0, k = 27 /X is the
usual wave-number corresponding to a wavelength A and angular frequency w of
the illuminating radiation, (x,y) denotes a Cartesian coordinate system in the
plane perpendicular to the optic axis z, and the R superscript on exit-surface and
propagated wave-fields indicates the distance between the illuminating on-axis
point source and the exit surface of the object.

Under the paraxial and projection approximations, the exit-surface wave-
field wb(fo)(x,y, z = 0) for the case of plane-wave illumination is related to the

exit-surface wave-field Z/)E;R) (z,y,2z = 0) for point-source illumination via:

ik

(R) =0) = (> =

@) ®2
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Note that the phase factor, on the right side of the above equation, is the sec-
ond-order approximation to the phase variation over the exit surface z = 0 due
to an on-axis point source at distance R upstream of this plane. Note, also, that
in writing the above approximation we have taken R to be sufficiently large
that one may neglect the intensity variations introduced into the exit-surface
wave-field in moving from plane-wave to point-source illumination.

Having written down the relation (B.2) between the unpropagated exit-
surface fields for the case of plane-wave and point-source illumination, we are
ready to seek a corresponding relation between the intensities of the propagated
fields, under the Fresnel approximation. To this end, insert eqn (B.2) into eqn
(B.1) to give:

B (g 2= A > () = — LeXPURA)

ik, 4 9
e
i o (1,1
X exp 2(x +y') A+R
—ik

X exp [A(xx' + yy')} da'dy’. (B.3)
To proceed further, we note from Fig. B.1(a) that the geometric magnification
M for point-source illumination is equal to the ratio of the length C'D to the
length FO. By similar triangles, this is equal to the ratio of the length of AD to
that of AO. Thus:

R+A
M= B.4
s (B.4)
so that:
1 1 1/R+A\ M
A+R_A<]%>_A' (B:5)

Substituting the above expression into the squared modulus of eqn (B.3), and
letting 1§ (z,y,2=A) = |1/1£,R) (x,y,2 = A)|? denote the intensity of the prop-
agated coherent wave-field, we arrive at:

k2
R _ _
IU(.) )(xvyvz_A 2 0) - 47T2A2
2
X

o] . M .
// wi}oo)(x/’y/’z: = 0) exp %(le + y/2) _ %(mx’ + yy/):| dx’dy/
(B.6)

If we take the limit R — oo in the above formula, so that M — 1, we see that:
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oo k?
1@y, 2= A20)= 5
- ik ik 2
X [/ 1/)(5,00) (1"73//7 z = 0) exp |:2A(x/2 + y/2) _ Z(mx/ + yy/):| dm/dy’

(B.7)

As may be readily checked by direct substitution, the left sides of the above
pair of equations are related to one another through the Fresnel scaling theorem:

_ Ty A
I (z,y,z=A>0) =M 21> (M’M’Z:MZ())' (B.8)
To supplement the verbal description of this result given in the second paragraph
of this appendix, we note that: (i) The factor of M ~2 embodies energy conser-
vation; (ii) R may be negative, corresponding to the object being illuminated by
a collapsing spherical wave.



Appendix C

Reciprocity theorem for monochromatic scalar fields

Here, we outline a certain reciprocity theorem governing forward-propagating
monochromatic scalar electromagnetic fields, a result due to Lukosz (1968) and
Shewell and Wolf (1968). Use is made of this theorem in the discussion on in-line
holography given in Section 4.3.1.

With reference to Fig. C.1 let us consider a set of sources A lying in the half-
space z < —A, which radiate monochromatic scalar electromagnetic waves. With
specified optic axis z, the volume z > —A is assumed to be vacuum. Denote by
’(/JLE}) (x,y, z) the spatial part of the monochromatic field radiated by the sources.
Here, w denotes the angular frequency of the radiation corresponding to wave-
number k, and (z,y) are Cartesian coordinates in planes perpendicular to the
optic axis z. The radiated field obeys the Helmholtz equation, given in eqn (1.16):

(V2 + k)l (2,y,2) = 0. (C.1)

Assuming the field to be forward propagating, we saw in Section 1.3 that
the problem of diffracting the field from z = 0 to 2z = A > 0 is given by the
following angular-spectrum representation which exactly solves the Helmholtz
equation (see eqn (1.23)):

v
| Qe > :
>
4 T~
z=-A z=0 z=A

Fig. C.1. Sources A radiate a monochromatic scalar electromagnetic field into a
vacuum-filled space. The field is assumed to be forward propagating over the
plane z = 0, which is perpendicular to a specified optic axis z. Further, the
field is assumed to be free from evanescent waves. According to the reciprocity
theorem, if one propagates the field from the plane z = 0 to the plane z = A,
the intensity of the resulting field will be equal to the intensity obtained if
one propagates the complex conjugate of the field, from the plane z = 0 to
the plane z = —A.
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1 R
Uz =8) = o [ A0 ey = 0yep [id o2 k2 = kg

x exp [i(kex + kyy)] dkydk,. (C.2)

Here ﬁ&l)(kx, ky,z = 0) represents the Fourier transform of the unpropagated

field 1/)5,1) (z,y,z = 0) with respect to x and y, using the convention for two-dimen-
sional Fourier transforms outlined in Appendix A. As specified there, the Fourier
variables conjugate to x and y are denoted by k; and k,, respectively.

Next we use eqn (A.5) to write @Zf,l)(kz, ky,z =0) as:

o 1 o0
z/;fjl)(km, ky,z=10) = o // w&l)(x',y', z = 0)exp|—i(ky2z' + kyy')]da'dy’,

(C.3)
which may be substituted into eqn (C.2) to give:

P (@,y, 2= A) = (271r)2 ////OO YW (@', y, 2 = 0) exp [zAm

x exp {i[ky(z — 2') + ky(y — )]} dkydkyda’dy’. (C.4)

Next, consider a second forward-propagating monochromatic scalar electro-
magnetic field wE,Q) (z,y, z), which also obeys the Helmholtz equation. By defini-
tion we assume that the boundary value of this field, over the plane z = 0, is

equal to the complex conjugate of the boundary value taken by z/1£,1> (x,y,2) over
the same plane. Thus:

YO @,y,2=0) = [1P(z.9,2=0)] . (€5)

Substitute this into eqn (C.4) and then take the complex conjugate of the re-
sulting expression, leaving:

[0 =)] = o [[[[ ez =0)

X exp {—m( k2 — k2 —kg)]

x exp {—ilks (z — ') + ky(y — ¥)]}
X dlydl,da’dy . (C.6)

In the above expression let us consider the integrals over 2’ and 3’ to be per-
formed before those over k; and k. These first two integrals will serve to map

&2)(33’, y', z = 0) into its two-dimensional Fourier transform 1/35,2)(1635, ky,z =0).
Now suppose that evanescent waves (see Section 1.3) are absent, which amounts
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to the requirement that J)w (k. ky,z = 0) vanishes at every point (k,, k,) for
which k2 + k2 > k2. There will therefore be a zero contribution, to the integral
over k, and ky, from points (k,, ky) for which k2 + k2 > k2. The only non-zero
contribution to the integral over %k, and k, will be due to points (ks, k) for
which k2 + k;2 < k2. At all such points, the square root in the second line of eqn
(C.6) is real. We may therefore drop the star from this square root, leaving:

ez =a)] = oo [[[[ w02 =0
xexp (=it /K2 — k2 — k2 )

x exp {—ilkz (z — ') + ky(y — ')}
X dkydk,da’dy . (C.7)

To proceed further make the change of variables:

ke — —ky, ky — —ky, (C.8)
in eqn (C.7), to see that it reduces to:

[ =a)] = oo [[[[ vz =0
xexp (—in k2 — k2 — k2 )

x exp {i[kz(z — 2') + ky (y — y)]}
X dkpdk,da’dy' . (C.9)

Compare the right side of the above equation with the right side of the
equation which results when z/}f,l) is replaced by 1/)5,2) in eqn (C.4). This shows us
that the right side of eqn (C.9) is equal to the field that results when @/}f,z) (z,y,z =
0) is inverse propagated from the plane z = 0, to the plane z = —A (see Fig.
C.1). Thus we arrive at the desired reciprocity theorem:

D (g, 2= A)] =@ (@,y,2 = —A), (C.10)

This theorem states that if one propagates through a certain positive distance
A a given forward-propagating monochromatic scalar electromagnetic field which
is free of evanescent waves, the propagation being from plane to parallel plane,
then the propagated field is equal to the complex conjugate of the field one
would have obtained if the complex conjugate of the unpropagated field had
been (inverse) diffracted through a distance equal to the negative of A.

Taking the squared modulus of eqn (C.10), and denoting the intensities of
\wg)(a},y, 2)|%, we see that:
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IW(z,y,z=A) =TI (' ¢,z = —A). (C.11)

Thus if one propagates the field from the plane z = 0 to the plane z = A, the
resulting intensity will be equal to the intensity obtained if one were to propagate
the complex conjugate of the field, from the plane z = 0 to the plane z = —A
(see Fig. C.1).

References
W. Lukosz, Equivalent-lens theory of holographic imaging, J. Opt. Soc. Am. 58,
1084-1091 (1968).

J.R. Shewell and E. Wolf, Inverse diffraction and a new reciprocity theorem,
J. Opt. Soc. Am. 58, 1596-1603 (1968).



Index

aberration, 235-237, 262
absorption, 115-122, 145
absorption edge, 119-122
Airy rings, 382, 385
Ampere’s Law, 2-3, 65
analyser based phase contrast, 270-278
analyser crystal, 169-176
asymmetric reflection, 175
Bragg analyser, 176
Bragg angle, 172n
Bragg geometry, 176
Bragg Law, 172-173, 175-176
crystal planes, 171-172, 174
definition, 169
dispersion surface, 174
dynamical diffraction in, 174-175
Ewald sphere, 90-96, 174
Laue analyser, 176
Laue geometry, 176
reflectivity, 176
rocking curve, 175176, 274
symmetric reflection, 175
three-dimensional grating, 169, 171
analytic extension, 126n
analytic function, 5, 303
analytic signal, 5-6, 69
angular spectrum, 6-10
annihilation of vortices, 351-352
anomalous dispersion, 168n
anomalous transmission, 179-182
astigmatism, 237
asymmetric reflection, 175
atomic orbital, 120
attenuation coefficient
Beer’s Law 74-75, 145
from complex refractive index, 74-75
underlying physics, 120-122
Auger electron, 122

back-projection algorithm, 124
band-limited function, 305
Bates’ ambiguities, 309-310
Bayesian methods, 290-291
beam, 72

synchrotron, 140, 141
beamline, 144-145
beam splitter

crystal, 178-183
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grating, 157
beam steering, 192
beating, 127, 248
Beer’s Law, 74-75
bending magnet, 141-142
Bessel beam, 252
betatron, 141
binding energy, electron, 120-121
blazed grating, 160
blazed zone plate, 166
Bloch waves, 180
Bohr—Sommerfeld rule, 344n
Bonse-Hart interferometer
application, 311-316
principles, 181-183, 197
Born approximation, 98-99
see also first Born approximation
Born series, 98-99
Borrmann effect, 179-182
Bragg analyser, 176
Bragg angle, 172n
Bragg geometry, 176
Bragg—Fresnel optic, 183-185
Bragg Law, 172-173, 175-176
braking radiation, 138
bremsstrahlung, 138
bright-field imaging system, 281n
brightness, spectral, 137
bunch, electron, 141, 150

capillary optics, 191-192

carrier fringes, 197

cascaded imaging system, 238-240
catastrophe theory, 383-384
Cauchy—Goursat theorem, 304
Cauchy integral formula, 304
Cauchy principal value, 307-308
caustic hierarchy, 383-384

caustic, 382-387

caustic—vortex duality, 387

CCD, 209211

central-slice theorem, 124-125
characteristic line, 138
charge-coupled device, 209-211
circular dichroism, 261

circular diffraction grating, 160-161
circulation, 344

coherence time, 36—37
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coherent aberration, 236

coherent imaging system, 230-237
coherent scattering, 115

coma, 237

complex analytic signal, 5—6, 69
complex refractive index, 73

complex scalar electromagnetic field, 4-5

compound refractive lens, 198-202
Compton effect, 115-120
Compton formula, 118
computed tomography, 124, 127n
concentrator, 191
contact image, 377n
continuity equation, 108, 350
control parameter, 230
convolution, 394
convolution theorem, 394
Coolidge tube, 139
correlation function
see higher-order correlation
see mutual coherence function
see mutual intensity
cosmic X-ray, 116n
counting detector, 208, 210-211
critical angle, 189-191
critical-point explosion, 354
critical wavelength, 140n
Crookes tube, 139
cross-spectral density, 49
differential equations for, 49
diffraction theory
convolution form, 54-56
operator form, 50-53
crystal analyser, see analyser crystal
crystal based phase contrast, 270-278
crystal beam splitter, 178-183
crystal diffraction, 93-97
crystal monochromator, 176-178
double-bounce, 177
harmonic contamination, 178
heat load, 177-178
crystal planes, 171-172, 174
current vector, vortices, 350
curve, simple closed, 304n, 343
cusp caustic, 384—-385
cutoff wavelength, 138

de Broglie relation, 118
decay of vortices, 353-354
defocus, 237
deformable mirror, 193
derivative theorem, 395-396
detective quantum efficiency, 207
detectors, 205-216

CCD, 209-211

and coherence, 212-216

Index

counting, 208, 210-211

critical parameters, 205-208
detective quantum efficiency, 207
dynamic range, 208

film, 209

gas, 210211

image plate, 209

integrating, 208-210

integrating versus counting, 211-212

multi-wire proportional, 210-211

noise, 207-208

pixel detectors, 211

proportional counter, 210

quantum efficiency, 207

scintillator, 211

spatial resolution, 205206

spectral resolution, 207

temporal resolution, 206—207
DIC, 268-270

differential interference contrast, 268—270

differential phase contrast, 268-270
diffraction
inverse, 10
numerical calculation, 10, 16
operator, 6-12
see also angular spectrum
see also dynamical diffraction
see also Fraunhofer diffraction
see also Fresnel diffraction
see also kinematical diffraction
see also Kirchhoff diffraction

see also Rayleigh—Sommerfeld theory

diffraction-free beam, 250-252
diffraction grating, 152-160

beam splitter, 157

blazed, 160

efficiency, 158-160

phase grating, 159

spectrometer, 157-158

see also Fresnel zone plate
diffraction spots, 96-97
diffraction tomography, 126-127
Dirac delta, 393, 396
Dirichlet Green function, 23-24
dispersion relation, logarithmic, 309
dispersion surface, 174
domain wall, 380-382
double-bounce monochromator, 177
dynamical diffraction

Born series, 98-99

Borrmann effect, 180

perfect crystals, 174-175

efficiency
diffraction grating, 158-160
Fresnel zone plate, 165-166
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eikonal approximation, 101-108
eikonal equation, 104
electrical permittivity, 66
electron bunch, 141, 150
electron density

relation to refractive index, 108-114
electric displacement, 65-66
electron binding energy, 120-121
elliptic umbilic caustic, 384
emittance, 137
energy—momentum-mass relation, 117
energy-recovering linac, 149-151
entire function, 303
ergodicity, 29
ERL, 149-151
error-reduction algorithm, 293-294
evanescent wave, 8n, 10
Ewald nest, 130-121
Ewald sphere, 90, 91-97
EXAFS, 122

Faraday’s Law, 2-3, 65
far field, see Fraunhofer diffraction
far zone, see Fraunhofer diffraction
ferroelectric material, 66n
ferromagnetic material, 66n
Fermat’s principle, 186188
film, 209
finite support, 293
first Born approximation, 84-86
and angular spectrum, 89-90
and Ewald sphere, 90-97
and Fraunhofer diffraction, 86-89
scattering from crystals, 93-98, 170
first generation synchrotron, 141
fixed-anode X-ray source, 138—-139
fluorescence, 121-122; 138
fold caustic, 384
Fourier analysis, 393-396
central-slice theorem, 124-125
convolution, 394
convolution theorem, 394
derivative theorem, 395-396
Dirac delta, 393, 396
Fourier transforms, 393-394
shift theorem, 395
Fourier holography, 258-261
Fourier images, 242
Fourier integral operator, 300
Fourier-transform method, 311-312
Fraunhofer diffraction, 16-18
free-electron laser, 145-149, 150
free space propagation
as low-pass filter, 123
as optical element, 185-186
see also angular spectrum
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see also Fraunhofer diffraction
see also Fresnel diffraction
see also Kirchhoff diffraction
see also Rayleigh—Sommerfeld theory
Fresnel diffraction, 10-16
convolution formulation, 12-16
Fresnel propagator, 13-15
operator formulation, 11-12
transfer function, 236
Fresnel integrals, 14, 112n
Fresnel lens, 166n
Fresnel number, 17, 325, 370
Fresnel scaling theorem, 397-400
Fresnel zone plate, 160—-169
achromatic, 166-168
blazed, 166
Bragg—Fresnel optic, 183-185
circular diffraction grating, 160-161
efficiency, 165-166
focal-plane intensity, tailored, 169
Fresnel lens, 166n
Fresnel zones, 165n
holographic diffraction grating, 161-165
kinoform, 166
multi-level, 166-167
photon sieve, 169
Rayleigh-Wood, 165-166
Fresnel zones, 165n
fringe visibility, 34, 317-318
and mutual coherence function, 44

Gabor holography, 254-257
gas detector, 210-211
Gaussian moment theorem, 319n
Gauss’ Law, 2-3, 65
generalized solution, 290
generations of synchrotron source
first generation, 141
second generation, 141-142
third generation,142-145
geometrical optics, 101-108
geometric theory of diffraction, 382n
Gerchberg—Saxton algorithm, 291-293
grating, diffraction, 152—160
beam splitter, 157
blazed, 160
efficiency, 158-160
phase grating, 159
spectrometer, 157-158
see also Fresnel zone plate
Green function
for Helmholtz equation
Dirichlet, 23-24
incoming/advanced, 55, 83
Neumann, 25
outgoing/retarded, 19-20, 55, 77-83
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for imaging system, 231-234, 238 polychromatic, 127-130
related to point scatterer, 77-83 ‘inhomogeneous’ Helmholtz equation, 70
used in scattering theory, 83-85 inhomogeneous plane wave
Green operator, 98 see evanescent wave
Green’s theorem, 19 inline holography, 254-257
insertion devices, 142
Hanbury Brown—Twiss effect, 60, 318—-321 integral equation, scattering, 83-85
harmonic contamination, 178 integrating detector, 208210
helicoidal phase, 346-347 intensity interferometry, 60, 318-321
Helmholtz equation interferogram analysis
in free space, 6 Fourier-transform method, 311-312
and Kirchhoff diffraction, 18 phase-shifting method, 312-315
in variable refractive index, 70 interferometer
Helmholtz—Kirchhoff integral theorem Bonse-Hart, 181-183, 197, 311-316
see Kirchhoff diffraction fringe visibility, 34
hidden-variable theory, 106n-107n separated-path, 181
higher-order correlation, 59—60, 318-321 see also Young’s experiment
hierarchy see also Michelson interferometer
caustic, 383-384 interstitials, crystal, 93
length scale, 386-387 inverse Compton scattering, 116n, 121
singularity, 386 inverse diffraction, 10
Hilbert tI‘al’leOI‘I‘I‘l7 logarithmic, 308 inverse problem, 289-290
Hittorf tube, 139
holography, 254-261 Kapitza—Dirac effect, 148n
Fourier, 258-261 kinematical diffraction
inline, 254-257 for scattering from crystals, 92-97, 170
off axis, 258 see also first Born approximation
twin image problem, 257 kinoform grating, 166
Huygens—Fresnel principle, 10 Kirchhoff diffraction, 18-22
hybrid input—output algorithm, 293-295 Helmholtz—Kirchhoff theorem 18-21
hybrid phase contrast, 284288 Kirchhoff approximation, 22n
hydrogenic wave function, 344n Kirchhoff diffraction formula, 22
hyperbolic umbilic caustic, 384 Kirkpatrick—Baez mirror, 193
Klein—Nishina formula, 119
ill posed inverse problem, 290 Kumakhov lens, 192
image plate, 209
imaging system laser, 146-147, 151-152
aberrated, 235-237 Laue analyser, 176
bright field, 281n Laue back-reflection method, 126n
cascaded, 238-240 Laue diffraction condition, 96, 170
coherent, 230237 and Bragg Law, 172
impulse response, 232-233 and harmonic contamination, 178
interferometric, 311-315 Laue geometry, 176
operator theory of imaging, 230-240 Lenard tube, 139
partially coherent, 237-238 lens, refractive, 198-202
point spread function, 232-233 light
shift invariant, 233-237 quantum of, 115
transfer function, 234-237 speed of, in terms of po and €p, 4
impulse response, 232-233 limiting Ewald sphere, 92, 126-127
incoherent aberrations, 236 linear attenuation coefficient
incoherent scattering, 115-122 Beer’s Law 74, 145
inelastic scattering, 115-122 from complex refractive index, 73-74
information channel, 128 underlying physics, 119-122
information content linear coherent imaging system, 231-237
scattered fields, 122-130 linear shift-invariant system, 233-237

monochromatic, 122-127 lines of nothingness, 345
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lithography, 284n

lobster-eye optic, 192—-193

logarithmic dispersion relation, 309
logarithmic Hilbert transform, 308
Lorentz force, 141

low-pass filter, free-space propagator, 123

magnetic circular dichroism, 261
magnetic induction, 65-66
magnetic monopole, 3, 65
magnetic permeability, 66
magnetic scattering, 68n
maximum entropy principle, 290-291
Maxwell equations, 2, 65
method of images, 23-24
Michelson fringe visibility, 34
Michelson interferometer, 36-37
microbunching, 148
microfocus source, 139
mirror, 193-195
deformable, 193
figure, 194
Kirkpatrick—Baez, 193
multi-layer, 194-195
Schwarzschild, 193
Wolter, 193
mono-capillary optic, 191-192
monochromator, 176—-178
double-bounce, 177
harmonic contamination, 178
heat load, 177-178
monopole, magnetic, 3, 65
Montgomery self imaging, 241, 249-253
multi-layer mirror, 194-195
multislice approximation, 99-101
multi-wire proportional counter, 210-211
mutual coherence function, 37-46
differential equations for, 48
diffraction theory
convolution form, 5657
operator form, 53
and fringe visibility, 44
as measure of X-ray coherence, 137
mutual intensity, 45-46
differential equations for, 50
diffraction theory
convolution form, 57-59
operator form, 53
see also van Cittert—Zernike theorem

natural focusing, 384

nest of Ewald spheres, 130
network of caustics, 384
network of nodal lines, 345-346
Neumann Green function, 25
NEXAFS, 122
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nodal lines, 342-347
non-crystallographic phase problem, 293
nucleation of vortices, 351-352

off axis holography, 258
one-dimensional phase retrieval, 301-310
operator theory of imaging, 230-240

for cascaded systems, 238240

for coherent fields, 230-237

for partially coherent fields, 237-238
optical beams, 72
optical pumping, 146-147, 151-152
orbital, atomic, 120

pair production, 115n, 121
Paley—Wiener theorem, 305
paraxial equation, 72
paraxial wave-field, 10-11
partially coherent fields 26-37
coherence measurement, 315-322
cross-spectral density, 49
mutual coherence function, 37-46
mutual intensity, 45-46
propagation of correlations, 46-59
spatial coherence, 30—36
temporal coherence, 36-37
Pauli problem, 291-292
permeability, magnetic, 66
permittivity, electrical, 66
phase contrast, 261-288, 323n
analyser based, 270-278
differential interference, 268—-270
hybrid, 284-288
propagation based, 278-284, 377-380
Zernike, 263267
phase grating, 159
phase problem, 289
phase retrieval, 289-310
error-reduction algorithm, 293-294
Gerchberg—Saxton algorithm, 291-293
hybrid input—output, 293-295
one dimensional, 301-310
Pauli problem, 291-292
transport-of-intensity, 295-301
phase-shifting method, 312-315
phase-stepping method, 312-315
photoelectric absorption, 119-122, 145
photon, 115
photon sieve, 169
photonuclear absorption, 115n, 121
pixel detector, 211
plane wave, 7-8, 9
solution to Helmholtz equation, 7-8
point caustic, 382
point projection, 397
point spread function, 232-233
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point vortex, 351
poly-capillary optic, 192
polynomial vortex, 347-350, 355-356
ponderomotive potential, 148n
population inversion, 146
powder diffraction, 144-145
principal value, Cauchy, 307-308
prism, 195-198
projection approximation, 71-77
Beer’s Law, 74
phase shift, 74-77
single-material scatterer, 74
propagator, 8, 13, 39
propagation induced vortices, 373—-380
proportional counter, 210
pseudo-differential operator, 300
pumping, 146-147, 151-152

quadrant ambiguity, 314n
quantum efficiency, 207
quantum potential, 106n—107n
quasi-monochromatic field, 30

random process, 28-29
random variable, 26—29
correlations, 27-28
ensemble average, 27
n-point correlation function, 28
realization, 26
statistical stationarity, 28
two-point correlation function, 28
wide-sense statistical stationarity, 28
Rayleigh scattering, 121
Rayleigh—Sommerfeld theory, 23-25
diffraction integral of first kind, 24
diffraction integral of second kind, 25
for partially coherent fields, 54-56
relation to Kirchhoff theory, 25
Rayleigh—Wood zone plate, 165-166
realization, 26
reciprocal lattice, 94, 170
reciprocity theorem, 401-404
reflection
from crystals
asymmetric, 175
symmetric 175
from surfaces, 186-191
critical angle, 189-191

total external reflection, 190, 193-194

reflectivity, 176
refractive index, 70, 73
complex refractive index, 73
often close to unity, 114
relation to electron density, 108-114
refractive lens, 198-202
rest-mass energy, 116

Index

Riemann—Lebesgue lemma, 307n
rocking curve, 175-176, 274
rotating-anode X-ray source, 138-139
Rytov approximation, 97

SASE, 149
scalar electromagnetic field
transition from vector theory, 4-5
scaling theorem, Fresnel, 397—400
scattering amplitude, 88
Schrédinger equation, 6n, 87n,
106n—107n, 254, 292n
Schwarzschild mirror, 193
scintillator, 211
screw dislocations, crystal, 93
second Born approximation, 98-99
second generation synchrotron, 141-142
self-amplified spontaneous emission, 149
self imaging, 240-253
Bessel beam, 252
diffraction-free beam, 250-252
Montgomery self imaging, 241, 249-253
Talbot effect, 241-249, 322
shape function, crystal, 93
shell, atomic, 120
shift-invariant linear system, 233-237
shift theorem, 395
SI units, 2
sifting property of Dirac delta, 396
simple closed curve, 304n, 343
single-scattering approximation
see first Born approximation
singularity hierarchy, 386
slice theorem, 124-125
Snell’s Law, 186-188
soft X-ray laser, 151-152
spatial coherence, 30-36
see also partially coherent fields
speckle, 215, 346, 375, 377-380, 386
spectral brightness, 137
spectral decomposition, 5-6, 69
spectrometer
grating, 157-158
speed of light
in terms of pop and €g, 4
spherical aberration, 237
spiral phase mask, 370-373
spontaneous emission, 145-149
spontaneous vortex formation, 373-380
square-channel array, 192-193
stability of vortices, 353—-354
stacking fault, crystal, 93
statistical stationarity, 28—29
stimulated emission, 145-147
storage ring, 141
streamline, 71n, 104-105
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summation back-projection, 124
support, 293
swallowtail caustic, 384
symmetric reflection, 175
synchrotron radiation
beamlike nature, 140, 141
beamline, 144
bending magnet, 141-142
critical wavelength, 140n
definition, 139
early research, 139-141
first generation source, 141
first observation, 140
second generation source, 141-142
storage rings, 141
third generation source, 142-145
three generations, 141-145
undulator, 142-144
wiggler, 142-144
Systéme-Internationale units, 2

Talbot effect, 241-249, 322
temporal coherence, 36-37

see also partially coherent fields
third generation synchrotron, 142—-145
Thomson scattering, 109-110
tomography

computed, 124, 127n

diffraction, 126n—127n
total external reflection, 190, 193-194
transfer function, 234-237
transport-of-intensity equation, 295-301
transverse Laplacian, 72
twin image problem, 257
twins, crystal, 93

uncertainty principle, 207n
undulator, 142-144

uniformly redundant array, 322
unit cell, crystal, 93-94

vacancy, crystal, 93
vacuum, as optical element, 185-186
van Cittert—Zernike theorem, 58—59
virtual optics, 203-205, 322-327
visibility of interference fringes, 34

and mutual coherence function, 44
von Laue back-reflection method, 126n
von Laue diffraction condition, 96, 170

and Bragg Law, 172

and harmonic contamination, 178
vortex—caustic duality, 387
vortices, 342, 346-380

core, 346—-347

current vector, 350

dynamics, 351-356
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critical-point explosion, 354
interaction with background, 354-356
nucleation and annihilation, 351-352
stability and decay, 353-354
generation, experimental
holography, 363-370
spiral phase mask, 370-373
spontaneous, 373-380
three plane waves, 357-363
helicoidal phase, 346-347
polynomial, 347-350, 355-356
relation to nodal lines, 346-347

wave equation, 3
for electric field in free space, 3—4, 68
for magnetic field in free space, 3—4, 68
wave-function, 5n
wave—particle duality, 387
well posed inverse problem, 290
‘Wentzel-Kramers—Brillouin method, 74n
Weyl expansion, 25, 89-90
wide-sense statistical stationarity, 28
wiggler, 142-144
Wigner distribution, 137n
WKB method, 74n
‘Wolter mirror, 193

XANES, 122
X-ray laser, 151-152
X-ray absorption near-edge structure, 122

Young’s experiment, 15
coherence measurement using, 315-318
fringe visibility, 34-37, 317-318
and mutual coherence function, 37-46
and spatial coherence, 30-36

zone plate, 160-169
achromatic, 166—-168
blazed, 166
Bragg—Fresnel optic, 183-185
circular diffraction grating, 160-161
efficiency, 165-166
focal-plane intensity, tailored, 169
Fresnel lens, 166n
Fresnel zones, 165n
holographic diffraction grating, 161-165
kinoform, 166
multi-level, 166—167
photon sieve, 169
Rayleigh-Wood, 165-166

Zernike phase contrast, 263-267
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